
541A Midterm 1 Solutions1

1. Question 1

• Let (X, Y ) be a vector in R2 that is uniformly distributed in the set

{(x, y) ∈ R2 : x2 + y2 = 1}.
Compute E |X|.

• Let X1, . . . , Xn be i.i.d. standard Gaussian random variables. (So, each random

variable has PDF t 7→ 1√
2π
e−t

2/2, t ∈ R.) Compute

lim
n→∞

P(X2
1 + · · ·+X2

n ≤ n).

(Hint: use the Central Limit Theorem. Recall also that EX2
1 = 1 and EX4

1 = 3.)

Solution. We can rewrite (X, Y ) as (X, Y ) = (cos Θ, sin Θ) where Θ is a uniformly dis-
tributed random variable in [0, 2π). That is, Θ has density f(θ) := 1

2π
for all θ ∈ [0, 2π), so

that

E |X| = E |cos Θ| = 1

2π

∫ 2π

0

|cos θ| dθ =
1

π

∫ π/2

−π/2
cos θ dθ =

1

π
[sin θ]

π/2
−π/2 =

2

π
.

Now, using the CLT, and Var(X2) = EX4 − (EX2)2 = 3− 1 = 2, we have

lim
n→∞

P(X2
1 + · · ·+X2

n ≤ n) = lim
n→∞

P
(X2

1 + · · ·+X2
n − n√

n
√

2
≤ 0
)

=

∫ 0

−∞

1√
2π
e−t

2/2 dt =
1

2
.

2. Question 2

Recall that a Gaussian density with mean µ ∈ R and standard deviation σ > 0 as

1√
2πσ

e−
(x−µ)2

2σ2 , ∀x ∈ R.

Write this density as a two-parameter exponential family {fθ : θ ∈ Θ}, where Θ = {(µ, σ2) : µ ∈
R, σ > 0}, and θ = (θ1, θ2) ∈ Θ. That is, write this density as

fθ(x) := h(x) exp
( 2∑
i=1

wi(θ)ti(x)− a(w(θ)))
)
, ∀x ∈ R,

for some t1, t2 : R→ R, w1, w2 : Θ→ R, w := (w1, w2), a : R2 → R, h : R→ [0,∞).
Solution. We have

1√
2πσ

e−
(x−µ)2

2σ2 =
1√
2π

exp
( µ
σ2
x− 1

2σ2
x2 −

( µ2

2σ2
+ log σ

))
, ∀x ∈ R.

Then, we interpret θ as θ = (θ1, θ2) = (µ, σ2) ∈ R2, and define

t1(x) := x, t2(x) := x2,

w1(θ) :=
θ1
θ2

=
µ

σ2
, w2(θ) := − 1

2θ2
= − 1

2σ2
,
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a(w(θ)) :=
θ21
2θ2

+
1

2
log θ2 =

µ2

2σ2
+ log σ,

and h(x) := 1√
2π

for all x ∈ R. Let Θ := {θ ∈ R2 : θ2 > 0}, and for any θ ∈ Θ, define

fθ(x) := h(x) exp
( 2∑
i=1

wi(θ)ti(x)− a(w(θ)))
)
, ∀x ∈ R.

Then {fθ : θ ∈ Θ} is a two parameter exponential family.

3. Question 3

Let X be a minimal sufficient statistic. Let Z be another sufficient statistic. Let u be a
function such that

Z = u(X).

Show that Z is a minimal sufficient statistic.
Solution. Let Y be a sufficient statistic. We need to show that Z is a function of Y .

Since X is minimal sufficient, there exists a function s such that X = s(Y ). By assumption,
Z = u(X), so that Z = u(s(Y )). That is, Z is a function of Y . Therefore, Z is minimal
sufficient.

4. Question 4

Let X = (X1, . . . , Xn) be a random sample of size n, so that X1 is a sample from the
uniform distribution on the three element set {θ, θ + 1, θ + 2}, where θ ∈ R =: Θ. (The
distribution of X is then fθ(x) =

∏n
i=1(1/3)1xi∈{θ,θ+1,θ+2}, ∀ x ∈ Rn, ∀ θ ∈ R.)

Let Y be a statistic that is sufficient for θ. (Let t : Rn → Rk such that Y = t(X1, . . . , Xn).)
Is it true that we can write

fθ(x) = gθ(t(x))h(x), ∀ θ ∈ Θ, ∀x ∈ Rn,

for some gθ : Rk → [0,∞), h : Rn → [0,∞)?
Either prove this factorization can be done, or prove that it cannot be done.
Solution. This factorization can be done, but it does not follow from the statement of the

Factorization Theorem, since the assumption we wrote there does not hold, since the set
∪θ∈R{x ∈ Rn : fθ(x) > 0} is uncountable (this set contains the uncountable set ∪θ∈R{x ∈
Rn : x1 = · · · = xn = θ} = {x ∈ Rn : x1 = · · · = xn}.)

We then observe that we can just repeat the proof of one direction of the factorization
theorem. Let x ∈ Rn and note that

fθ(x) = Pθ(X = x) = Pθ(X = x and t(X) = t(x)) = Pθ(Y = t(x))Pθ(X = x|Y = t(x)).

By sufficiency, the last quantity does not depend on θ, so fθ(x) = gθ(t(x))h(x), where
gθ(y) := Pθ(Y = y) for all y ∈ Rk and h(x) := P(X = x|Y = t(x)) for all x ∈ Rn.

2



5. Question 5

Let X1, . . . , Xn be a random sample of size n, so that X1 is a sample from the uniform
distribution on the interval [θ − 1/2, θ + 1/2], where θ ∈ R is unknown.

Show that (X(1), X(n)) is minimal sufficient but not complete.
Solution. Minimal sufficiency follows by Theorem 5.8 in the notes. Note that

fθ(x1, . . . , xn) = 1x1,...,xn∈[θ−1/2,θ+1/2] = 1x(1),x(n)∈[θ−1/2,θ+1/2].

So, fθ(x) = c(x, y)fθ(y) for all θ ∈ R if and only if, for all θ ∈ R, we have the dichotomy
that either

• x(1), x(n), y(1), y(n) ∈ [θ − 1/2, θ + 1/2], or
• x(1), x(n), y(1), y(n) /∈ [θ − 1/2, θ + 1/2].

The last condition holds if and only if x(1) = y(1) and x(n) = y(n). (The converse is clear,
and for the forward direction, note e.g. if x(1) < y(1), then choosing θ := y(1) + 1/2, we get
x(1) /∈ [θ − 1/2, θ + 1/2] but y(1) ∈ [θ − 1/2, θ + 1/2].)

Finally, the statistic is not complete, since X(n) −X(1) is ancillary, and it is nonconstant
with probability one, so there exists c ∈ R such that Eθ[X(n)−X(1)−c] = 0 for all θ ∈ R. (If
U1, . . . , Un are i.i.d. uniform in [−1/2, 1/2], then we can write Xi = Ui + θ for all 1 ≤ i ≤ n,
so that X(n) = U(n) + θ and X(1) = U(1) + θ, then X(n) −X(1) = U(n) − U(1), which does not
depend on θ.)
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