Graduate Probability Steven Heilman

Please provide complete and well-written solutions to the following exercises.

Due October 2, 12PM noon PST, to be uploaded as a single PDF document to blackboard
(under the Assignments tab).

Homework 5

Exercise 1. Let Y1,Y5,...: 2 — R be random variables that converge almost surely to
a random variable Y: 2 — R. Show that Y}, Y5, ... converges in probability to Y in the
following way.

e For any € > 0 and for any positive integer n, let
A= U {weQ: |Yi(w) —Y(w)| > e}
Show that An,e 2 An—i—l,e Q An+2,a 2 e
e Show that P(N9, A, .) =0.
e Using Continuity of the Probability Law, deduce that lim,_,., P(4,.) = 0.

Now, show that the converse is false. That is, find random variables Y7, Y5, ... that converge
in probability to Y, but where Yi, Y5, ... do not converge to Y almost surely.

Exercise 2. Let 0 < p < oco. Show that, if Y7,Y,,...: 2 — R converge to Y: Q2 — R in
L,, then Y7,Y5, ... converges to Y in probability.

Then, show that the converse is false.

Exercise 3. Suppose random variables Yi,Ys,...: Q@ — R converge in probability to a
random variable Y: € — R. Prove that Y7, Y5, ... converge in distribution to Y.

Then, show that the converse is false.

Exercise 4. Prove the following statement. Almost sure convergence does not imply con-
vergence in Lo, and convergence in Ly does not imply almost sure convergence. That is, find
random variables that converge in Lo but not almost surely. Then, find random variables
that converge almost surely but not in Ls.

Exercise 5 (Optional). Let X, X7, X5, ...: Q@ — R.

(i) Suppose that >° P(]X; — X| > ¢) < oo for all ¢ > 0. Show that X, X, ...
converges to X almost surely. Show that the converse does not hold in general.

(ii) Suppose X1, Xs,... converges to X in probability. Show there is a subsequence
Xi,, Xiy, ... of X1, X5, ... such that X;,, X,,,... converges to X almost surely. (Here
i <dg < --+)



(iii) (Urysohn subsequence principle) Suppose that every subsequence X; , X,... of
X1, Xo,... has a further subsequence X;; ,X;, ,... that converges to X in proba-
bility. Show that X;, X5, ... also converges to X in probability.

(iv) Suppose X, X, ... converges in probability. Let F': R — R be continuous. Show
that FI(X,), F(Xs),... converges in probability to F'(X). More generally, suppose V
1 <5<k, Xl(j),Xéj), ...: 2 = R is a sequence of random variables that converge

in probability to XU). Let F': R* — R be continuous. Show that F(Xi(l), o ,X.(k))

converges in probability to F(XW ... X®) For example, if k& = 2, then Xfl) +
XF),X{Q) + X2(2), ... converges in probability to X + X® and Xfl) : XF),Xl(Q) .
XQ(Q), ... converges in probability to X1 . X®),

(v) (Fatou’s lemma for convergence in probability) If X, Xs,...: Q — [0, 00) converges
in probability to X, show that EX < liminf, ,. EX,.

(vi) (Dominated convergence in probability) If X, X5, ... converge in probability to X,
and there exists a random variable Y:  — [0, co) such that, for any n > 1, |X,,| <Y
and EY < oo, then lim,,_.., EX, = EX.

Exercise 6 (L, Weak Law). Let u,c € R. Let X1, Xs,...: Q@ — R be uncorrelated random
variables with EX; = p and var(X;) < ¢ for all i > 1. Then ¥#=%%2 converges to y in Ly

as n — 00. So, 2EELn converges to p in probability as n — co.

Exercise 7. A random variable X :  — R is said to be in weak L if
supt P(|X| > t) < oc.
>0

For example, a Cauchy distributed random variable X has density f(z) = m for any
x € R, and X is in weak L; while E|X| = occ.

Show that, if X7, Xs,...: Q — (0,00) are i.i.d. such that X; is in weak L;, then there exist
real numbers aq, as, ... such that lim,,_., a, = oo such that i(Xl + .-+ + X,,) converges in
probability to 1.

(Hint: If you want to build up your intuition, assume P(X; > t) = 1/t for all ¢ > 2, and use
b, == nlogn in the Weak Law for Triangular Arrays.)

(Hint: Let f(s) := EXi1x,<, for any s > 0. Note that f(s)/s = [;(1/s)P(X > t)dt =
folP(X > sz)dr — 0 as s — oo by the Bounded Convergence Theorem. Choose by <
by < -+ going to infinity such that nf(b,) < b, for all large n > 1 as follows. When
n is fixed and large, nf(s)/s is larger than 1, and it converges to 0 as s — oo. Also,
nf(s)/s is right continuous in s, so let b, = inf{s > 0: nf(s)/s < 1}. Assume EX; =
f(s) _ . f(bn) 1
SP(Xi>s) . OO S0 0 = limy, o0 b P (X1 >b7) 7P (X1>bn)’
lim, . nP(X; > b,) = 0. Now, use the Weak Law for Triangular arrays. Note that
lim,, o0 %” = lim,, 00 f(bn) = limg_,o f(s) = 00, using EX; = 00.)

oo. Note that lim,_ = lim,, ie.



