541 A Midterm 1 Solutiond]

1. QUESTION 1

e Let (X,Y) be a vector in R? that is uniformly distributed in the set
{(z,y) e R*: 2* +y* = 1}.
Compute E | X]|.
o Let Xi,..., X, be iid. standard Gaussian random variables. (So, each random

variable has PDF ¢ — #679/2, t € R.) Compute

lim P(X7 + -+ X <n).
n—oo
(Hint: use the Central Limit Theorem. Recall also that EX? =1 and EX} = 3.)

Solution. We can rewrite (X,Y) as (X,Y) = (cos©,sin©) where © is a uniformly dis-
tributed random variable in [0,27). That is, © has density f(6) := 5= for all § € [0,27), so
that

1 27 1 w/2 1 9
E]X|:E\cos@|:2—/ |cos€|d0:—/ cos0df = —[sin ] .
m™Jo
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Now, using the CLT, and Var(X?) = EX* — (EX?)? =3 — 1 = 2, we have
2 . 2 0 .
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2. QUESTION 2

lim P(X2+ -+ X2 <n) = lim P(

n—oo n—0o0

Recall that a Gaussian density with mean p € R and standard deviation o > 0 as

1 _(@—w)?
e 2;5, VzeR.

2ro

Write this density as a two-parameter exponential family {fy: 6 € O}, where © = {(p,0?): u €
R, 0 > 0}, and 0 = (04,02) € ©. That is, write this density as

fo(z) == h(z)exp (sz(e)tz(x) — a(w(@)))), VreR,

for some t1,t5: R — R, wy,wy: © = R, w:= (wy,ws), a: R* = R, h: R — [0, 0).
Solution. We have

1 _ew? 1 1, w?
27me 202 :Eexp <—$—T‘2x —(27‘2+10g0>>, Ve R.

Then, we interpret 6 as 6 = (01,6) = (u, 0%) € R?, and define

t1(z) =z, ty(z) == 2%,
0 I 1 1
wl(e) = 0_; = ;, U)Q(e) = —2—92 = _T‘-Q’
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62 1 2
a(w(#)) = 2—92 + = log 0y = %'2 + log o,

and h(z) := for all z € R. Let © := {§ € R?: 6, > 0}, and for any § € O, define

\/%7
folw) = h@)exp (3 wi()t(@) — a(w(6))),  VeeR.

Then {fy: 6 € ©} is a two parameter exponential family.

3. QUESTION 3

Let X be a minimal sufficient statistic. Let Z be another sufficient statistic. Let uw be a
function such that

Z =u(X).

Show that Z is a minimal sufficient statistic.

Solution. Let Y be a sufficient statistic. We need to show that Z is a function of Y.
Since X is minimal sufficient, there exists a function s such that X = s(Y"). By assumption,
Z = u(X), so that Z = u(s(Y)). That is, Z is a function of Y. Therefore, Z is minimal
sufficient.

4. QUESTION 4

Let X = (X1,...,X,) be a random sample of size n, so that X; is a sample from the
uniform distribution on the three element set {6,0 + 1,6 + 2}, where § € R =: ©. (The
distribution of X is then fy(x) =[] ,(1/3)1s,c0041,042), YV € R, VO € R.)

Let Y be a statistic that is sufficient for . (Let ¢t: R® — RF such that Y = ¢(X1,..., X,,).)

Is it true that we can write

fo(x) = go(t(x))h(x), V€O, VreR"

for some go: RF — [0,00), h: R® — [0,00)?

Either prove this factorization can be done, or prove that it cannot be done.

Solution. This factorization can be done, but it does not follow from the statement of the
Factorization Theorem, since the assumption we wrote there does not hold, since the set
Uger{z € R™: fo(x) > 0} is uncountable (this set contains the uncountable set Uger{x €
Ri:zy=-=z,=0}={zeR": 2= =2,}.)

We then observe that we can just repeat the proof of one direction of the factorization
theorem. Let x € R™ and note that

fo(x) =Po(X =2) =Pp(X =z and t(X) = t(x)) = Pe(Y = t(2))Pe(X = z|Y = t(x)).

By sufficiency, the last quantity does not depend on 6, so fy(x) = go(t(x))h(z), where
go(y) :==Py(Y =y) for all y € R* and h(z) := P(X = w]Y = t(x)) fo all r e R"™



5. QUESTION 5

Let X4,...,X,, be a random sample of size n, so that X; is a sample from the uniform
distribution on the interval [# — 1/2,6 + 1/2|, where 6 € R is unknown.

Show that (X(1), X(»)) is minimal sufficient but not complete.

Solution. Minimal sufficiency follows by Theorem 5.8 in the notes. Note that

fo(xr, o mn) = Loy anep-172041/20 = Lo welo-1/2,0+1/2)-

So, fo(x) = c(z,y) fo(y) for all # € R if and only if, for all # € R, we have the dichotomy
that either

® T(1), T(n), Y1) Yn) € [9 - 1/2,9 + 1/2], or

® (1), T(n), Y(1)) Y(n) ¢ [9 — 1/2,9 + 1/2].
The last condition holds if and only if xn) = ya) and ) = Y. (The converse is clear,
and for the forward direction, note e.g. if z(1y < yn), then choosing 6 := y) + 1/2, we get
xy ¢ [0 —1/2,60+1/2] but yqy € [0 —1/2,0 +1/2].)

Finally, the statistic is not complete, since X,) — X(y) is ancillary, and it is nonconstant
with probability one, so there exists ¢ € R such that Eg[X ) — X1y —¢] = 0for all § € R. (If
Ui, ..., U, are i.i.d. uniform in [—1/2,1/2], then we can write X; = U; + 6 for all 1 <i < n,
so that X,y = Uy + 0 and X3y = Uy + 0, then X,y — X1y = U,y — Uqr), which does not
depend on 6.)



	1. Question 1
	2. Question 2
	3. Question 3
	4. Question 4
	5. Question 5

