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1. HOMEWORK 1

Exercise 1.3. Let n > 1. Show that the Borel o-algebra on R" is generated by sets of the
form A; x --- x A, where A; C R is a Borel set for every 1 <1i¢ < n.

Solution. For any 1 <i <n+ 1, let B; denote the o-algebra generated by sets of the form
(al,bl) X oo X (ai_l,bi_l) X Az X X An7
where for any 1 < j <i—1, a;,b; € R, a; < b;, and for any ¢ < j <n, A; € B(R).

Claim 1. By = B,,;1.

We will prove this claim by showing that B; = B;.; for every 1 < ¢ < n. Since open
intervals are Borel sets in R, we immediately have B; O B;,; for every 1 < i < n. So, it
remains to show the reverse containment.

Fix 1 <@ <n. Fix a;,b1,...,a;-1,b;—1 € Rwith a; <b; forall 1 <j <+¢—1, and fix
A; e BR) foralli+1 < j <n. Let I C R be an open interval. By the definition of B,
note that

(al,b1> X X (ai_l,bi_l) x I x Ai+1 X+ X An € Bi+1- (*)

Let U C R be any open set. From the Structure Theorem for open sets of R, there exists a
(disjoint) countable collection of open intervals Iy, I, ... such that U = UX®_,I,,,. Since B,
is a og-algebra, it is closed under countable unions. We therefore conclude from (x) that

(al,bl) X+ X (ai_l,bi_l) x U x Ai+1 X oo X An € Bi+1. (**)
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With all other parameters here fixed other than U, and considering U C R to be any open
set, we see that the smallest o-algebra containing all sets of the form given in (x%) must
contain all sets of the form

(a17bl) X oo X (ai_l,bi_l) X Az X Ai+1 X X An, (* * *)

where A; is any Borel subset of R (since B(R) is the o-algebra generated by open subsets
of R). Since B;;; is a o-algebra containing all sets of the form (% % %), we conclude that
Bii1 2 B;, by the definition of B;. We deduce that Claim 1 holds.

Combining Claim 1 with the following Claim 2 concludes the proof. So it remains to prove
Claim 2.

Claim 2. B, ;; = B(R"). We will prove Claim 2 using Claim 3 below. Assuming Claim
3, let us prove Claim 2.

From Claim 3, any open U C R" is a countable union of sets that generate B, ;. Since
B, .1 is a o-algebra, it is closed under countable unions, so B, ,; must contain all open sets
in R™. Since B(R™) is the smallest o-algebra containing all open sets in R”, we conclude that
B(R™) C B,+1. On the other hand, since open boxes are open, and since B,,.; is generated
by open boxes, we immediately have B,.; C B(R™), since the latter is generated by all open
sets (including open boxes in particular). Claim 2 is therefore proven, assuming Claim 3.

Claim 3. Any open U C R"™ can be written as a countable union of open boxes of the
form

(alabl) XX (anabn)a

where for any 1 < j <mn, a;,b; € R and a; < b;.

Below, we denote ||z|| := (22+---+22)2 for any x = (24, ...,2,) € R", and for any r > 0,
we denote the open ball centered at x of radius r as B(z,7) := {(y € R": ||z —y|| <r} and
Boo(z,r) :=={(y € R": maxj<;<, |7; — y;| < r} as the open box centered at x with ¢, radius
T

Let U C R"™ be any open set. By the definition of the standard topology of R", U can be
written as a (possibly uncountable) union of open balls. By the Structure Theorem for open
sets, U can be written as a finite or countable union of open balls. That is, U = U2, B; for
some open balls B; C R" of the form B; = B(z\),r;) for some 0 < r; < oo and for some
zU) € R" where j > 1 (and we can take some B; to be empty). Fix j > 1. We claim that
Bj can be written as a countable union of open boxes. Since U = U372, B;, this statement
implies the claim.

Let C; C B, be a countable dense set of points of B;. For any ¢ € C}, since S; := {(y €
R™: ||y — x(j)H = r;} is a compact set (being a closed and bounded subset of Euclidean
space), there exists some €. > 0 such that e. := inf,cg, [[c — y|| > 0. Similarly, if b € B;,
then ¢, := infycg, [[b —y|| > 0. If b € Bj, since C} is dense in B;, there exists ¢ € C; such
that [|b — c|| < d/(4n). We claim now that

b€ Bu(c,e./(2n)) C B;. (%)

Since b € B; is arbitrary, this containment implies that B; = U.co, Boo(c,e./(2n)), thereby
completing the claim, since then U can be written as a countable union of open boxes. So,
it remains to prove (I). Since ||b —¢|| < 0y/(4n), we have |b; — ¢;| < ||b—¢|| < 6/ (4n) for
all 1 < ¢ < n, implying that b € By(c,d/(4n)). We now claim that §,/2 < ., thereby
proving the first containment of (). This claim follows since, if d € S; , then ||b—d| <
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ld —¢|| + ||c = b|| from the triangle inequality. So, taking the infimum of both sides over
d € S;, we get 0, < .+ 0p/4, so that §,(3/4) < e.. The first containment of (I) is proven,
since 0,/2 < €. implies that

b € By(c,00/(4n)) C Boo(c,e./(2n)).
To prove the last containment of (I), note that if y € By(c,e./(2n)), then |y; —¢| <
gc/(2n) for all 1 <4 <mn, so that ||y — c[| <e./2, so by the triangle inequality,
Iz =yl < [l2V — e + lle =yl =75 —ec + lle =yl <15

That is, y € Bj, as desired.
O

Exercise 1.5. Let 1 be a measure on a measurable space (€2, F). Using the axioms for a
measure, show:

e (Monotonicity) If A C B are measurable, then p(A) < u(B).
o (Subadditivity) If A;, As, ... are measurable (but not necessarily disjoint), then

M(UiilAn) < Z ,U(An)-

e (Continuity from below) If A; C Ay C --- are measurable, then u(U°,A,) =

lim,, 00 p£(Ay).
e (Continuity from above) If Ay D Ay D --- are measurable and if u(A;) < oo, then
u(Nee,A,) = lim, o p(Ay). Then, find a measurable space (2, F) and measurable

subsets By 2 By O --- such that u(N%, B,,) # limy, 0 pu(By).

Exercise 1.8. Let p be a probability measure on R”, where R™ has the Borel o-algebra.
Define the distribution function F': R" — [0, 1] associated to p by

F(tl,...,tn) = ILL((—OO,tl] X oo X (—OO,tn])
=p({(z1,...,2,) ER": —c0<x; <t;, V1 <i<n}), Viti,...,t, € R.

Show the following properties of F"

e [ is nondecreasing. (F(ti,...,t,) < F(t},...,t)) whenever t; <t; V1 <i<n.)

..... tn—r—00 F(th PN ,tn) =0 and limtl’_“,tn_}oo F(tl, PN ,tn) = 1.

e Fis right continuous, i.e. F(ti,...,t,) = limy, o), )t F(51,...,t,) for all
t1,...,t, € R, where the limit restricts that s; > ¢, V1 <i <n.

o If ti,O S ti71 V1 S 1 S n, then

> (TR ) 20,
(W1,...,wn)€{0,1}7
Solution. We prove the last property only. Fix real numbers ¢, <, V 1 <i < n. Define
A={(xy,...,x,) € R": z; <t V1<i<n}.
And for any fixed 1 < i < n, define
A =An{(z1,...,2,) €ER": z; < t;o}.
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From the Inclusion-Exclusion Formula, we have

(Ui Ai) Z > (=D p(NiesAs). (%)
k=1 SC{1,...n}: |S|=k
For any fixed S C {1,...,n}, if we define (wy,...,w,) € {0,1}" so that w; = 0 if and only if
1 € S, then by definition of F and Ay, ..., A,, we have

/‘L(mZESAZ) - F(tl,w1a o 7tn,wn)~

In fact, we have just described a bijection between subsets S of {1,...,n} and vectors in
{0,1}", where if S has k elements, then w; + - - - + w, = n — k. Combining these with (%),

(U A;) Z > (=D Pt tnw,)

k=1 (w1,...,.wn)€{0,1}™:
wi+-Fwn=n—k

B F<t1’1’ o Jtn’l) + Z (_1>n_wl__wn+1F(t1,w17 e 7t7’L,Wn>.
(W1 y0ewn ) €{0,1}7
Finally, we note that

Ftig, - toa) = (Ui A) = p(A) = p(UZ A) = p(A N (U 4) = w(] [ (o, tin)) 2 0.
i=1

O

2. HOMEWORK 2

Exercise 2.1. Let (2, F,P) be a finite or countable probability space. If X: Q — [0, co] is
a random variable with E |X| < oo, show that

EX =) X(w)P(w)

weN

Solution. The case that € is finite follows from the definition of EX, since every function
on €2 is then a simple function. Consider the case that 2 is countable. Without loss of
generality, we assume 2 = N = {1,2,3,...}. For any n > 1, define X,,(t) := X(t)li<y,
for any ¢t € ). Then X, increases monotonically to X as n — oo, so by the Monotone
Convergence Theorem and the case of finite €2,

> X(H)P(t _JLIEOZX = lim EX, =E lim X, = EX.

n—oo n—o0

Alternatively, the exercise follows by applying Fubini’s Theorem to the random variable
Y: QxN — [0, 00] defined by Y(w,n) := X (w)ly=, with the measure P x p where u(n) :=1
for all n > 1. OJ

Exercise 2.2. Let X,Y be random variables such that X,Y >0 or E|X|,E|Y| < co. For
any a € [—00, 00|, define 0 - a := 0. Show:

e E(X+Y)=EX +EY and if ¢ € R, then E(cX) = cEX.

o f P(X = Y) = 1, then EX = EY.

e E|X| > 0 with equality only when X = 0 almost surely.
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o If X <Y almost surely, then EX < EY.

Solution. We prove the third and fourth items only. We consider the third item. Since
| X| > 0, we conclude that E|X| > 0, since E|X]| is the supremum of expected values of
simple functions that have nonnegative expected value.

Now, suppose E|X| = 0. Suppose for the sake of contradiction that P(|X| > 0) > 0.
Note that U2 {|X| > 1/n} = {|X]| > 0}, and the events {|X| > 1/n} are increasing as n
increases, so P(|X| > 0) = lim,,,» P(|X| > 1/n), by Continuity of the probability law P.
Since P(|X| > 0) > 0, there exists n > 1 such that P(|X| > 1/n) > 0. But then £1x>1/x
is a simple function such that 1 xs1/, < |X|. So, by the definition of E |X|, we have

1 1
E[X]|> EE1|X‘>1M = EP(lX’ >1/n) > 0.

Since we have found a contradiction, we conclude that P(|X|=0) =P(X =0) = 1.

For the fourth item in the case X,Y > 0, note that if W is an unsigned simple function such
that W < X, then W1x<y is also a simple function such that W <Y. And EW1lx<y = EW
by the second item. So, by the definition of expected value, we must have EX < EY.

For the fourth item in the remaining case E|X|,E|Y| < oo, we have Emax(X,0) <
Emax(Y,0) and —Emax(—X,0) < —Emax(—Y,0), from the case already proven, so

EX = Emax(X,0) — Emax(—X,0) < Emax(Y,0) — Emax(-Y,0) < EY.

0

Exercise 2.4. Let ¢: R — R. We say that ¢ is convex if, for any =,y € R and for any
t € [0, 1], we have

Pt + (1 —t)y) < top(x) + (1 —t)o(y).

Let ¢: R — R. Show that ¢ is convex if and only if: for any y € R, there exists a constant
a and there exists a function L: R — R defined by L(z) = a(z —y) + ¢(y), z € R, such that
L(y) = ¢(y) and such that L(z) < ¢(x) for all € R. (In the case that ¢ is differentiable,
the latter condition says that ¢ lies above all of its tangent lines.)
(y)—9(x)

(Hint: Suppose ¢ is convex. If x is fixed and y varies, show that 4 =
increases. Draw a picture. What slope a should L have at z7)

increases as y

Solution. Assume ¢ is convex.

Now, fix z € R and let b < x < c. LetMR::{%:c>x}, M, ::{%:b<x}
be the slopes of the secant lines through ¢ using points to the right and left of x, respectively.
We claim that for any m € Mg, p € My, we havem > p. Let m € Mg, p € M. By definition,
there exist b < = < ¢ such that m = 29=2@ 4pq p = 2= 16 ¢ € (0,1) such that

c—x z—b

tb+(1—t)c = x. Since ¢ is convex, top(b)+(1—t)p(c) > ¢(x). The following list of statements
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are all equivalent:
8(0) — 6(z) _ 6(x) — H(b)
c— - xr—>b

= (z = b)(¢(c) — d(x) = (c — z)(d(x) — &(b))

= (z —b)d(c) + bo(x) > co(x) — (¢ — x)¢(b)

> (1 =1)(c=b)o(c) + bg(z) = cp(x) — t(c — b)g(b)

,using (x —b) = (1 —t)(c—0b), c—x=t(c—Db)

< (1=t)(c=b)o(c) = (c = b)d(x) — t(c — b)g(b)

— (1 =1)¢(c) + tp(b) > ()
We verified that the last line holds. We conclude that m > p. So, if x € R is fixed, we can
choose some a € R such that p < a < m for all p € My, m € Mpg. Consider the function
L(z) =a(z—x)+ ¢(x), z € R. Then L(x) = ¢(x). We claim that L(z) < ¢(z) for all z € R.
We argue by contradiction. Suppose there is some z € R with L(z) > ¢(z). Without loss of
generality, z > z. By definition of L, a(z — x) + ¢(z) > &(z), so a > % But z > z,
so 22=e@ o Mp, and by choice of a, we must have a < W

found a contradiction, we conclude that L(z) < ¢(z), as desired.

Now, assume: for any y € R, there exists a constant a and there exists a function L: R — R
defined by L(z) = a(x —y) + ¢(y), x € R, such that L(y) = ¢(y) and such that L(z) < ¢(z)
for all z € R. We now show that ¢ is convex.

Fix b,c € R. Let t € (0,1). Set y := tb+ (1 — t)c. By assumption, there is a function
L(z) = a(x — y) + ¢(y) such that L(x) < ¢(x) for all z € R. In particular,

alb —y) +o(y) < o(b),  alc—y)+o(y) < ¢(c).
Multiplying by ¢ > 0 and (1 — t) > 0 respectively,
ta(b—y) +to(y) <to(b),  (1—t)alc—y)+ (1 -1)o(y) < (1—1)¢(c)

Note that t(b —y) + (1 —t)(c —y) = tb+ (1 — t)c — y = 0 by definition of y. So, adding the
inequalities,

to(b) + (1 = 1)d(c) = ¢(y) +alt(b—y) + (1 = t)(c —y)] = ¢(y) = ¢(tb+ (1 — t)c).

m > p <<

, a contradiction. Having

3. HOMEWORK 3

Exercise 3.1 (Stein Identity). Let X be a standard Gaussian random variable, so that
X has density z — e /2 /V2m, ¥V 2 € R. Let g: R — R be a continuously differentiable
function such that g and ¢’ have polynomial volume growth. That is, 3 a,b > 0 such that
lg(z)],]¢'(z)] < a(l+]|z])’, ¥V z € R. Prove the Stein identity

EXg(X) = Eg'(X).

Using this identity, recursively compute EX* for any positive integer k.

Alternatively, for any ¢ > 0, show that Ee®X = et/ 2 i.e. compute the moment generat-
ing function of X. Then, using Z—Ht:oEetX = EX* and using the power series expansion
of the exponential, compute EX* directly from the identity Ee!X = /2.
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Solution. From the “Change of Variables” formula and integration by parts

> 2 dx o d 2 dx
EXg(X) = e 2 = —[em%/2
7 /mx“’@e v LLWE T s

< d 2 dx
_ —x?/2 _ /
= —aqglx)e — =EqJ¢(X).
| oot = By(X)
The fact that no boundary terms arise at +oo follows since g, ¢’ have polynomial volume
growth.

For any odd positive integer k, we have EX* = [ ahe="/ 2\‘/% = 0 since the integrand
is odd. When k is an even positive integer, we apply the Stein identity to get

EX" =EXX*"'= (k- 1DEX*? = (k- 1)(k-3)EX"*=... = (k- 1)L,

Alternatively, for any ¢ € R, we complete the square to get

& dz
EetX :/ etxef:p2/2
—o V2T
_ /00 et2/2€7(mft)2/2 dﬂ? _ €t2/2 /OO 67$2/2 d:E _ €t2/2.
s V2T oo V2T
We now claim that the derivative of the function on the left exists in t € R. Fix ¢t € R and
h > 0 and observe

o dx o ehr —1 2,9 dx
B REet+hX _ tX] — hl/ plt+h)e _ ta) ,—a%/2 _ eta:( >€fx /2 .
[ ] _OO[ ] Nz ; o

By the Dominated Convergence Theorem, the limit exists as h — 0 and

d & 2 dl‘
_EetX _ / et:pwefx /2_.
dt o V2T

(By the Mean Value Theorem, |€h2’1] = |zoe"™| < |z| max(e"*, 1) for some zo € [0,], so
the Dominated Convergence Theorem applies.) In particular, setting ¢ = 0 we get

d e 2 dz

— :EetX:/ re ¥ ?——_ = EX.

dt ’t 0 —oo V2

Repeating this argument, we see that Ee'¥ is infinitely differentiable in ¢ and for any k > 0,

dk &0 2 dx
—_— _E tX: ke—= /2—:EXk
dtk i=oEe /_OO ve 2

t2/2

Meanwhile, using the power series expansion of "/, we get

txX _ t?/2 (t /2)
Ee =e = E TR

k=0
Equating the k" derivatives at zero of both sides gives
d* (t2/2)F  (2k)!

2k
BX _dt2k|t:0 K okElT




Exercise 3.2 (Finite Product Measure). Let (Q;, F;, it;) be probability spaces for any
1 < i < n. Show that there exists a unique probability measure, denoted [[}_, p; on
(IT—, 4, T[T, Fi) (where the latter measurable space is defined in the notes) such that

<ﬁm><ﬁAl) :ﬁm(Ai)> VA € F,..., A, € F,.
=1 i=1 i=1

Solution. [Solution 1] By induction, it suffices to prove the case n = 2. Let A be the set of
measurable subsets E of F; x F, such that the function fr(x) := pa{y € Qq: (z,y) € E} is
measurable, where x € €2;. Then A is closed under complements and finite disjoint unions.
Moreover A is closed under countable disjoint unions since if £ = U°, E; disjointly, then
fe = >, fr, and the latter sum is an infinite sum of measurable functions, so fg is
measurable. Therefore, A is closed under countable increasing unions. By the Monotone
Class Lemma, A is therefore equal to F; x Fy. For any E € F; X Fs, define

u(B) = [ aly € Qs (.9) € By (o)

It follows from the Monotone Convergence Theorem that y is a measure on F; x F5. Unique-
ness follows by the Carathéodory Extension Theorem. (We call a rectangle any set of the
form H?:1 A; where A; € F; for all 1 < i < 2. Let B be the set of finite disjoint unions of
rectangles in H?:l ;. It can be shown that B is an algebra. By assumption, the values of u
are known on rectangles, so the values of y on the whole g-algebra must be unique by the
uniqueness part of the Extension Theorem.)
O
Solution. [Solution 2] We sketch an argument using rectangles and the Extension Theorem.
By induction, it suffices to prove the case n = 2. We call a rectangle any set of the form
H?Zl A; where A; € F; for all 1 < i < 2. Let A be the set of finite disjoint unions of
rectangles in H?Zl ;. It can be shown that A is an algebra. We will not prove this. For any
finite disjoint union of rectangles U ; A; x B;, define

M( im1 Ai % Bz‘) = ZH:M(A )u2(B)

In order to apply the Carathéodory Extension Theorem, we need to show that u evaluated on
a rectangle R agrees with p when R is split up into a countable disjoint union of rectangles.

Claim 1. Suppose R = A x B is a rectangle such that R is a countable disjoint union of
rectangles, R = U2, A; x B;. Then

=1

Proof of Claim 1. By assumption, 14(z)1p(y) = 1r(z,y) = > ;=) 1a,(x)15,(y) for any z €
Q1,y € Q. So, applying the Monotone Convergence Theorem in y,

La(z)pe(B) = /92 La(z)1p(y)dua(y Z/Q y)dps(y ZlA



Applying the Monotone Convergence Theorem again in x,

W(R) = (Ao B) = / () B)dyos (2 / S 1 (2B 1)

1 4=1
= Zﬂz(Bz')/ x)dpu (@ Zﬂl
=1

O

It follows from Claim 1 that u is a completely additive set function on the algebra F. So,
the Carathéodory Extension Theorem implies that 1 can be extended to a measure on the
product o-algebra. (Technically we also need to verify Claim 1 not just for rectangles, but
also when R is a finite disjoint union of rectangles.) 0

Exercise 3.4. Let X,..., X, be discrete random variables (i.e. they take values in finite
or countable spaces Si,...,S, with their discrete o-algebras). Show that Xi,..., X, are
independent if and only if:

P(m{XZZZ'z}) :HP(XZ:ZEZ), \V/.I'l 651,...,$n63n.
i i=1

Solution. It suffices to show that the second condition implies the first. Let A; C Sq,..., A, C
Sp. Then using disjointness,

P(xean-p( U x=e)= T p((oi-a)

T1€EAL,...,xn €A, i=1 T1EAL,...,xn€EAp
= Y JIrxi=w) HZ Xi =) = [[P(Xi € 4.
T1€A7L,..., k€A, i=1 i=1 z;€A; i=1
O
Exercise 3.5. Show that Xi,..., X,,: Q — R are independent if and only if:
= i=1
Solution. It suffices to show that the second condition implies the first. Fix xo,..., 2, € R.

Let A be the set of inverse images X; (D) of measurable subsets D of R such that
P(X), € D, Xy <g,..., X, < 1) = P(X; € D) [[P(X; < ).
i=2
We will show that A is a monotone class. Denote C' := { X5 < zy,..., X,, < x,}. (Note that
[T, P(X; < ;) = P(C) by assumption.)
By choosing D = () or D = R, note that ), R € A. Let A,B € A with A C B. Then
(BNA)YNC=(BNO)N(ANC), so

P((B~A)NC)=P(BNC)—P(ANC) = P(B)P(C) — P(A)P(C)
= (P(B) = P(A))P(C)



Therefore, B\ A € A. In particular, O~ A = A° € A. Since A is closed under complements,

it remains to show that A is closed under increasing unions. Let A; C Ay C --- be sets in
A. Using Exercise 1.5 twice,
P(UX_A,)NC)=PUs_(A,NC)) = 1131 P(A,NC)
= lim P(A,,)P(C) =PU>_,A,)P(C).

m—00

So, (Uy_,A,,) € A. That is, A is a monotone class, as desired.

Since A is a monotone class, by the Monotone Class Lemma, A contains the o-algebra
generated by {X;'(—00,21|}s,er. (Here we are applying the Monotone Class Lemma to F
which is the algebra generated by {X;'(—o00,21]}s,cr.) That is, A contains the set of all
X, '(D) where D C R is measurable. So, by definition of A, for any measurable D C R, we
have

P(X; € D, X, <1y,..., X, < z,) =P(X; € D) [[P(X; < a0).
=2
We can now iterate this argument. Fix measurable D C R and x3,...,z, € R. Let A’ be
the set of inverse images X, '(D’) of measurable subsets D’ of R such that

PX,eD X,eD Xs<u3,....,X, <z, =P(X; € D)P(Xy € D) HP(Xi < ;).
=3
The above argument implies that A" is a monotone class, etc. Running this argument for
each of the indices 2, ..., n concludes the proof. 0

Exercise 3.6 (Optional). Let V be a finite-dimensional vector space over a finite field F.
Let X be a random variable uniformly distributed in V. Let (-,-) : V' x V' — F be a non-
degenerate bilinear form on V' (if v € V satisfies (v, w) = 0 for all w € V', then v = 0.). Let

U1, ...,y be non-zero vectors in V. Show that the random variables (X, v1),..., (X, v,) are
independent if and only if the vectors vy, ..., v, are linearly independent.
Solution.

Suppose V' has dimension m over the field F, denoted dimp(V) = m. Let o; € F and let
Vi={veV: (v,u) =ay}. We first claim that V] is an affine subspace of V' of dimension
n — 1, denoted dimp(V}) = m — 1. To prove the claim, note that since v; # 0, there exists
w € V such that (v, w) # 0. So, (vy,w)-(ay (v, w) ) = ay, i.e. the vector u = wa(vy,w)™*
satisfies (vy,u) = oy, so that u € V; (in case a; = 0, we just define u := 0 € V'). Meanwhile,
note that {v € V: (v,v;) = 0} is an (m — 1)-dimensional subspace of V' since it is the kernel
of the linear map v +— (v, v;) that maps V to F, so {v € V': (v,v;) = 0} has dimension at
least m — 1 by the rank-nullity theorem, and it does not have dimension n since the bilinear
form is nondegenerate. In conclusion, V; = u+ {v € V': (v,v1) = 0}, so that V] is indeed an
affine subspace of dimension m — 1.

Now, for any 1 < i < n, let a;; € F and define

Vi={veV: (v,v) =a;}.
From the above claim, for all 1 <i < n,

dimp(V;) =m — 1. (%)
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More generally, suppose N7, V; is nonempty. Then N} ,V; is equal to some vector u € V plus
kernel of the map v — ((v,v1),...,(v,v,)) from V to F". The latter map can be represented
by a matrix with n rows vy,...,v,. By the rank—nullity theorem, the kernel of this map is
equal to m minus the dimension of the span of vy, .. . That is, if N?_,V; is nonempty,

dimp(N,V;) =m — dimFSpan(vl, ceyUp)-
So, letting |-| denote cardinality,
N {veV: (v,v) =a;}| =|F|™" if and only if vy, ..., v, are linearly independent.

Since V' has dimension m, |V| = |F|™, so that by definition of X,

(L (.0 = au)) = g = 17" = () @ TP ) = )

if and only if vy, ..., v, are linearly independent.

So, by Exercise 3.4, (X,v1),...,(X,v,) are independent if and only if vy, ..., v, are linearly
independent.

The above argument works in the case m > n. In the case m < n, the above argument
shows that (X, v;),..., (X, v,) are not independent, and since m < n the vectors vy, ..., v,
are automatically linearly dependent. 0

Exercise 3.7. Give an example of three random variables XY, Z: Q — [—00,00] that
are pairwise independent (any two of the random variables XY, Z are independent of each
other), but such that X,Y,Z are not independent. (Hint: Exercise 3.6 might be helpful.)

Solution. Let p > 3 be a prime and let n > 2. Let F := Z/pZ and let V = (Z/pZ)".
Note that V' is an n-dimensional vector space over F. Equip V with the standard bilinear
form (u,v) := Y, u;v; where u = (u1,...,u,),v = (v1,...,v,) € V. Then there exist
three vectors z,y, z € V such that any two of x, y, z are linearly independent, but such that
x,y, z are linearly dependent. Let U be uniformly distributed in V. Define X = (U, z),
Y = (U,y), Z := (U, z). From Exercise 3.6, any two of X, Y, Z are independent, but X, Y, Z
are not independent. Also, X,Y, Z take values in the integers. 0

Exercise 3.8 (Optional). Let X : 2 — R" be a random variable with the standard Gauss-
ian distribution:

P(X € A) = / e~ @A) 2 g (27r) /2, vV A C R™ measurable.
A

Let vy, ..., v, be vectors in R™. Let (-,-) : R" Xx R" — R be the standard inner product on
R™, so that (z,y) 1= > z;y; forany z = (z1,...,2,),y = (Y1, ..., Ysn) € R". Show that the
random variables (X, v1),..., (X, v,,) are independent if and only if the vectors vy,..., v,

are pairwise orthogonal.

Solution. Without loss of generality, all of the vectors are nonzero. Suppose for now that
m < n. Suppose the vectors vy, ...,v,, are pairwise orthogonal. For any 1 < i < n, let
e; € R" be the vector with a 1 in the i entry and zeros in all other entries. Let @ be any
n x n real orthogonal matrix such that Qe; = v;/ ||v;|| for all 1 < ¢ < m (this is possible
since m < n). Specifically, we let the first m columns of @ be v/ ||v1],..., vm/ ||[Vm]-
Suppose the remaining columns of @ are Q,41,...,Q,. Recall that Q= = Q7 so that

11



= QTQ = I, where I,, denotes the n x n identity matrix. Note the rows of QT are
vi/lvill - v/ |vmll s @msts - -+ s Qn, SO

(X, o)
o| X | —ootx =x. (v
)Qm+1>
(X, Qn)
So, if Aq,...,A,, C R are measurable, we have

PUX,01) € AL, ... (X, 0m) € An) = P(((X,01), .., (X,0m)) € Ay X == x A,)
= P((X,00), s (X, 0m)s (X, Qut)s oy (X, Q) € Ay 5 -+ % Ay x RP™)

(%1 Um Al Am —
=P(((X,7—), (X, —), (X, Qnz1), -, (X, Q) € —— X -+ X —— X R"™™)
[n]] [[om | o [[on]] [[om |
v Uny A A,
=PQTQ((X, ||U]1L||> (X, o ||> AX, Qug),s - (X, Q)T € i 1” X - X Toml x R™™™)
v A A, I
= P(QUX, )y (X, =) (X, Q) (X, Q)T € QX -+ x R™™)
[[on]] i m|| full [0
Ay An
=PX € Q(i— X+ X = xR"™)) by (%)
foull [[0m |
= e~ (@224 (27) ™2 | by definition of X
Qo X oy XB*~™)
= / e~# Q1Q/2qr(27)™/? | changing variables
Aq X oo X Am xRn—m

lom I

e Ie1°/2 g (27) /2 = H/ e~*/?dz; /27, by Fubini’s Theorem
Ai/llvill

X e X A R —m
lom I

TP e
P

Joi]

m

)= [[P(X, ) € A).

i=1

A

vl

In the penultimate equality, we used that (X, ”z—L”> is a standard one-dimensional Gaussian
random variable. This follows from the m = 1 case of the above.

12



More generally, for any linearly independent vectors vy, . ..
where now () may not be orthogonal, and

, Um, We construct () as above,

(X, i)
T\—1 <X7 z_:> — T\-1 T — *
@R b | = @D et =X ()
(X, Q.)
So we then get
P((X,v1) € Ay,...,(X,vm) € A,) = P(((X,v1), ..., (X,um)) € A X -+ X Ay)
=P(((X,v1), .., (X, 00), (X, Qus1)s - -, (X, Qn)) € A X -+ X Ay x RPT™)
= P ) (X 20 (X, Qo) (X Q) HA—” I R)
~ P((QQ")'Q((X ’ﬁu”“’“ ||Umu> (X, Quit)s - (X, Qu))"
‘ (QQT)_lQ(\SfH o <)
~P(X € (QQ") Qo - x I xR by (1)

e—(x%—&-"--i-xn /de(z,n_)—n/Z

/(QQT) "oy

= |det(Q)| ™"

IIU1H

e~ RTQRT) /2 gy (o) 1/
Aq

XRn—m
Hv1 I

XX Ay
TomTl

Letting D be the diagonal matrix with diagonal entries ||vy| ™",

P((X,v) € Ay, ..., (X,vm) € Ap)

_ |det(Q)|_1/ e—xTQT(QQT)_QQfE/de(Qﬂ_)—n/2
(A1 XX A XRn—m)

= |det(Q)| " |det(D)|

Ap XX Ay XR—m

So, the joint density of (X, vq),..., (X, v,) is

=" DRT(QQT) QD 2y
Rn—m

[det(Q)| ™" |det(D)|

In the special case n =m

|det(Q)]71 e—xTQT(QQT)”Qx/?(Qﬂ)—n/?

13
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, by definition of X

, changing variables

1

¢~ DQT(QQT) QD2 gy (o) /2

- dx, (2m) 2,

= 2 with ||v1|| = ||ve]| = 1, the joint density becomes



In this case Q is the matrix whose columns are vy, v,. Let B := QT(QQT)~2Q. Suppose we
write () in its singular value decomposition as () = UDV where U,V are orthogonal and D
is diagonal. If v; = 4wy, then (X, v1), (X, v,) are dependent, so we may assume that vy # vy
and v; # —vy. Then @ has rank 2, so D has nonzero diagonal entries. Since Q7 = VI DU,
using UUT =T and VVT = I, we get
QTR FQ=V"DV.

If v, v, are not orthogonal, D # I, so QT(QQT)72Q is not a diagonal matrix. Therefore,
|det(Q)| " e~*"QTQRT)Qx/2(97)=1/2 ig not a product function, so (X, v1), (X, vs) are not

independent. The general case then follows from the m = n = 2 case.
O

4. HOMEWORK 4

Exercise 4.1. Let €1,e9,--- € {0,1} be random variables that are independent and iden-
tically distributed copies of the Bernoulli random variable with expectation 1/2, so that
P(e,=1)=P(e, =0)=1/2 for all n > 1.
e Show that the random variable ) >, 27"¢, is uniformly distributed on the unit
interval [0, 1].
e Show that the random variable Y >  2-37"¢, is uniformly distributed on the standard
middle third Cantor set (where the Cantor set’s center is 1/2.)
e Let u be a probability measure on R. The Fourier Transform of p at £ € R is defined
by i(€) := [, €™ du(x). where i = v/—1. For example, if p is uniform on [—-1/2,1/2],
then

1/2 i€)2 _ —it) :
ﬁ(f):/ 6i$§d1’:6£2 e 52:28m(§/2) VE 0.

1/2 i§ £
Using the first item, find an expression for sin(£) /£ in terms of an infinite product of
cosines. (Hint: if a random variable X has distribution py, then fix(£) = Ee'*¢ for
any ¢ € R. So the Fourier transform of the sum of independent random variables is
the product of the Fourier transforms.) Similarly, find an expression for the Fourier
transform of the uniform measure on the middle third Cantor set (when the Cantor
set’s center is 0 € R) in terms of an infinite product of cosines.

Solution. Let I C [0,1] be an interval of the form [k/2", (k 4+ 1)/2"] where 0 < k < 2" — 1
(such an interval is called a dyadic interval). We claim that X := > 27"¢, satisfies
P(X € I) = 27" To see this, note that the event X € I corresponds to &1,--- ,&, being
equal to the binary expansion of k. And the latter event has probability 27". It then follows
that P(X < k/2") = k/2" for any n > 1 and for any 0 < k < 2" since we can write
P(X < k/2") as the sum of probabilities of X lying in disjoint dyadic intervals of width
27", So, the cumulative distribution function F' of X is known at any number in [0, 1] of the
form k/2", namely, F(k/2") = k/2". Since the numbers {k/2"},>1 0<k<on form a dense set
in [0, 1], it follows by right-continuity of F that F'(¢t) = ¢ for all ¢ € [0,1]. Therefore, X is
uniform on [0, 1].

The proof for the middle third Cantor set is analogous. Let fy(z) = /3 and let
fi(x) = 2/3 + x/3 for any x € R. Let I be any interval formed by n compositions
Jar(fas (- -+ (fan[0,1]))) where ay, ..., a, € {0,1}. Then X := 357 2.37"¢, satisfies P(X €
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I) = 27" We take this as a definition that X is uniformly distributed on the middle third
Cantor set.
By shifting the first result by 1/2, the following random variable is uniformly distributed

n[—1/2,1/2]
—%Jrz:lz— 22 £n —1/2) =

Using that the expected value of a product of independent random variables is the product
of expected values,

sin(£/2) e /2 — /2 /1/2 it Lix e o png
= . = e dy = Be ¢ = ix (&) = | [ Be? e —1/2¢
§ —i& 172 (€) H

! 1 - " =
1;[ 5 12 le + 6—7,2 15 ngl COS(£2_n_1)'
EelR

n=1

Therefore, for any

sm§ H cos(&27"

By shifting the second result by 1/ 2, the followmg random variable is uniformly distributed
on the middle third Cantor set, centered at 0

—% + iz 3ng, = iQ 37(e, — 1/2) =
n=1 n=1

Using that the expected value of a product of independent random variables is the product
of expected values,

I[j)\((g) — Ee —iXE __ HE€23 Nilen—1/2)€

n=1

ﬁ % T eTBTE = ﬁ cos(£37")
n=1 n=1

O

Exercise 4.3 (M AX-CUT). The probabilistic method is a very useful way to prove the
existence of something satisfying some properties. This method is based upon the following
elementary statement: If & € R and if a random variable X : 2 — R satisfies EX > «, then
there exists some w € 2 such that X(w) > a. We will demonstrate this principle in this
exercise.

Let G = (V, E) be an undirected graph on the vertices V' = {1,...,n} so that the edge
set E is a subset of unordered pairs {7, 5} such that i,7 € V and i # j. Let S C V and
denote S¢:=V ~.S. We refer to (5, 5¢) as a cut of the graph G. The goal of the MAX-CUT
problem is to maximize the number of edges going between S and 5S¢ over all cuts of the
graph G.

Prove that there exists a cut (.5,5°) of the graph such that the number of edges going
between S and S¢ is at least |E|/2. (Hint: define a random S C V such that, for every
ieV,P(ieS)=1/2, and the events 1 € 5,2 € S,...,n € S are all independent. If
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{i,j} € E, show that P(i € S,j ¢ S) = 1/4. So, what is the expected number of edges
{i,j} € E such that i € S and j ¢ S?)

Solution. Define S as noted above. (Recall that these random variables can exist by a
Corollary of the Kolmogorov Extension Theorem.) If {i,j} € E, then by independence we
have P(i € 5,7 ¢ S)=P(i € S)P(j ¢ S) = (1/2)? = 1/4. Similarly, P(i ¢ S,j € S) = 1/4.
And the event that one of 4,7 is in S and the other is not in S is the disjoint union {i €
S,j ¢ Stu{i¢ S, je S}t So, the probability that one of i, is in .S and the other is not in
S'is 1/4+1/4 = 1/2. By linearity of expected value, the expected number of cut edges is

E Z Liies je¢syufigs,jesy = Z Eljesj¢sivfigsjesy = |E| - (1/2).

{i,j}€E {i,7}€eE

Exercise 4.4. Let X;, Xo,...: Q — S be random variables. Show that
O'(Xl,XQ, .. ) = O'(Uioi10'<X1, ce ;Xz))

Exercise 4.5. Let (X;);e;r be a collection of independent random variables. Show that
(Xi)ier are independent if and only if (0(X;));cr are independent o-algebras. (Hint: Let
i €I andlet J C I~ {i} be finite. Are the sets in o(X;) that are independent of (0(X})),es
a monotone class?)

Solution. Tt suffices to show: if (X;);c; are independent, then (o(X;));c; are independent.
Suppose X;: 2 — S; and S; has the o-algebra By, for any 7 € I. Let ¢ € I and let
J C I~ {i} be finite. For any j € J, let B; € B; and let B; € B,. We know that the
sets X, '(B;) and (Xj_l(Bj))je s are independent, by assumption. Consider the set A :=
{A € 0(X;): Ais independent of (X;'(B;));es}. We know that A contains {X; '(B;): B; €
B;}. Also A is closed under complements and countable increasing unions (repeating the
proof of the Kolmogorov’s Zero-One Law). Therefore A contains ¢(X;). Therefore, o(X;)
is independent of (X; '(B;))jes. Repeating this argument once for every index in J, we

conclude that (0(X;));je;s are independent. O

Exercise 4.6. Let X, Xs,... be random variables. Show that X, X, ... are independent
if and only if: for every i > 1, o(X;41) is independent of o(X1,...,X;). And the previous
cases occur if and only if: for every i > 1, 0(X;11, Xi40,...) is independent of o (X7, ..., X;).

Solution. From Exercise 4.5, X, Xs,... are independent if and only if o(X}),0(X2),...
are independent. If 0(X;),0(Xs),... are independent, then for every i > 1, o0(X;41) is
independent of o(o(X;)U---Uo(X;)) = o(Xy, ..., X;). Conversely, assume: for every i > 1,
0(X;41) is independent of o(X7, ..., X;). Suppose X;: Q — S; and S; has the o-algebra B5;,
for any ¢ € N. Let J = (j1,...,Jn) € N be finite and let B; € S; for all j € J. Then
X;1(Bj,) is independent of Nj—{{X; '(B;,)}. So,

P (M G (B)}) = PO BP0t (X1 (B)} )

[terating this argument, we conclude that
P (N X, (Bi)}) = [P (B)).
k=1
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That is, X7, Xs,... are independent so that o(X7),0(Xs),... are independent. The first
equivalence is proven.

We now show the second equivalence. The last condition implies the condition: for
every i > 1, 0(X;11) is independent of o(Xj,...,X;). Conversely, if for every i > 1,
0(X;11) is independent of o(Xj,...,X;), then from the case already proven, Xi, Xs,...
are independent and o(X;),0(X2),... are independent. Fix ¢ > 1. Let A = {4 €
0(Xiy1, Xiyo,...): Ais independent ofo(Xy,..., X;)}. Since o(o(X1),...0(X;)) = o(Xy,..., X;),

we know that o(X;y1),0(X;41),... € A. As usual, A is a monotone class, so A therefore
contains o(X; 1, Xiia,...), as desired. O
Exercise 4.7. Let X1, Xs,...: Q — R be a sequence of independent random variables. For

any n > 1, let S, := X7 + -+ + X,,. Show the following:
e {lim, . S, exists} € T.
o If t € [—00, 0], then it can occur that {limsup,,_,. S, >t} ¢ T.
e If t € [—00,00] and if ¢; < ¢ < --- is a sequence of real numbers such that
lim,,_,o ¢, = 00, then

{limsup S >theT.

n—oo n

Solution. For any k > 1, note that

limsup(X; + -+ + X,,) — liminf(X; +--- + X,,)
n—oo

n—oo

= lim <sup(X1+'--+Xm)— igf(X1+'--+Xm)>

n—oo m>n
:hm< sup (X7 +---+ X,,) — inf (X1+--~—|—Xm)>
n—=00 \ ;p>nik m>n—+k

= lim <X1+---+Xk—(Xl+---+Xk)+sup(Xk+1+---+Xm)— ir;f(Xk+1+---+Xm)>

n— 00 m>n
= lim (Sup(Xk+1+"'+Xm>— inf (Xk+1+"'+Xm)).
n—00 \ ;>n m>n

The latter random variable is measurable with respect to o(Xgi1, Xgio,...) for any k& > 1.
Therefore, this random variable is measurable with respect to T := Ng>10(Xgs1, Xgro, .- -)-
In particular, the event that limsup,, ., S, —liminf, , S, =01isin 7.

For the second item, note that if P(X; = 1) = P(X; = —1) = 1/2 and X,, = 0 for all
n > 1, then all of these random variables are independent, lim sup,, .. S, = X1, T = {0,Q},
so{X;>0}¢7T.

Lastly, for any k£ > 1, note that

X1+ + X, Xi+- -+ X,

lim sup = lim sup
n—00 Cp, n—=00 m>n Cm

X, 4+ X X ot X,
:lim< 1+ + k+ sup k+1 + + )

n—o0 Cn, m>n—+k Cm
. Xiy1+ -+ X
= lim sup .
=0 m>n+tk Cm
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The latter random variable is measurable with respect to o(Xgi1, Xgio,...) for any k& > 1.
Therefore, this random variable is measurable with respect to T := Ng>10(Xgs1, Xgro, .- -)-
In particular, for any ¢ > 0, the event that limsup,,_,., S,/¢, >t isin T.

U

5. HOMEWORK 5

Exercise 5.2. Let 0 < p < co. Show that, if Y7,Y5,...: 2 — R converge to Y: 2 — R in
L,, then Y7,Y5, ... converges to Y in probability.
Then, show that the converse is false.

Solution. The first part follows from Markov’s inequality since P(|Y,, —= Y| > ¢) < e PE[Y, = Y|*
for all e > 0,V n > 1. For the second part, fix 0 < p < co. Consider Q2 = [0, 1], P uniform
on Q and Y, () := n'"/P1g 1, (t) for all n > 1V ¢ € [0,1]. Then Y3,Ys,... converges in
probability to 0, since P(Y,, # 0) = 1/n for all n > 1, but Y;,Y, does not converge in L,
since E[Y,,|” =nP — oo as n — oo. So, if Y € L, then ||V, = Y|, > [|[Va[l, — [[Y[|, = oo as
n — oo. U

Exercise 5.3. Suppose random variables Y7,Y5,...: €2 — R converge in probability to a
random variable Y : 2 — R. Prove that Y7, Y5, ... converge in distribution to Y.
Then, show that the converse is false.

Solution. For the converse, see e.g. Proposition 3.1 in the notes. 0

Exercise 5.4. Prove the following statement. Almost sure convergence does not imply
convergence in Ly, and convergence in L, does not imply almost sure convergence. That
is, find random variables that converge in L, but not almost surely. Then, find random
variables that converge almost surely but not in Ls.

Solution. We first find random variables that converge in Ly but not almost surely. We can
do this by a “traveling bump” construction with “decreasing width.” Let Q = [0, 1] with P
uniform on €. For any integer n > 1, write n = 2/ + b where b is a positive integer with
b < 2/ and j > 0 is a nonnegative integer. Let X,,: [0,1] — {0,1} be the function

Xy o= 1p-ipa-ip+1)-

Asn — oo, j — o0, so EX?2 — 0 as n — oo, so that X, X5,... converges to 0 in Lo.
However, X1, Xy, ... does not converge almost surely since, for any ¢ € [0, 1], the sequence
Xi1(t), Xo(t), ... has infinitely many zero and one values.

To find random variables that converge almost surely but not in Lo, we re-use a previous
construction. Consider 2 = [0, 1], P uniform on Q and Y,,(t) := nl/m(t) for alln > 1V
t € [0,1]. Then Yj,Y5,... converges almost surely to 0, lim, . Y, (t) = 0 for all ¢t € [0, 1],
but Y7, Y5 does not converge in L, since E \Yn|2 =n — o0 asn — 0o0. So,if Y € Ly then
1Yo =Yy = [[Yall, = [[Y]l; = o0 as n — oo. m

Exercise 5.5 (Optional). Let X, X7, X5, ...: Q@ — R.

(i) Suppose that Y .2, P(|X; — X| > ¢) < oo for all ¢ > 0. Show that X;, Xs,...
converges to X almost surely. Show that the converse does not hold in general.

(ii) Suppose X1, Xs,... converges to X in probability. Show there is a subsequence
Xiyy Xiy, ... of Xy, Xy, ... such that X, X; . converges to X almost surely. (Here
i <idg < ---)

27 °°
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(iii) (Urysohn subsequence principle) Suppose that every subsequence X; , X,... of
X1, Xo,... has a further subsequence X;; ,X;, ,... that converges to X in proba-
bility. Show that X, X, ... also Converges to X in probability.

(iv) Suppose Xi, Xs, ... converges in probability. Let F': R — R be continuous. Show
that FI(X1), F(Xs),... converges in probability to F'(X). More generally, suppose V
1 <j <k, Xl(j ),XQ(j ), ...: 0 — R is a sequence of random variables that converge

in probability to XU). Let F': R¥ — R be continuous. Show that F(Xi(l), o ,X.(k))

converges in probability to F(X® ... X®)  For example, if k = 2 then Xfl)
XF),X{Q) + X2(2), ... converges in probability to X + X and X - X 2),X1(2) .
XQ(Q), ... converges in probability to X1 . X®),

(v) (Fatou’s lemma for convergence in probability) If X, Xs,...: Q — [0, 00) converges
in probability to X, show that EX < liminf, ,. EX,.

(vi) (Dominated convergence in probability) If X, X5, ... converge in probability to X,
and there exists a random variable Y:  — [0, co) such that, for any n > 1, |X,,| <Y
and EY < oo, then lim,,_.., EX, = EX.

Solution. Part (i) follows from Borel-Cantelli. For the converse, re-use the example from
Exercise 5.4.

Part (ii) follows by taking, for any £ > 0, a subsequence {X;, .} such that Y>>, P(|X;, .
) < oo, and then applying a Cantor diagonalization argument.

Part (iii) follows since any sequence of real numbers in [0, 1] has a convergent subsequence.

The remaining parts follow by applying the previous parts. 0

- X| >

Exercise 5.8. A random variable X : {2 — R is said to be in weak L if
supt P(|X| > t) < o0.
>0

For example, a Cauchy distributed random variable X has density f(z) = for any

z € R, and X is in weak L; while E |X| =

Show that, if X, X5,...: Q — (0,00) are i.i.d. such that X; is in weak L;, then there
exist real numbers ay, as, ... such that lim,, .., a,, = co such that i(Xl +---+X,,) converges
in probability to 1.

(Hint: If you want to build up your intuition, assume P(X; > t) = 1/t for all ¢ > 2, and
use b, := nlogn in the Weak Law for Triangular Arrays.)

(Hint: Let f(s) := EXilx,<, for any s > 0. Note that f(s)/s = [;(1/s)P(X > t)dt =
fo (X > sz)dr — 0 as s — oo by the Bounded Convergence Theorem. Choose b; <

S .-+ going to infinity such that nf(b,) < b, for all large n > 1 as follows. When
n is fixed and large, nf(s)/s is larger than 1, and it converges to 0 as s — oo. Also,
nf(s)/s is right continuous in s, so let b, = inf{s > 0: nf(s)/s < 1}. Assume EX; =
0o. Note that lim, o SP{)(ZLS) = 00, S0 00 = lim, e % m,
lim, ,,, nP(X; > b,) = 0. Now, use the Weak Law for Triangular arrays. Note that
lim,, o0 %" = lim,, o f(bn) = limg_,o f(s) = 00, using EX; = 00.)
Solution. First, note that if EX; < oo, or more generally if lim, ., zP(X; > z) = 0, then
we choose a,, := npu,, where p, := EX;1y,<,, and we are done by the Weak Law of Large
Numbers. So, we may assume e.g. that EX; = oo, in which case lim,, . %” = oo and
lim,, 0o nP (X7 > b,) = 0.

(1+

- limn_)oo i.e.
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Repeating the proof of the Weak Law, with X, ; := X}, and Yn,k = Xilx,<b,,

o) bn 1
EY?M :/ 2P (| X k| > t)dt :/ 2tP (| Xy > t)dt = bi/ 2sP (| X1| > sb,)ds.
0 0 0

n 1 1
b, ZEYZk = / 2snP (| X;| > sb,)ds = bﬁ/ 2sb, P (| X1| > sby)ds.
k=1 0 n Jo

From the Bounded Convergence Theorem (since X is in Weak L;), and using lim,, %"

oo, we have

"L
lim b2 =0.
nl_}r{.lobn ZEXn,k 0
k=1
So, we have verified the second assumption of the Weak Law for Triangular Arrays. To
verify the first assumption, we similarly have

> P Xk > by) =Y P(IXi| > b,) = nP(|X1] > by).
k=1 k=1

So, as we mentioned in the hint, lim,, o0 >y, P(| X, k| > b,) = 0. We can therefore conclude
from the Weak Law for Triangular Arrays that

b > (Xuk —EX 1)
k=1

converges to 0 in probability as n — oco. That is, b,' > ,_ (X — f(b,)) converges to 0 in

probability as n — oco. That is, 234X converges to 1 in probability as n — oo, since

bn
f(by)/b, =1/n for all n > 1. O

6. HOMEWORK 6

Exercise 6.3. For each n > 1, let A, = (a;jn)1<ij<n be a random n X n matrix (i.e. a
random variable taking values in the space R"*™ or C"*" of n x n matrices) such that the
entries a;;, of A, are independent in i,j and take values in {—1,1} with a probability of
1/2 each. We do not assume any independence for the sequence A, A,, . . ..

(i) Show that the random variables TrA, A% /n? are equal to the constant 1, where A%
denotes the matrix adjoint (which, in this case, is also the transpose) of A, and Tr
denotes the trace (or sum of the diagonal entries) of a matrix.

(ii) Show that for any natural number k > 1, the quantities ETr(A,A*)*/n*1 are
bounded uniformly in n > 1 (i.e. they are bounded by a quantity Cj that can
depend on k but not on n). (It may be helpful to first try k¥ = 2 and k = 3.)

(iii) Let || A,|| denote the operator norm of A, and let ¢ > 0. Show that ||A4,||/n'/?>¢ con-
verges almost surely to zero, and that || A, | /n'/?~¢ diverges almost surely to infinity.
(Hint: use the spectral theorem to relate || A, | with the quantities Tr(A,A*)".

Solution.

TrA, A, = Z aZ, = n?.

(¥
ij=1
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Below, we consider addition in sub-indices as addition mod 2k. Note that

k
ETr(AnAZ>k = Z E H Qi _yig; Qigjy1ig; -
1<i1,0igg<n j=1

Since Ea;; = 0 for all 1 < 4,5 < n, if any a;; term appears exactly once in the expected
value, independence implies that that term has expected value zero. So, if any a;; term
appears once in the product, it must appear at least twice. So, although n?* terms appear
in the above sum, the number of nonzero terms in the sum is at most O(n**!). (In order
to have repeated terms, it follows by induction that there have to be at least k — 1 equality
constraints on the indices being summed, and 2k — (k — 1) = k + 1.) Meanwhile, since
la;j| =1forall 1 <i,j <mn, we have |EH] L Qi yin; Qig iy | < 1 forany 1.<iiq, ... i <.
So, ETr(A, A%)* < O(n*1), where the implied constant can depend on k but not on n.

Let ¢ = (21,...,2,) € R* let k& > 1 and denote ||z||, = (30, =)V, |z
maxlgign |.Z'Z’

Claim 1. For any z € R, ||z < [|z]ly, < nY®) ||z|,

Proof of Claim 1. ||z]| o, < |||l < (n]z]|?*)Y/#) = n'/@R) ||z|| . The Claim is proven.

From the Spectral Theorem, if () denotes the vector of square roots of eigenvalues of
A, Az, then

Tr(A, AL = || Ai H (%)

Note that we can write A, A* = Q,D,Q. ! where Q, is an orthogonal n x n (random) matrix
and D, is a diagonal real n x n (random) matrix containing the eigenvalues of A, A, so

(A, A%)F = Q,DFQ, !, and then
Tr(A, A% = TeQ, DEQ," = TrQ;' QD = TrDE = |[Apw) |15y

Combining (*) and Claim 1, and noting that || A, || is the maximum element of X,

ARl < (Te(A, A5 ED < nV/ED ALl (xx)
Dividing by n'/?¢, we get
[l _ (TrAADN VD TH(A A 1
e = (Saass) = (o)

Fix € > 0. Choose k > 0 such that 1 — 2ke < 0. Then, by the first part of the problem and
Jensen’s inequality,

pll o (T oy /e

—_ —0asn— oo.
ni/2+e = nk+1

Since || A,|| is a nonnegative random variable, we conclude that ||A,| /n'/?*

zero almost surely as n — oco. Meanwhile, dividing the right inequality of (%) by n
Il (T ey V0

nl/2—s = nk+1

converges to
1/2—¢
Y

Using e.g. k=1, we get

[ Anll Tr(AnAL) o\V2
nlj2—c > < n2 n ) =n.

Letting n — oo shows that ||A4, || /n'/?~¢ converges to oo almost surely to oco. O
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Exercise 6.4. The Cramér random model for the primes is a random subset P of the natural
numbers such that 1 ¢ P, 2 € P, and the events n € P for n = 3, 4 . are independent
with P(n € P) = logn Here we used the restriction n > 3 so that —— < 1. This random
set of integers P gives a reasonable way to model the primes 2, 3 5 7,..., since by the
Prime Number Theorem, the number of primes less than n is approximately n/logn, so the
probability of n being a prime should be about 1/logn. The Cramér random model can
provide heuristic confirmations for many conjectures in analytic number theory:

e (Probabilistic prime number theorem) Show that {n <z :n € P}| converges

z/logx loga:
almost surely to one as r — oc.

e (Probabilistic Riemann hypothesis) Let € > 0. Show that

1 Todt
- < - _ —
xl/2+e <|{n swin P /2 logt>

converges almost surely to zero as x — oo.

e (Probabilistic twin prime conjecture) Show that almost surely, there are an infinite
number of elements p of P such that p + 2 also lies in P.

e (Probabilistic Goldbach conjecture) Show that almost surely, all but finitely many
natural numbers n are expressible as the sum of two elements of P.

Proof. Part 1. For any n > 3, let X,, := 1,ep —
variable

logn Fix 2 > 0 and consider the random

logn
U, = X,
Note that > >, V&l"(lO%Xn) <107, (105_;1)2 < 00. So, from Theorem 2.25 (Convergence

of Random Series), U, converges almost surely as z — oo. From Kronecker’s Lemma,
Exercise 6.6, with b, :=n/logn,

1
z/logx £

ZX — 0 as z — oo. ()

It remains to consider the constant terms in the definition of X,,. We have

—~ 1 vl
S =0 [ oy
“— logn 3 logy

If g(y) = y/logy for any y > 0, then ¢'(y) = 1/logy — 1/(logy)?, so

| v 1
dy = O(1 +xlogx+/ ———dy =0(1)+z/logx + o(x/log x).
| o= 00+ a/loga + [ sy = 00) 4/ log + ol 1og )

It then follows from (x) that, almost surely,

Zlnepﬁlasx—)oo.
x/logxngz

Part 2. We repeat the above argument for 7, where for any x > 0 we have

T,=Y logn

nl/2+e
n<x
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(Alternatively, for parts 1 and 2, we could use a variant of the Chernoff inequality.)
Part 3. For any n > 3, let A,, := {n € P,n+ 2 € P}. By the definition of P,

1 1
lognlog(n+2)

P(A,)=PneP)P(n+2€P)=

So, Y ,53 P(Asn) = 00. Also, the events Ay, Ag, Aia, ... are independent. So, by the second
Borel-Cantelli Lemma, with probability one, infinitely many of the events Ay, Ag, Aja, ...
occur.

Part 4. Note that any integer n > 6 can be written as n = (n — m) + m where 2 < m <
n—2. So, fix n > 6 and for any 2 < m <n — 2, let X,,, := l,ep (n—m)ep. Assume for now
that n is odd. Define Y}, := max(Xs,..., X(,—1)/2). Then the event Y;, = 1 is equal to the
event that n can be expressed as a sum of two prime numbers and {Y,, = 0} = {Y,, = 1}“.
Using independence and the definition of Y,,,

So, by the definition of P, when n is odd,
(n—1)/2 1 1 .

PY,=0)= ][] =

logmlog(n —m) [["%logm

1
PY,=0)= —m—r
I, =5 logm
By the Borel-Cantelli Lemma, we will be done once we show that the following sum is finite
SPW=0=)
n=6 n=6 H lOgTTL
Note that once m > 10, logm > 2, so T —_— e < 10027 (n=10) "so that
ZP <10322 (n=10) < oo,
n=>6

O

Exercise 6.5. This exercise proves the Hardy-Ramanujan Theorem. This theorem, with
probabilistic proof due to Turén, says that a typical large n € N has about loglogn distinct
prime factors. Unlike the previous exercise, the probabilistic proof here proves a rigorous
result about primes.

Let P C N denote the set of prime numbers (in this exercise P is deterministic, not
random). When p € P and n € N, we use the notation p|n to denote “p divides n,” i.e. n/p
is a positive integer. Let = > 100 with z € N (so that loglogxz > 1), and let N be a natural
number that is uniformly distributed in {1,2,...,2}. Assume Mertens’ theorem

Z L loglogz + O(1).

peP: p<lz
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e Show that the random variable }_ 5. .10 1pn has mean loglogz + O(1) and
variance O(loglog z). (Hint: up to reasonable errors, compute the means, variances
and covariances of the random variables 1py.)

e For any n € N, let f(n) denote the number of distinct prime factors of n. Show
that 1o£ gf)\QN converges to 1 in probability as x — oo. (Hint: first show that f(INV) =
> pep: p<ai/io v + O(1).) More precisely, show that

f(N) —loglog N
g(N)+y/loglog N

converges in probability to zero as * — oo, whenever g: N — R is any function
satisfying lim,, ., g(n) = oco.

Proof. Note that El,y = P(p|N) = |{p’2p’3p’g‘c"’tm/m}| = Lxépj. Writing = = ap + r where
a,r > 0 are integers with r < p, we have El,ny = ap‘fH, = o = p;/a. Since p +1/a <
p(l+1/a)anda>z/p—1,14+1/a <1+ 1/[x/p—1],s0 p+7r/a < p(1+1/[x/p—1]) =

p(1+p/lx —p|) = pz/(x —p) =p/(1 —p/x), and

1
(1 _p/x)z_? <El,ny <

a

SEI

That is,
1
Blyy = +0(1/)

where the O term does not depend on p. Consequently,

1 1 1
varlyy = Ely — (Blyn)? = - — = + -0(1/z) + O(1/?).
p p p
Also,

cov (T, L) = Bl — BlyElyy = piq +O(1/x) - <}3 T 0<1/x>><§ +0(1/2)

1 1
= (2; + 5)0(1/35) +0(1/22).
So, adding these up and using Mertens’ Theorem in the form

1
Z — = loglog(z'/'*) + O(1) = loglog = + log(1/10) + O(1) = loglog = + O(1),
pEP: p<gl/10

we get

Var( Z 1p|N> = Z <1 - % + %O(l/x) + O(l/xz))

pEP: p<gl/10 pEP: p<gl/10 p p

oY (G 3)0(1/@ +0(1/2%))

Pg€EP: p,g<al/10 b
< [loglogz + O(D)][L + O(1/x)] + 2*/*°O(1/2?)
+ 221%oglog 2 + O(1)]O(1/z) + z/1°0(1/2?)
= loglogx + O(1).
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Lastly, by Mertens’ Theorem

1
B Y Liw= Y (S+0(/x)) = loglogatO(1)+2"°0(1/x) = loglogx+O(1).
pEP: p<xl/10 pEP: p<gl/10
Now, let py,pa, ..., p11 be distinct prime factors larger than z'/1°. Since [[1L, pi > z, it

cannot be the case that an integer n with n < x has 11 or more prime factors larger than
/1% So, by definition of N, it cannot be the case that N has 11 or more prime factors
larger than /1. That is, with probability one,

> Ly <IL
pEP: p>xl/10
So, by definition of f,
FIN) = Y Liv=0M)+ > Iy
pEP: p<z pEP: p<gl/10

From the first part of the exercise, f(N)/loglogz has mean 1+ O(1/loglogx) and variance
O(1/loglog x), so Chebyshev’s inequality implies that

P( f(N)

log log x
Letting © — oo shows that f(N)/loglogz converges in probability to 1 as z — oo. Also,
1n>100loglog N/ loglog x converges in probability to 1 as © — oo, so

f(N) loglogx
log log z log log N

—1+0(1/loglogx)| > 5) <e7?0(1/loglog z), Ve > 0.

f(N)/loglog N =

converges in probability to 1 as z — oo. [For any positive integer m, we have log log z/m /loglogx =
1 +log(1/m)/loglog x which goes to 1 as x — oo, implying that 1y>100 loglog N/loglog x
converges in probability to 1 as z — c0.]

More precisely, from the first part of the exercise,

f(N) —loglogx
g(x)\/loglog x

has mean O(1/g(z)+/loglogz) and variance O(1/g(x)), so Chebyshev’s inequality implies

f(N) —loglogx
P(‘ o(z)ViogToz & + O(1/g(x)+/loglog z)

> 5) <e?0(1/g(x)), Ve > 0.

That is,
f(N) —loglogx

g(x)y/loglog x

converges in probability to 0 as x — oo. As before, we can then extend this conclusion to
f(N) —loglog N
g(N)+/loglog N
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Exercise 6.6 (Kronecker’s Lemma). Let y;,vs,... be a sequence of real numbers. Let

0 < by < by < --- be a sequence of real numbers that goes to infinity. Assume that
limy, o0 oy Ym exists. Then lim, . i r 1 bmym = 0. (Hint: if s, := >"" _| Y, then

the summation by parts formula implies that % S blm = Sp— - Zn_l (b1 —bm)Sm.)

m=1 bn m=1

Solution. Let ¢ > 0. Let s := >~  y, € R. Choose p > 0 such that |s — s,| < ¢ for all
n > p. Then, splitting the sum in the summation by parts formula into two parts, then
adding and subtracting s, we get

1 n 1 p—1 1 n—1
T Z bmym =Sn — 7 (bm+1 - bm>5m - 7 (bm+1 - bm>5m
b, bn bn
m=1 m=1 m=p
1 p—1 1 n—1 1 n—1
= Sp — E (bm+1 - bm>5m - a (bm+1 - bm)(sm - S) - E Z(bm+1 - bm)s
m=1 m=p m=p
1 p—1 1 n—1 1
= Sn — b (brnt1 — bm)Sm — b (bt = bm)(Sm — 8) — b_(bn —by)s
™ m=1 ™ m=p n
1 p—1 1 n—1
=Sn = (bms1 — bm)Sm — = (byt1 — bim)(Sm — s) — (1 — by /by)s

3

I
3

I
hS]

As n — oo, b, — 00, so the last term converges to s. By definition, lim,,_,, s, = s, so the
first and last terms cancel. The third term is bounded in absolute value by

)_l

1 — b, — b
E p(berl - bm)g = E—bn P <e.

3
I

The second term goes to zero as n — oo since there are only a finite number of terms divided

by b,. In conclusion, i r 1 bmym — 0 as n — oco. O

Exercise 6.10 (Cheap Law of the Iterated Logarithm). Let X;, X5,...: Q — R be
random variables with mean zero and variance one. The Strong Law of Large Numbers
says that %(X 1+ -+ X,,) converges almost surely to zero (if the random variables are also
identically distributed). The Central Limit Theorem says that \/LE(X 1+ -+ X,) converges
in distribution to a standard Gaussian random variable. But what happens if we divide by
some function of n in between n'/? and n ? This Exercise gives a partial answer to this
question.

Let € > 0. Show that
Xi+---+ X,
n/2(log n)(1/2)+e

converges to zero almost surely as n — oo. (Hint: Re-do the proof of the Strong Law of
Large Numbers, but divide by n'/?(logn)/?*¢ instead of n. You don’t need to do any
truncation.)
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Solution. We are required to show that 21¥=+Xx converges to 0 almost surely. By integral
comparison, and the substitution u = log z, du = (1/z)dz, note that

o o) 1 o)
—1 —1-2¢ __ _ —1-2¢

log 3

So,

- X - var(X,,) - -1 —1-2¢
Zvar<m1/2(logm)1/2+6) _;W _mZZIW (logm) < 00.

m=

So, by Theorem 2.25 (Convergence of Random Series), > | —5 converges almost

Xm
(logm)1/2+a
1/24¢ for any m > 3. From Kronecker’s Lemma, Exercise 6.6,
X,, converge to 0 almost surely as n — oo. 0

surely. Let b, := m!/?(logm)

we conclude that W Zzzl

7. HOMEWORK 7

Exercise 7.2 (Chernoff Inequality). Let 0 < p < 1. Let Xj, Xy,... be independent
identically distributed random variables with P(X; = 1) = p and P(X; = 0) = 1 —p for any
1> 1. Then for any n > 1

1 « ep\tn
P(— X;>Q<:—W<—) R

Prove the same estimate for P(% Yo X <t)forany t <p. (Hint: 1+ a2 < e” for any
TER, 501+ (e —1)p < el"~1p)

Exercise 7.3 (Optional). We return to the Erdés-Renyi random graph G = (V, E) on n
vertices with parameter 0 < p < 1 from an earlier homework. Define d := p(n — 1).

e Show that d is the expected degree of each vertex in G. (The degree of a vertex
v € V is the number of vertices connected to v by an edge in E.)

e Show that there exists a constant ¢ > 0 such that the following holds. Assume
p> Cl"%. Then with probability larger than .9, all vertices of GG have degrees in the
range (.9d, 1.1d). (Hint: first consider a single vertex, then use the union bound over
all vertices.)

Solution. The degree Y; of a single vertex 1 < ¢ < n is a binomial random variable with
parameters n — 1 and p. That is, Chernoft’s inequality implies that

t(n—1)
P ! Yi>t) < e (n=1)p ep , Vit >p.
n—1 t

Taking the union bound over all 1 <i < n,

1
n—1

ep>t(n—1)

P@1§i§m t

Y; > t) < ne*”*”p( Vi > p.
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Choosing t = 1.1d/(n — 1) = 1.1p, so that t/p = 1.1, we get

1 L1p(n—1)
P(Vl S1sn, — 1Yi > t) < ne*("fl)p(%> = n(1.1)7PDelpn=1)
— ne—p(n—l)(l.l)log(l.l)e(.l)p(n—l) _ ne—p(n—l)[(l.l)log(l.l)—.l]
< ne—p(n—l)(.OOl)'

Assuming p > clogn/n, we then get

P(Vl <i<n, Y > t) < peeloan(00D) — g1 =e(.001)
- - Y n — 1 T — — N

Choosing ¢ = 2000 shows that this probability is exponentially small. We can get a similar
inequality for the lower probability. O

Exercise 7.5. Let X1, X5,...: Q@ — R be i.i.d. with E|X;| = co. Then P(|X,| > n for
infinitely many n > 1) = 1. And P(lim,_, 242 € (—00,00)) = 0. (Hint: show

S>>  P(|X,] > n) = oo, then apply the second Borel-Cantelli Lemma. Write 5= — Sni1

n n+1
n(Sil) — ii*j:, and consider what happens to both sides on the set where lim,, ., Sn—" eR))

Solution.

oo:E|X1|:/ P(|X,| > t)dt = Z/ P(|X,| > t)dt
0

<Z/ P(|Xy| > n)dt = iP (1X1] > n) ZP(]Xn] > n).
n=1 n=1

Since the events {X; > 1},{Xy > 2}, ... are independent, we can apply the second Borel-
Cantelli Lemma, Exercise 7.7, to conclude that P(|X,| > n for infinitely many n > 1) = 1.
Now, note that, for any n > 1,

Sn Sn—i—l o Sn i Xn+1

n n+l nmn+1) n+l

So, if lim,, % € R, then the left side is zero, lim,,_,, %
larger than one in absolute value, for infinitely many n > 1, with probability one. Therefore,
lim,,_, 22 € R with probability zero. O

Also, unfortunately the strong law cannot hold for triangular arrays.

= 0, and the remaining term is

Exercise 7.6. Let X be a random variable taking values in the natural numbers with
P(X =n) = =55, where {((3) := > v | -5

¢(3) m=1 m3"
e Show that X is absolutely integrable.
e Foranyn > 1, let X, 1,..., X, ,: 0 = R be independent copies of X. Show that the

Xn,1+"'+Xn,n

random variables are almost surely unbounded. (Hint: for any constant

¢, show that W > ¢ occurs with probability at least £/n for some & > 0.
Then use the second Borel-Cantelli lemma.)

Proof. Note that

> 1 — 1 1 72
E|X|=EX = P(X=n)=— ————w1.368< .
11 2 "P( B3) ;rﬂ (36 >
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Let S, == M for any n > 1. Then for any integer ¢ > 1,

P(S,>c¢)>P(max X,,; >cn) =1—P(max X, ; <cn) =1—[P(X < cn)|"

=1-1-P(X>cn)]"=1- [1 —o(1/(cn)?) — Z %ﬁr
=11 o(1/(en)?) - @%}” > 10% + o(1/en).

The second Borel Cantelli Lemma then implies that P(.S,, > ¢ for infinitely many n > 1) =
1, since the events S7 > ¢, S5 > ¢, ... are independent. O

Exercise 7.7 (Second Borel-Cantelli Lemma). Let A;, Ay, ... be independent events
with > 7  P(A,) = co. Then P(A, occurs for infinitely many n > 1) = 1. (Hint: using
1 —x <e ™ for any x € R, show P(Nf_,A¢) < exp(— Y.'_ P(A,)), let t — oo to conclude

n=s n

P(uye  A,) =1 for all s > 1, then let s — 00.)

Exercise 7.8 (Optional). Let X, X3, Xs,... and let Y,Y7,Y5, ... be random variables with
values in R.

(i) Assume that X is constant almost surely. Show that X, X5, ... converges to X in
distribution if and only if X7, Xy, ... converges to X in probability.

(ii) Prove this Lemma from the notes: Let puq, 2, ... be a sequence of probability mea-
sures on R. Then any subsequential limit of the sequence (with respect to vague
convergence) is a probability measure if and only if gy, po, ... is tight: V e > 0, 3
m = m(e) > 0 such that

limsup(1 — pn([—m, m])) <e.

n—oo
(iii) Suppose that X, X5, ... converges in distribution to X. Show there exist random
variables Z, Zy,Zs,...: 0 — R such that py = ux, pz, = px, for any n > 1,
and such that Z3, Z,, ... converges almost surely to Z. (Hint: use the sample space

2 = [0,1] and using an exercise from a previous homework, represent each random
variable on  as the “inverse” of its cumulative distribution function.)

(iv) (Slutsky’s Theorem) Suppose X7, X, ... converges in distribution to X and Y7, Y, ...
converges in probability to Y. Assume Y is constant almost surely. Show that
X1+4Y7, Xo+Y5, ... converges in distribution to X +Y . Show also that X;Y7, XoY5, ...
converges in distribution to XY. (Hint: either use (iii) or use (ii) to control error
terms.) What happens if Y is not constant almost surely?

(v) (Fatou’s lemma) If g: R — [0, 00) is continuous, and if X, X, ... converges in dis-
tribution to X, show that liminf, ., Eg(X,) > Eg(X).

(vi) (Bounded convergence) If g: R — C is continuous and bounded, and if X;, Xs,...
converges in distribution to X, show that lim,,_,., Eg(X,,) = Eg(X).

(vii) (Dominated convergence) If X, Xs,...: £ — R converges in distribution to X, and
if there exists a random variable Y: Q — [0,00) with |X,| < Y for all n > 1 and
EY < oo, show that lim,,_,., EX,, = EX.

Solution. Part (ii) is Theorem 3.2.13 in Durrett’s book (5th Edition)
Part (iii) is Theorem 3.2.8 in Durrett’s book.
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Parts (v) (vi) and (vii) follow by applying part (iii) to the corresponding statements where
almost sure convergence is assumed.

O
Exercise 7.9 (Optional; Portmanteau Theorem). Let X, X, X5, ... be random variables
with values in R. Show that the condition (X7, X, ... converges in distribution to X) is

equivalent to the following three statements:

e For any closed K C R, limsup,,_,. . P(X, € K) <P(X € K).

e For any open U C R, liminf, ,..P(X,, € U) < P(X € U).

e For any Borel set £ C R whose topological boundary 0F satisfies P(X € OF) = 0,
lim,_,.. P(X, € E) = P(X € B).

(Hint: Urysohn’s Lemma might be helpful.)
Solution. See Theorem 3.2.11 in Durrett’s book (5th edition). O

8. HOMEWORK &

Exercise 8.1. Let £ > 1 be an integer. Let X : Q — R be a random variable with finite k"
moment: E|X|* < co. Show that ¢x(t) is k-times continuously differentiable in ¢, and

d* kg vk
ﬁh:()(bx(t) :Z EX .
In particular, we get the Taylor expansion
= (it)"
_ n k
bx(t) = ;:0 —-EX +o(lt]"),  VteR.

Solution. Let t > 0 and consider the difference quotient
(bx(t) - (bx(O) . Ee“X - E€0 . eitX —1
t B t t
From the Fundamental Theorem of Calculus, we have

) Sd . s
et = ¢’ +/ —etdt =1 +/ iettdt.
o dt 0

e — 1] < ]
Substituting s = tX, we get [e"* — 1| < [tX]., so that

So,

6'L'tX -1
< X[, Vit e R~ {0}.
So, from the Dominated Convergence Theorem,
t) — ox (0 | d :
lim 20 —0x(0) _ g € = E—|,_o¢"™X = iEX.
t—0 t t—0 t dt

Similarly, for all s € R, ¢(s) exists, since
X _ Ee()

— o it

t—0 t t—0

= EiXe" X,

The case of general k follows by induction.
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o (1) — 9% T(0) _ BEX)Me —BEX)MI et
- — ; =E(X) —
From the Fundamental Theorem of Calculus, we again use the inequality |e* — 1| < |s| with

s =tX to get |(iX)F!]|e™™ — 1| < [tX*] ., so that
|

itX
(X)) '—— | <|X|", VteR~{0}.

So, from the Dominated Convergence Theorem,

. ¢g]<€71)(t) - ¢g](€71)(0) iyt € =1 d X _ (s k
113(1) ; =E(iX) lg% = E(iX) %h:oe = ((EX)".
Similarly, for all s € R, ¢*)(s) exists. O

Exercise 8.4 (Lévy Continuity Theorem). Let X, X;, X5, ... be real-valued random
variables (possibly on different sample spaces). Assume that, V¢ € R, ¢(t) := lim,,_,, ¢x, (1)
exists. Then the following are equivalent.

(i) ¢ is continuous at 0.
(ii) px,, pixy, .- is tight. (Ve > 0, 3 m = m(e) > 0 such that limsup,_, (1 —
px, ([=m,m])) <e.)
(iii) There exists a random variable X such that ¢x = ¢.
(iv) X, Xa,... converges in distribution to X.

(Hint: Use the Exercise from the previous homework that characterizes tightness for vague
convergence to get from (ii) to other conditions.)

Proof. We already know that (iii) and (iv) are equivalent by the Lévy Continuity Theorem,
Special Case, from the notes.
We now show that (i) implies (ii). Let a > 0,¢ € R and note that
1 [ : sin(ax)

— [ QA—-e™)dt=1-
2a J_, ax

> 0.

Taking expected values with x = X,,, we have
Sin(aXn))

> Elx,>2/a <1 i

21a a(1_¢Xn()) :E( SlIlaX>
1

—_

1
> El,x, \>2(1 - ) —“Elx,>2/a = §P(|Xn\ > 2/a).

[\]

Taking the lim sup of both sides,

n—o0

—/ (1 ot dt>—hmsupP(|X|>2/a)

Since ¢x (t) is continuous at zero, the left side goes to zero as a — 0. We therefore conclude
that (ii) holds.

We now show that (ii) implies (iv). From Exercise 7.8(ii), any subsequential limit of the
sequence fix,, flx,,--- (with respect to vague convergence) is a probability measure. Let
Bx;, s x5 - - - be a subsequence that converges vaguely to some probability measure . Let
X be arandom variable such that px = p. Then by Proposition 3.3 in the notes, X, X;

oy
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converges in distribution to X. From Theorem 3.20 in the notes, lim,, . ¢x; (t) = ¢x(t) for
all t € R. Since it is assumed that lim, ., ¢x, (t) = ¢(t) for all ¢ € R, any other subsequence
must converge vaguely to px (also by Theorem 3.20 in the notes). That is, (iv) holds.

It remains to show that (iv) implies (i). But this follows since ¢(t) = ¢x(t), and ¢x must
be continuous at 0, since it is the characteristic function of a random variable

O

Exercise 8.6. Give an alternate proof of the fact Fle=*"/2](¢) = v/2me ¢"/2 using the fol-
lowing strategy:

o Let g(€) == (2m)" 2 F[e=**/2](€). Show that ¢/(&) = —&g(€) for all £ € R.

e Deduce that (d/d€)(g(&)et™/?) = 0.

e Finally, conclude that g(§) = e ¢*/2,

Exercise 8.7 (Weak Berry-Esséen theorem). Let X, X, Xo, ... be i.i.d. real-valued random
variables with mean zero, variance 1 and with E|X \3 < 00. Let Z be a standard Gaussian
random variable.

(i) Show that for any compactly supported g: R — R with three continuous derivatives,
and for any n > 1,

(X 1+ -+ Xn)
Eg

Vn
where the implied constant does not depend on g, n or on any of the random variables

X, Xy, X, ...
(ii) Show that, for any n > 1, and for any ¢t € R

X4+t X,
P( (B R t> —P(Z <t)+O(n Y2E|XP)V1,
Vn

where the implied constant does not depend on n, t or on any of the random variables
X, X1, Xo, .. ..
(Hint: for the first item, try to modify the argument we did in class.) (Hint: for the second
item, consider g = 1[0y * ¢, Where ¢(x) = e *’/2/\/2r and ¢.(z) = e ¢(x/e) for any
x € R and for appropriately chosen £ > 0.)

=Eg(Z) + O(n"sup |¢" ()| E[X ),

zeR

Solution. The first part follows by the argument we gave in class. We also note that if ¢ is
bounded and all of its derivatives are bounded, then we can apply part (i) to ¢, which is the
case in the second part of the problem. As suggested, we use

9(9) = Lo * d(y) = / Leie '0((y — 2)/e)dz.
R
We then have
" ()] < / L ((y — 2)/e)de < 100, WyeR

R
Let f:=1/_w4. Then

|0 * f(x) = f(2)| =

o - f(w))dy‘ -

/R o) (f (@ — ey) — f(x))dy
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By definition of f, we have
1O<x—t<ay ) lfy >0
T —ey)— [()] = |Locey<t — lo<t| = - .
[f(@ —ey) = f(2)] = Na—ey<t — Lo {1€y§z_tgo ity <.
So

sup 6% f(x)  J(2)] < R —
z€R: |z—t|>6 z€R: |z—t[>6 [JR

< / O(y)Lyssdy| = /| iy

Choosing € = ¢ and then choosing ¢ to be a C'™ nonnegative function supported in [—1, 1],
the last quantity is zero, so that

sup e *x f(x) — f(x)] = 0.

z€R: |z—t|>6

Using this fact and then the first part of the exercise twice,

X4+ X, X1+ + X,
< <
P( \/ﬁ > t) > E(l[—oo,t+2§] * ¢5)< \/ﬁ >
< E(lj-sotr20 * ¢:)(Z) + O(n” /2 °E|X )
<P(Z <t446) +0(n % 3E|X\ )
<P(Z<t)+P(0<Z—t<45)+0(n Y23E|X]).
Similarly,
Xl + .o+ X -1 _
= <t) > <t)— — — /2o=3 3y,
P( NG _t)_P(Z_t) P(0 < Z —t < 48) — O(n~ V2 E| X ?)
Since Z is a standard Gaussian, P(0 < Z —t < 49) = O(d). In summary,
X1+ + X, -1/2_.-3 3
< — < =
P( TS t> P(Z < t)‘ O(n~Y23E| X[*) + O(6).
Choosing 6§ = ¢ = (n~Y/?E|X|*)"/* concludes the proof. O

Exercise 8.10. Show that there exists a nonzero random variable X such that, if X;, X, ...
are i.i.d. copies of X, then 21+ i5 equal in distribution to X, for any n > 1. (Optional:
can you write out an explicit formula for the density of X7) (Hint: take the Fourier trans-
form.)

Show that there exists a nonzero random variable X such that, if X, X5, ... are i.i.d.
copies of X, then #1522 js equal in distribution to X, for any n > 1.

Solution. If X satisfies the above with ¢x(t) := Ee'X for any ¢t € R, then
Ox(t) = ¢xirxa ( Hgbx (t/n) = (x(t/n))".

Solving the functional equation, or just guessing (recalling also that |¢x (¢)| < 1 for all ¢ € R),
we anticipate that there is a ¢ > 0 such that

ox(t)=e M VteR.
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Similarly, if X satisfies the last condition, then ¢y (t) := DXy 44X (t) = (¢x(t/n*))", and

we anticipate that there is a ¢ > 0 such that ¢x(t) = e~ v ¢t e R.

As shown in Durrett in Section 2.7, if YV satisfies P(Y > t) = P(Y < —t) =¢7%/2 for all
t > 1, then lim;_, 17‘%(” = 1/c for some ¢ > 0, if also 0 < @ < 2. Then for any ¢ > 0, if
Y1,Y,, ... are independent copies of Y,

Eei it/ — [ (¢ /)" = [1 — (1 — oy (t/n"/*)]"

Taking the logarithm and letting n — oo, we have lim,,_,o, n(1 — ¢(t/n'/®)) = c|t|*, so that,
for any t € R,

lim Eeit(Yl—l—m—l—Yn)/nl/“ — ™
n—oo
It then follows from Exercise 8.4 that there exists a random variable X such that ¢x(t) =
et” as long as this function is continuous at 0. And this function is continuous at zero
when @ = 1, @ = 1/2, or more generally when 0 < o < 0o, though to find the behavior of
¢y near 0 we required 0 < o < 2.
In the case a = 1, we can let X have density = m We can see this via contour

integration, since the function z +— € /(1 + 22) = %, z € C has a simple pole at
z = 1. By integrating over a half circle in the upper half plane, and then letting the radius

go to infinity, we get for any ¢t > 0,

) eztx eztz
Ec'X = / ———dzr = 2milim ———— = ¢ "
r (1 + 22?) z—i (2 4 1)
Similarly, when ¢ < 0, we integrate over a half circle in the lower half plane (with a counter-
clockwise contour integral), and then letting the radius go to infinity to get

itx itz
EeiX — / — e =—27ilim ———— ="
r (1 4+ 22) z——i (2 — 1)

So, for any t € R, we have Ee?X = eIt

When a = 1/2, we can let X have density x — (272%)7"/2¢7Y/2% when = > 0, though this
is less obvious.

The case o = 2 corresponds to the Gaussian density; we verified in Proposition 8.7 or
Exercise 8.6 that a standard Gaussian X satisfies E¢™X = ¢~** for any t € R.

However, if a > 2, it is not possible that X can satisfy ¢x(t) = e ", since by the
moment formula for derivatives of ¢x, we would have EX? = —5722|t:0¢x(t) = 0, implying

that X = 0 so that ¢ = 0 as well. O

9. HOMEWORK 9
Exercise 9.1. Let X, X5,...: Q — R be i.i.d. In each of the cases below, show that with
probability one, —oo = liminf, ., S, and limsup,,_,. S, = o©.

e The distribution px, is symmetric about 0 (i.e. u_x, = uy,) and P(X; =0) < 1.
e EX; =0 and EX? € (0,00). (Hint: use the Central Limit Theorem.)

For example, when P(X; =1) = P(X; = —1) = 1/2 and Sy = 0, show that with probability
one, Sy, S1, ... takes every integer value infinitely many times.
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Solution. The distribution of X; + - -+ + X, is symmetric about 0, implying that cases (ii)
and (iii) of Theorem 4.6 cannot occur. Also case (i) does not occur by definition of X;. So,
by Theorem 4.6, —oo = liminf, ., S, and limsup,,_,., S, = oo with probability one.

In the second case, the central limit theorem says

X, 4+ 4+ X o0
lim P(&2 R >1)= / e~ 12dt )/ 2m.
1

NN

So, there exists m > 0 such that, for all n > m, we have

1
P(Xi+-- 4 X, > \/EXEVN) > .

Similarly, there exists m’ > 0 such that, for all n > m/, we have

1
P(Xi 4+ Xy < \/EX] = Vi) > .
This condition implies that parts (i), (ii) and (iii) of Theorem 4.6 do not occur. So, by
Theorem 4.6, —oo = liminf, ., S, and limsup,,_,. S, = oo with probability one.

O

Exercise 9.2. Let M, N be stopping times for a random walk Sy, Sy,.... Show that
max (M, N) and min(M, N) are stopping times. In particular, if n > 1 is fixed, then
max (M, n) and min(M,n) are stopping times

Solution. Let p > 1 be an integer. Then

{max (M, N) = p}

= U?ZO{maX(M, N) =p,min(M,N) = j}

= Uj_o{max(M, N) = p,min(M, N) = j, M < N} U {max(M, N) = p,min(M, N) = j, M > N}
=U_{N=pM=jM<NyU{M=p,N=jM>N}

_ (ug?:o {N:p,M:j}) U (ug?;é {M:p,N:j}>.

All of the events on the right are in F, since N, M are stopping times and F, C F; C - --
Since F, is a o-algebra, we conclude that {max(M, N) = p} € F,, as desired. Similarly,
{min(M, N) = p}

= U2 {min(M, N) = p, max(M, N) = j}

= U2 {min(M, N) = p,max(M,N) = j, M < N} U {min(M, N) = p,max(M, N) = j,M > N}
=U {M=pN=j,M < NyU{N=pM=jM>N}

= (U, (M =p, N =3} U (U, {N = p. M = j})

={M =p,N >p} U{N =p,M > p}

= ({M =p}n{N <p}) U (N =p}n{M <p})

= ({M =p} 0 (UZo{N =j})) U ({N = p} N (U {M = 3})).

All of the events on the right are in F,, and since F, is a o-algebra, we conclude that

{max(M,N) = p} € F,, as desired. O
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Exercise 9.6. Let 0 < p < 1. Consider the random walk on Z such that P(X; = 1) = p
and P(X; = —1) = 1 — p. Show that the corresponding random walk Sy, Si, ... is transient
when p # 1/2.

Solution. Since (.S, + n)/2 has binomial distribution with parameters n and p, (Ss,/2) +n
has binomial distribution with parameters 2n and p, and {S3, = 0} = {S2,/2 +n =n}, so

Pis, =0 = (2 )1

Using Stirling’s formula in the form n! ~ v/27mn(n/e)™, we have

Pw%=>—f@pa J%Vhij )" = =)

Since p # 1/2, 4p(1 — p) < 1, so this quantity decays exponentially in n, i.e.

> P(S5, =0) <0
n=0

So, the random walk is transient by Theorem 4.14.

O

Exercise 9.8. Let 1/2 < p < 1. Consider the random walk on Z such that P(X; =1) =p
and P(X; = —1) = 1—p. Let Sp, Si, ... be the corresponding random walk with Sy := 0. Let
N :=min{n > 1: S, > 0}. Using Wald’s equation for min(/V,n) and then letting n — oo,
show that EN = 1/EX; =1/(2p — 1).

Solution. Since N is a stopping time, if n > 1 is fixed, min(N,n) is a stopping time with
Emin(N,n) <n < oo. Also, E|X;| <1 < co. Note that EX; =p — (1 —p) = 2p — 1. So,
from Wald’s equation,

ESnin(nvn = EXiEmin(N,n) = (2p — 1)Emin(N, n). (%)

Recall that EX; = p— (1 —p) = 2p — 1 > 0 since p > 1/2. Using Markov’s inequality for
the fourth moment as in Proposition 2.14, 3 ¢ = ¢(p) > 0 such that, for all n > 1,

Sn — nEX1 EXl
- > 5 )<ﬁ ()

P(Sngo)gP(

In particular, P(IN = c0) = 0, so the right side of (x) converges monotonically to (2p—1)EN
as n — 00, by the Monotone Convergence Theorem. Meanwhile, by the definition of N, the
left side of (%) can be estimated as
1 > ESmln (N,n) — ESmm (1N<n + 1N>n) ESNlNSn + ESn1N>n
=Eln<, + ES Insn = P(N <n)+ES,Insn > P(N <n)—nP(N >n)
=1—(n+1)P(N >n).
(We always have S,, > —n.) By definition of N, we have P(N > n) < P(S,, <0). So, from

(xx) and the Squeeze Theorem, we conclude that lim, . ESmin(nvn) = 1, so that (x) says
1= (2p—1)EN, as desired. O
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10. HOMEWORK 10

Exercise 10.4. Let Q = [0, 1]. Let P be the uniform probability law on Q. Let X: [0,1] - R
be a random variable such that X (t) = ¢* for all ¢ € [0, 1]. For every integer k > 1, let s =
27% let Gy = o{[0, 5), [s,25),[25,35),...,[1 — 25,1 — 5),[1 — 5,1)}, and let M}, := E(X|G}).
Show that the increments My — M, M3 — Ms, . .. are orthogonal in the following sense. For
any 4,7 > 1 with i # j,

E(Miy1 — M;)(Mj41 — M;) = 0.
This property is sometimes called orthogonality of martingale increments.

Solution. Let 7,5 > 1 with ¢ # j. Without loss of generality, ¢ < j. Consider an interval
I € G;11. By definition, M; and M, are constant on I. So, M; 1 — M, is constant on /. Since
i < j, wecan write [ in the form I = [ps, (p+1)s)U[(p+1)s, (p+2)s)U- - -U[(p+n—1)s, (p+n)s)
where n,p € Z and s = 27771, That is, I is a union of an even number of smaller intervals
Ji,...,Jp. Since M;.1 — M; is constant on I, M;,; — M; is constant on each subinterval
Ji,...,Jn. By definition, M, is constant on J; and M; is constant on J; U J,. Moreover,
by their definition,

E(M; 1 — Mj)1y05 = EMjaly0s, — EM;1,0,

—EM;1 1y, + EMly, —EMl,0, = | X(t)dt+ [ X(t)dt - X(t)dt = 0.
J1 Ja J1UJo

Similarly, for any 1 < ¢ < n/2,
E<Mj+1 - Mj)1J22—1UJ2£ = 0.

Then
n n/2
E(Mji1 — Myl = E(My = My)(Y15,) = (D EB(Mya — My)Lu,, o) = 0.
p=1 /=1

And since M; ;1 — M; is constant on I,
E(Mj11 — M) (M1 — M;)1; = (Mis1 — My)E(Mj 0 — M)l = 0.
Finally, we write [0, 1] as a union of intervals I that generate G;;1 to get

E(Mip1 — M;)(Mjy1 — M;) = E(Miyq — M;) (M1 — M;)( Z 17)

I generating G; 1

= ) E(Mip — M) (M0 — M;)1; = 0.

I generating G; 1

O

Exercise 10.5. Let (2, F,P) be a probability space, and let X: Q@ — R be a random
variable with E|X| < co. Let G,H C F be o-algebras. Let H be a o-algebra that is
independent of o(c(X),G). Show that

E(X]o(G, H)) = E(X|G).
In particular, if we choose G = {), 2}, we get: if H is independent of o(X), then E(X|H) =
EX.
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(Hint: Let G € G,H € H, let Y := E(X|G). Compare E(X1gng) and E(Y1gam). Is the
set of A € 0(G,H) such that E(X14) = E(Y14) a monotone class?)

Solution. Let Y = E(X|G). Let G € G,H € H. By assumption, H is independent of
o(0(X),G). So, 1y is independent of X1 and Y1g. Therefore,

EXlony = EXlgly = EX10EL.

EYlghg = EY1lgly = EY1Ely.

By definition of Y, EY15s = EX15. Combining these facts, EX1gng = EYlgny. Let
A={GNH:G e G H € H}. We have shown that EX14 = EY1, for all A € A.
Note that A is closed under finite intersection, i.e. A is an algebra. Let A" = {A €
0(G,H): EX14 =EY14}. Note that A’ is closed under complements.

Assume for now that X > 0. Then Y > 0. So a monotone convergence argument implies
that A" is closed under increasing unions. Therefore, A’ is a monotone class (since it is
also closed under complements). Also, A" O A. So, the Monotone Class Lemma implies
that A" = o(G,H). That is, for every A € o(G,H), we have EX14 = EY14. That is,
Y = E(X|o(G,H)). By definition of Y, Y = E(X|G) as well, so we are done when X > 0.

To prove the general case, we write X = min(X,0) — min(—X,0) and apply the above to
each part of X separately. O

Exercise 10.8 (Conditional Markov Inequality). Let p > 0. Let (2, F,P) be a probability
space, and let X : Q — R be a random variable with E | X |” < co. Let G C F be a o-algebra.
For any A € F, we denote P(A|G) := E(14]G).

e Show that, almost surely,
B(X(0) = [ s P(X| > f)dr.
0

e Deduce a conditional version of Markov’s inequality: for any ¢ > 0, almost surely,

P
P(|X| > £0) < w

Solution. Let A € G. By the definition of conditional expectation,
B[ 7 'P(X| > tG)dta = [ o0 BB 0) L = [ Bl
0 0 0
= / ptP T TP(|X| 14 > t)dt = E|X14P = E|X[P 14.
0

The penultimate equality used Example 1.87. So, by the definition of conditional expectation,
we conclude that

E(|X[" |) = / Pt P(X| > 1[G)dt

Now, fix s > 0. If 0 <t < s, then 1jx5¢ > 1jx5s so P(|X| > t|G) > P(|X| > s|G)

by monotonicity of conditional expectation (Corollary 5.14). So, beginning with our above
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equality, we get
E(\X|p|g):/ ptp‘lP(|X]>t|Q)dt2/ Pt P(|X| > 1[G)dt
0 0

> / pt?'P(|1X] > s|G)dt = P(|X]| > slg)/ ptt~ldt = P(|X| > s|G)s?
0 0
0

Exercise 10.9 (Conditional Holder Inequality). Let p,q > 1 with % + é = 1. Let (2, F,P)

be a probability space, and let X,Y: Q — R be random variables with E | X|"  E |Y]? < oc.
Let G C F be a o-algebra. Show that, almost surely,

E(IXY]|G) < [E(X|"|G)] P E(Y|"|g)]"".

Solution. Let W := [E(|X|"|G)]"? and let Z := [E(|Y|?|G)]"/%. By the usual Holder
inequality, E|XY| < oo, so that E(|XY]|G) is well-defined. Also, by the definition of
conditional expectation,
E | X" 1w=o = EE(|X|" |G)1w=o = EWP1ly—, = 0.
So, | X|"1lw=o = 0 = |X|1lw=o almost surely. Then, by Proposition 5.16, since ly—q is
G-measurable,
E([XY[|G)1lw=o = E(|XY|1w=0|G) = 0.

Similarly, E(|XY||G)1z-0 = 0 almost surely. It then suffices to show that, almost surely,

E(XY][9)

——=1 < 1.

W7 ZAO,WA0) =

Let A € G with AN{W =0} =0 and AN{Z = 0} = (). Then, using Proposition 5.16,
since W, Z are G-measurable, and then using the definition of conditional expectation, and
the usual Holder inequality,

EE(|XY| |Q) _ EE<|XY| )g> |XY| " (EﬁlA)l/p <EE1A>W

WZ p q Wp p 21 q
_ (EE<|X| ) A)”ﬁ( IYI ) >1/q (EE<|X| IG)1A>W<EE(IY| 9) 1A>1/q
= (E14)/7(E14)"7 = <P(A))1/”“/q =P(4). (v

Wwr We 74
In the middle equality, we used again the definition of conditional expectation and Proposi-
tion 5.16. Finally, let

A= {w > 1}, U= (W—Qu

Then U > 0 almost surely, and EU < 0 by (%), so that U = 0 almost surely, i.e. P(A) =0,
thereby completing the proof. O
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11. APPENDIX: NOTATION

Let n,m be a positive integers. Let A, B be sets contained in a universal set €.

N ={1,2,...} denotes the set of natural numbers
Z=A...,-2,-1,0,1,2,...} denotes the set of integers
Q={a/b: a,b,€ Z,b # 0} denotes the set of rational numbers
R denotes the set of real numbers

C = {a+bV—1: a,b € R} denotes the set of complex numbers

€ means “is an element of.” For example, 2 € R is read as “2 is an element of R.”
YV means “for all”

d means “there exists”
R" = {(z1,29,...,2p): z; € RV1 < i <n}
f: A — B means f is a function with domain A and range B. For example,

f: R? — R means that f is a function with domain R? and range R
() denotes the empty set

A C BmeansVa € A, we have a € B, so A is contained in B
ANB:={a€ A:a ¢ B}
A :=Q ~ A, the complement of Ain ()
AN B denotes the intersection of A and B
AU B denotes the union of A and B
AAB = (AN B)U(B\ A)
P denotes a probability law on €2

Let aq,...,a, be real numbers. Let n be a positive integer.

n

E a; = a1+ Gg + -+ + Gp_1 + Ap.
i=1

n

||ai:a1'a2"'an—1'an-
i=1

min(ag, az) denotes the minimum of a; and as.

max(ay, az) denotes the maximum of a; and as.

The min of a set of nonnegative real numbers is the smallest element of that set. We also
define min()) := oc.
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Let z € C, so that z = a + by/—1 for some a,b € R. Then R(z) := a denotes the real part
of z, and

Re(z) := a denotes the real part of z.

Im(z) := b denotes the imaginary part of z.
Let X: Q — R be a random variable on a probability space (2, F, u).
E(X) denotes the expected value of X
X, = (E |X|P)/P, denotes the L,-norm of X when 1 < p < 0o
| X, :=inf{c > 0: P(|X| < ¢) =1}, denotes the Lo-norm of X
var(X) = E(X — E(X))?, the variance of X
ox = \/m , the standard deviation of X

Let A C Q. Let G C F be a o-algebra. Let Y: Q — R. Assume E|X| < co. Let o(Y)
denote the o-algebra generated by Y.

E(X|A) := E(X1,4)/P(A) denotes the expected value of X conditioned on the event A.
E(X|G) denotes the conditional expectation of X given G.
E(X]Y) := E(X|o(Y)) denotes the conditional expectation of X given Y.

1a: Q — {0, 1}, denotes the indicator function of A, so that
1 ,JifweA
1 = ’
aw) {O , otherwise.
Let H be a Hilbert space with inner product (-,-). Let h € H.
|A]| := (h, h)'/%, denotes the norm of h

Let X be a random variable on a sample space €2, so that X: Q2 — R. Let P be a
probability law on Q. Let z,t € R. Let ¢ := /—1.

Fx(z)=P(X <z)=P{Hw e Q: X(w) <z})
the Cumulative Distibution Function of X.
Mx (t) = Ee'* denotes the Moment Generating Function of X at t € R
¢x(t) = Ee™* denotes the Characteristic Function (or Fourier Transform) of X at t € R

Let g,h: R — R. Let t € R.

(gxh)(t) = / g(x)h(t — x)dz denotes the convolution of g and h at t € R

(e}
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Let f,g: R — C. We use the notation f(t) = o(g(t)), ¥ t € R to denote lim;_,o ‘%} = 0.

Let AC R and let f,g: A — C. We use the notation f(¢) = O(g(t)) to denote that 3 ¢ >0
such that [f(t)] < cl|g(t)| for all t € A.

USC DEPARTMENT OF MATHEMATICS, LOS ANGELES, CA
E-mail address: stevenmheilman@gmail.com
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