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Mid-Term 1

This exam contains 8 pages (including this cover page) and 5 problems. Check to see if any
pages are missing. Enter all requested information on the top of this page.

You may not use your book or any calculator on this exam. You can use your homeworks.
You are required to show your work on each problem on the exam. The following rules apply:

e You have 60 minutes to complete the exam, .
. . Problem | Points | Score
starting at the beginning of class.
e If you use a theorem or proposition from 1 30
class or the notes or the book you must
indicate this and explain why the theorem 2 30
may be applied. It is okay to just say, “by
some theorem /proposition from class.” 3 30
e Organize your work, in a reasonably neat 4 30
and coherent way, in the space provided. Work
scattered all over the page without a clear or- 5 30
dering will receive very little credit.
e Mysterious or unsupported answers will Total: 150

not receive full credit. A correct answer, un-
supported by calculations, explanation, or al-
gebraic work will receive no credit; an incorrect
answer supported by substantially correct cal-
culations and explanations might still receive
partial credit.

e [f you need more space, use the back of the
pages; clearly indicate when you have done
this. Scratch paper appears at the end of the
document.

Do not write in the table to the right. Good luck!®

March 10, 2018, (©) 2018 Steven Heilman, All Rights Re-

served.



Reference sheet

Below are some definitions that may be relevant.

Let © be a universal set and let F be a oc-algebra on 2. A measure p is a function
p: F — [0, 00] such that (i) u(@) = 0, and (ii) if Ay, Ay, ... € F are disjoint, then p(U2, A;) =
Yooy w(A;). A probability measure on (2 is a measure p such that p(Q) = 1.

Let X: 2 — S be measurable. The distribution of X (or the law of X) is the probability
measure px defined for any measurable A C S by

px(A) =P(X € A) =P{w € Q: X(w) € A}).

We say that a sequence of random variables X, Xs,...: 2 — R converges in probability
to a random variable X : Q — R if: for all € > 0

lim P(|X, — X| > ¢) = 0.

n—oo

We say that a sequence of real-valued random variables X, X5, ... converges in distribu-
tion to a real-valued random variable X if, for any ¢ € R such that P(X <¢) is continuous
at t,

lim P(X, <t)=P(X <t).

n—oo

We say that a sequence of random variables X;, X5,...: 2 — R converges in L, to a
random variable X : 2 — R if
lim E|X, — X|* = 0.

n—oo

We say that a sequence of random variables X1, X5, ...: 2 — R converges almost surely
to a random variable X : Q — R if

P(lim X, = X) = 1.

n—oo

Let X: Q — [—00,00] be a random variable with E |X| < oo and EX? < co. We define the
variance of X, denoted var(X), to be var(X) := E(X — EX)? = EX? — (EX).

We say a collection (XZ-: Q— Si)i€ ; of random variables is independent if the distribution
of (X;)ies is the product of the distributions of the X;. That is, for any finite J C I and for
any measurable sets A; C S, i € J, we have

P([({Xi€ A}) = [[P(xi € 4)).

ieJ ieJ
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1. (a) (15 points) Let X: Q2 — R be a random variable such that
P(X >0) > 0.

Show that there exists a positive integer n such that P(X > 1/n) > 0.

(b) (15 points) Let Xi, X5,...©Q — R be random variables such that EX; = 0 and
EX? =1 for all i > 1. Show that

P(X,, > n forinfinitely many n > 1) = 0.
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2. (30 points) Let X;, Xs,... be independent identically distributed random variables with
P(X,=1)=P(X; =—1) =1/2. Let a1, as, ... € R. Show that, for any n > 1,

" e
P(ZaiXiZt) <e T Wi 0.

1=1

(You can use the following inequality without proof: cosh(z) < /2, V z € R.)
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3. (30 points) Let n be a positive integer. Suppose X, Xs,... are independent random
variables that are uniformly distributed in the set {1,2,...,n}. We can think of {1,2,... ,n}
as a set of baseball cards, and for any ¢ > 1, X, is a uniformly random baseball card
that you have found. Your goal is to collect all of the n baseball cards.

For any 0 < j < n, let 7} be the first time that you have collected exactly j baseball
cards. That is, Tj is the smallest integer k such that {X,..., X} consists of exactly k
distinct elements. For example, Ty = 0, T} = 1, T is 2 when Xy # X, T5 is 3 when
Xy = Xj and X3 # X, and so on. (You may assume that P(7; < oco) = 1 for all
0<j<n.)

For any 1 < j < mn, let Y; := T, —T;_; be the time it takes to go from a collection of
j — 1 distinct baseball cards to a collection of j distinct baseball cards.

Show that Y5 and Y3 are independent, geometric random variables with parameters ”T_l
and ”772, respectively.

(Recall that a geometric random variable Y with parameter 0 < p < 1 is a positive-
integer valued random variable such that P(Y = k) = (1 — p)*~1p for any k > 1.)
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4. (30 points) We continue the definitions and notation from the previous problem. In this
problem, you may assume that Y1, ...,Y,, are independent random variables and for any
1 <7 <mn,Yjis a geometric random variable with parameter %ﬂ

You may use the following fact: a geometric random variable Y with parameter 0 < p < 1
has mean % and variance %.

Note that T, =Y, +---+ Y,,.

e Show that ET,, = nlogn + O(n) and var(T;,) = O(n?).

e Conclude that
T,

nlogn

converges in probability to 1 as n — oc.

(Hint: Can you bound P(|T;, — nlogn + O(n)| > tn)?)

So, if you want to complete a set of 100 distinct baseball cards, you would need to
randomly sample about 100 log 100 ~ 460 baseball cards.

(As usual, O(a) denotes any quantity whose absolute value is bounded by a constant
multiple ca of a.)
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5. (30 points) Find a sequence of random variables X, X5, ... : © — R such that

e X X, ... converges in probability to 0.

e X, Xo,... does not converge almost surely to 0.
e X, Xy, ... does not converge in Ly to 0.
Prove that your example of X7, Xs, ... satisfies the above three properties.

(As usual, it might be easiest to use 2 = [0, 1] with P Lebesgue measure on 2.)
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(Scratch paper)
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