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Abstract. We show that projected Adam for online optimization with arbitrary moment
decay parameters β1, β2 ∈ [0, 1) can have average regret bounded away from zero. A similar
result of Reddi-Kale-Kumar from 2018 required β1 <

√
β2. Similar to their result, we use

a three-periodic sequence of linear functions on [−1, 1] with slopes c,−1,−1, though we
use c slightly larger than 2. This nonzero average regret result extends to Adam variants
such as AdamW, RMSProp, NAdam, Adan, AdaMax, Muon, and to an i.i.d. variant of the
three-periodic sequence of slopes for Adam.

1. Introduction

In online minimization on [−1, 1], we are presented with a sequence of functions f1, f2, . . .
where ft : [−1, 1] → R for all t ≥ 1. At time t ≥ 1, we know f1(x1), . . . , ft−1(xt−1) and
f ′
1(x1), . . . , f

′
t−1(xt−1), and we produce xt ∈ [−1, 1]. For a fixed time horizon T ≥ 1, the goal

is to minimize the regret RT at time T against the best fixed comparator in [−1, 1], where

RT :=
T∑
t=1

ft(xt)− min
x∈[−1,1]

T∑
t=1

ft(x). (1)

In contemporary applications, ft often depends on the t-th portion (or batch) of a large
dataset. The most popular optimization method for these applications is Adam [KB15]
(Adaptive Moment Estimation). Adam and its variants perform online optimization to train
neural networks, transformers, large language models, etc. With nearly 250,000 citations,
[KB15] is currently one of the all time most highly cited scientific papers.

Under additional assumptions such as varying its parameters, Adam is known to converge,
in the sense that RT/T → 0 as T → ∞ [RKK18]. However, it is also known that Adam might
not converge, i.e. there are examples of sequences of fairly reasonable functions f1, f2, . . .
where projected Adam produces x1, x2, . . . with RT/T not converging to 0 as T → ∞.
However, these results only apply with restrictions on Adam’s parameters [RKK18]. In
order to understand these parameters, let us define projected Adam.

Definition 1.1 (Adam Optimization Method [KB15]). Fix

b := β1 ∈ [0, 1), q := β2 ∈ [0, 1), ε ≥ 0, αt > 0, ∀ t ≥ 1.
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Let x1 ∈ [−1, 1] be arbitrary. Define x2, x3, . . . ∈ [−1, 1] as follows.

mt := bmt−1 + (1− b)gt, vt := qvt−1 + (1− q)g2t , gt := f ′
t(xt), ∀ t ≥ 1 (2)

with the standard initialization m0 = v0 = 0. The projected update with step sizes αt > 0 is

xt+1 := Π[−1,1] (xt − αtht) , ht :=
mt√
vt + ε

, ∀ t ≥ 1, (3)

where Π[−1,1](x) := −1{x<−1} + x1{−1≤x≤1} + 1{x>1} is projection of x ∈ R to the nearest
element of [−1, 1]. Here αt is called the learning rate or step size. For example, one could
use αt := α/

√
t for some α > 0. Also, if ε = 0, then ht is only defined when vt ̸= 0.

Some authors may refer to Adam as the above optimization method, but with no projection
term Π[−1,1] appearing (3). We will not do that. Unless otherwise stated, we only refer to
Adam as the method defined in Definition 1.1.

Remark 1.2. We define RMSProp to be the Adam optimization method with β1 = 0. Other
implementations called RMSProp may include momentum, centering, different epsilon place-
ment, or bias corrections; those variants require separate notation, although the same short-
memory denominator mechanism often persists.

Remark 1.3. We briefly contrast Adam with other optimization methods:

• xt+1 := xt − αtgt (Gradient Descent)
• mt := bmt−1 + gt, xt+1 := xt − αtmt (Heavy Ball)
• mt := bmt−1 + f ′

t(xt − αtmt−1), xt+1 := xt − αtmt (Nesterov Accelerated Gradient)
• mt := bmt−1 + (1− b)gt, vt := max(qvt−1, |gt|), ht :=

mt

vt+ε
, xt+1 as in (3) (AdaMax)

• Same as Adam with xt+1 := Π[−1,1] ((1− λαt)xt − αtht) for some λ ≥ 0 (AdamW)

• Same as Adam, but with ht :=
β1mt+(1−β1)gt√

vt+ε
(NAdam)

• Same as Adam, with q changing over time (NosAdam)

The main parameters that can adjust the behavior of Adam are β1 and β2. From the
recursion (2), we see that β1 quantifies the amount of exponentially decaying “memory” of
past derivatives of ft (where b = β1 close to 1 is a “larger” amount of such memory), since mt

is approximately a function of 1/ log(1/b) previous time steps. Likewise, q = β2 quantifies
the amount of “memory” of past squared gradients of ft.
Here are some cited examples of Adam used to train large language models, together with

their parameter descriptions.

• BERT was trained with Adam “with learning rate of 10−4, β1 = 0.9, β2 = 0.999,
L2 weight decay of 0.01, learning rate warmup over the first 10,000 steps, and linear
decay of the learning rate.” [DCK+19].

• GPT-3 was trained with Adam “with β1 = 0.9, β2 = 0.95, and ε = 10−8, we clip the
global norm of the gradient at 1.0, and we use cosine decay for learning rate down to
10% of its value” [BMR+20].

• Llama 2 was trained “using the AdamW optimizer [LH19], with β1 = 0.9, β2 = 0.95,
ε = 10−5. We use a cosine learning rate schedule, with warmup of 2000 steps, and
decay final learning rate down to 10% of the peak learning rate. We use a weight
decay of 0.1 and gradient clipping of 1.0.” [TMS+23].

• DeepSeek-V3 “employ[s] the AdamW optimizer [LH19] with hyper-parameters set to
β1 = 0.9, β2 = 0.95 and weight decay 0.1.” [D24]
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Despite the empirical success of Adam, it is known that it might not converge to its
optimum. The main result of Reddi, Kale, and Kumar [RKK18] showed that Adam might
not converge to its optimum for a sequence of linear functions on [−1, 1].

Theorem 1.4 ([RKK18, Theorem 2]). Let β1 <
√
β2, let α > 0 and let αt := α/

√
t, for all

t ≥ 1. Then there exists a sequence of functions f1, f2, . . . : [−1, 1] → R such that the Adam
optimization method has regret satisfying: RT/T does not converge to zero as T → ∞.

The example used was ft(x) = −x for all t ≥ 1 except t mod c = 1, in which case
ft(x) = cx, for all x ∈ [−1, 1]. That is, the slope of ft is c-periodic, where c is chosen to be
a sufficiently large number, as a function of β1, β2. The idea is that the large positive slope
that appears once is sufficient to offset the other smaller negative slopes.

Theorem 1.4 was also extended [RKK18, Theorem 3] to the setting where the ft have
random dependence on t. That is, ft(x) = −x with probability 1 − p, and ft(x) = cx
with probability p for some appropriate 0 < p < 1, with f1, f2, . . . i.i.d. random functions.
In [RKK18, Theorem 5], it is also shown that Adam can converge to its optimum if the
parameters β1, β2 change over time.
As pointed out in [RKK18], the paper that introduced Adam [KB15, Corollary 4.2] mis-

takenly claimed that Adam does converge, i.e. it has RT/T converging to zero as T → ∞.
Investigating this issue then led to Theorem 1.4.

Note that in the above four examples of BERT, GPT-3, Llama 2 and DeepSeek-V3, they
already choose β1 <

√
β2, i.e. they choose parameters where Theorem 1.4 applies.

Nevertheless, the results of [RKK18] left open the question of the existence of similar
counterexamples for β1 ≥

√
β2. Moreover, the choice of slope c can be arbitrarily large when

β1 or β2 are close to 1, i.e. c ≈ max(1/ log(1/β1), 1/ log(1/β2)) is required in [RKK18]. So,
it was not clear if an example for Adam with nonzero average regret could be constructed
with uniformly bounded slopes, even when β1 <

√
β2.

1.1. Our Contribution. In this work we provide such a family of examples with nonzero
average regret for Adam for all parameters β1, β2 ∈ [0, 1) and with uniformly bounded
gradients.

Theorem 1.5 (Main). Let αt > 0 with limt→∞ αt = 0, limt→∞
αt+1

αt
= 1,

∑∞
t=1 αt = ∞. ∀

β1, β2 ∈ [0, 1), ε ≥ 0, ∃ f1, f2, . . . : [−1, 1] → R with 1 ≤ |f ′
t(x)| ≤ 3, ∀ t ≥ 1, x ∈ [−1, 1]

such that Adam has regret satisfying: RT/T does not converge to zero as T → ∞.

The example we use is simply ft(x) = −x for all t ≥ 1 except t mod 3 = 1, in which case
ft(x) = (2+ δ)x, for all x ∈ [−1, 1], where δ > 0 is chosen to be sufficiently small, depending
on β1, β2, ε. That is, the slope of ft is 3-periodic.

Since 1 ≤ |f ′
t(x)| ≤ 3 for all t ≥ 1, x ∈ [−1, 1], the derivatives of the functions are

uniformly bounded above and below, for all β1, β2.
This same example showed nonzero regret of the β1 = 0 case (known as RMSProp) of

Adam in [RKK18, Theorem 6] and [HWD19, Lemma 1], inspiring Theorem 1.5.
Despite the similarity of our example to the one from [RKK18], our analysis is different

and arguably simpler.
As in [RKK18, Theorem 6] in the β1 = 0 case of Adam, we show that every three iterations

of Adam leads to a net positive movement of x1, x2, . . . towards the point x = 1, whereas
the regret minimizer is x = −1. However, we depart from [RKK18] by using an elementary
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fixed point argument via the contractive mapping theorem. A related perspective was used
in [BW19], albeit for quadratic functions.

This example also shows nonzero average regret for AdamW, RMSProp, NAdam, Adan,
AdaMax, and Muon.

One might naturally ask if Theorem 1.5 holds when the highly structured periodic f1, f2, . . .
is changed to a less structured i.i.d. variant of the above example, e.g. if for any t ≥ 1,
ft(x) = ax with probability 1/3, and ft(x) = −x with probability 2/3, where f1, f2, . . . are all
i.i.d. We show the same nonzero average regret conclusion does hold in this case. We present
this result in the Appendix, Section A. Consequently, the 3-periodicity of the example used
in Theorem 1.5 is not required to obtain the theorem’s conclusion.

The proof of Theorem 1.5 is written for the uncorrected moments. The same projected
update with standard bias-corrected moments, with

m̃t =
mt

1− bt
, ṽt =

vt
1− qt

, ht :=
m̃t√
ṽt + ε

,

has the same asymptotic properties, since (1 − bt)−1 and (1 − qt)−1 tend to one as t → ∞.
Therefore the same asymptotic argument applies to the bias-corrected case.

1.2. Outline of Proof of Theorem 1.5.

• Let a ≥ 2. Let f3k+1(x) = ax and f3k+2(x) = f3k+3(x) = −x for all k ≥ 0, x ∈ R.
• A contractive mapping argument shows (m3k+1,m3k+2,m3k+3) and (v3k+1, v3k+2, v3k+3)
from (2) converge to (M1(a),M2(a),M3(a)) and (V1(a), V2(a), V3(a)), as k → ∞.

• Verify that the negative mean drift S(a) :=
∑3

i=1
Mi(a)√
Vi(a)+ε

of x1, x2, . . . from three

iterations of Adam, is negative when a = 2.
• A continuity argument shows, for δ > 0 small enough, S(a) = S(2 + δ) < 0, so the
negative mean drift is still negative for such a.

• Conclude then that limt→∞ xt = 1.
• Since

∑3
t=1 ft(x) = δx,

∑T
t=1 ft(x) is minimized at x = −1 for T large, so

limT→∞RT/T = 2δ/3 > 0, thereby completing the proof.

This argument is flexible enough to extend to other variants of Adam.

Theorem 1.6. Theorem 1.5 also holds for: AdamW, NAdam, Adan, AdaMax and Muon

Theorem 1.7. Let α > 0. Then Theorem 1.5 holds almost surely for Adam with i.i.d.
selection of the functions f1, f2, . . .. and with step size αt = α/

√
t for all t ≥ 1

1.3. Organization. Theorem 1.5 will be proven in Section 5, by combining the previous
Sections 2, 3 and 4.

Theorem 1.6 will be stated more formally as separate versions of Theorem 1.5, spread
across the following sections: 6 for AdamW; 7 for NAdam; 8 for Adan; 9 for AdaMax; and
10 for Muon. Theorem 1.7 is proven in Section A.

1.4. Further Discussion and Related Work.

1.4.1. Adam Alternatives such as AMSGrad. Due to the convergence issues they found for
Adam, Reddi et al. [RKK18] proposed AMSGrad, which adds an additional parameter v̂t to
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Definition 1.1, and then changes (3) to

xt+1 := Π[−1,1] (xt − αtht) , ht :=
mt√
v̂t + ε

, v̂t := max(vt, v̂t−1) ∀ t ≥ 1,

With this change, the previous periodicity issues for the squared gradient are removed.
AMSGrad then has provable regret bounds of the form RT = O(T 1/2), so in particular
RT/T → 0 as T → ∞ [AMM+20], assuming β1 <

√
β2. ([RKK18] also proved a regret

bound of this form, but it needed to assume that β1 decreased over time.)
Despite the superior theoretical guarantees of AMSGrad when compared to Adam, it

appears that Adam is still more widely used in practice.
Subsequent variants, including Yogi [ZRS+18] and AdaBound/AMSBound [LXL+19],

were partly motivated by overcoming Adam’s convergence issues found in [RKK18].

1.4.2. Adam divergence with unbounded gradients. In this work, we fix the parameters β1, β2 ∈
[0, 1), and then produce an example of nonzero average regret for Adam with derivatives uni-
formly bounded above and below. One might make these choices in the opposite order, i.e.
fixing a function sequence (with possibly large derivatives) and then choosing β1, β2 to obtain
a convergent method. The latter perspective is taken in [ZCS+22, ZLC+26]. They show it
is possible to choose β1, β2 (after the functions being optimized are fixed) such that Adam
converges.

They also show that, for any 0 ≤ β1, β2 < 1, there are functions such that Adam on
the real line (without projection) diverges. Their example [ZLC+26, Equation (3.1)] is the
following quadratic modification of [RKK18]: for any x ∈ R, a > 0, 1 ≤ i ≤ n− 1, n ≥ 4,

f0(x) :=

{
(1 + (n− 1)a)x , if x ≥ −1
(1+(n−1)a)

2
(x+ 2)2 − 3n

2
, if x < −1.

fi(x) :=

{
−ax , if x ≥ −1

−a
2
(x+ 2)2 + 3

2
, if x < −1.

There are, however, some issues with this example, namely these functions are discontinuous
unless a = 1, and the proof of [ZLC+26, Theorem 3.5] is only provided when a = 1 and
when the step size is constant in each training epoch. These issues are fixable, but more
importantly condition C1 [ZLC+26, Equation (8.3)] seems to require β1 <

√
1− β2, i.e. not

all β1, β2 ∈ [0, 1) are covered by their proof for the a = 1 case; similarly, the suggested
choice of a = (n − 1)−2 does not seem to allow all β1, β2 values in condition C1. Also,
condition C3 [ZLC+26, Equation (8.5)] requires choosing a suitably small step size. In any
case, [ZLC+26, Theorem 3.5] is incomparable to our Theorem 1.5 since their functions have
quadratic components with unbounded gradients on an unbounded domain, whereas our
functions have gradients bounded above and below on the bounded domain [−1, 1] with
projection onto that domain. Despite the above issues, the following modification should
reproduce the result of [ZLC+26, Theorem 3.5]: fi(x) = −x2 for 0 < i < 2n/3 and fi(x) =
16x2 for 2n/3 ≤ i ≤ n − 1, where n is chosen sufficiently large depending on β1, β2, since
on the set [0,∞) we have mi/

√
vi ≈ −1 for most 0 < i < 2n/3 and mi/

√
vi ≈ 1 for most

2n/3 ≤ i ≤ n− 1, so that x1, x2, . . . tends toward +∞ while the true minimum occurs at 0.
A different perspective for Adam is taken in Ahn, Zhang, Kook, and Dai [AZK+24] where

they interpret Adam as a discounted Follow-the-Regularized-Leader method.

1.4.3. Dynamical Systems Approach. Da Silva and Gazeau [BG20] derive a continuous-time
ODE system for adaptive first-order methods and analyze the convergence and stability of
the limiting dynamics.
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Bai, Zhao, Zhou, Xu, and Zhang [BZZ+26] study Adam on highly degenerate polyno-
mials and give a hyperparameter phase diagram containing stable convergence, spikes, and
SignGD-like oscillation regimes. These papers concern related adaptive optimizers and sta-
bility phenomena, but not the bounded online-linear regret setting of Theorem 1.5.

1.4.4. Nonconvergence in traditional stochastic optimization frameworks. The results below
concern traditional stochastic optimization, instead of online optimization.

Wang and Klabjan [WK22] give stochastic divergence examples for Adam in unconstrained
strongly convex optimization, including examples that diverge in expectation or with high
probability and examples that persist for large mini-batches. They also propose a variance-
reduced Adam-type method and prove convergence under a variance-reduction assumption.

Dereich, Graeber, and Jentzen [DGJ24] prove a nonconvergence result for Adam and other
adaptive stochastic-gradient methods when the learning rates are asymptotically bounded
away from zero.

Dereich, Do, Jentzen, and von Wurstemberger [DDJ+25] prove an Adam symmetry theo-
rem for stochastic strongly convex quadratic problems. In their formulation, Adam converges
to the true minimizer if and only if the data distribution is symmetric.

Jentzen and Riekert [JR25] prove that Adam and SGD-type methods can fail with high
probability to converge to global minimizers in shallow ReLU-network training landscapes.
Do, Hannibal, and Jentzen [DHJ24] prove analogous high-probability nonconvergence to
global minimizers for a broad class of SGD methods, including Adam, in data-driven su-
pervised deep learning with ReLU activations. Do, Jentzen, and Riekert [DJR25] show
nonconvergence of the true risk to the optimal risk for a large class of SGD-type methods,
again including Adam.

Toint [Toi23] gives a very simple deterministic one-dimensional example showing that
fixed-stepsize Adam can diverge on a smooth function with Lipschitz continuous gradient,
without gradient noise, irrespective of the method parameters.

1.4.5. Contrast with NosAdam, AMSGrad, AdaGrad. The one-dimensional counterexample
we presented for the nonzero average regret of Adam and its relatives does not extend in a
straightforward way to Adam variants with “longer long-term memory” such as AdaGrad,
AMSGrad, NosAdam, etc. For example, instead of using the iteration for vt from (2), AMS-
Grad keeps track of the maximum of vt with the additional parameter v̂t := max(vt, v̂t−1),
and it then uses ht :=

mt√
v̂t+ε

in (3). This eliminates the periodicity issue of vt that occurs for

these counterexamples. And indeed, these other methods often have better provable regret
bounds than Adam.

2. Steady-state Moments via Contraction

We now prepare to prove Theorem 1.5. We first show the promised convergence of m3k+i

and v3k+1 as k → ∞ using the contractive mapping theorem.
Throughout this paper, we assume the gradients gt = f ′

t(xt) from (2) satisfy

g3k+1 = a = 2 + δ, g3k+2 = −1, g3k+3 = −1, ∀ k ≥ 0 (4)

where δ > 0 will be chosen sufficiently small.
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Lemma 2.1. Assume (4) holds. Then there exist unique triples (M1,M2,M3) and (V1, V2, V3)
that are fixed points of three iterations of (2). Moreover, |m3k+i−Mi| ≤ O(b3k) and |v3k+i−
Vi| ≤ O(q3k) for all k ≥ 0, 1 ≤ i ≤ 3.

Note that, by (4), the iteration (2) does not depend on xt.

Remark 2.2. We will show using elementary algebra that

M1(a) =
a− b− b2

1 + b+ b2
, M2(a) =

ab− b2 − 1

1 + b+ b2
, M3(a) =

ab2 − b− 1

1 + b+ b2
. (5)

V1(a) =
a2 + q + q2

1 + q + q2
, V2(a) =

a2q + q2 + 1

1 + q + q2
, V3(a) =

a2q2 + q + 1

1 + q + q2
. (6)

Here we added the parameter a to our notation to emphasize the dependence of Mi, Vi on a.

Proof. Let M1 ∈ R. Recall g1 = a, g2 = g3 = −1, by (4), so two iterations of (2) give

M2
(2)
= bM1 − (1− b), t = 2 (7)

M3
(2)
= bM2 − (1− b)

(7)
= b2M1 − (1− b)(1 + b), t = 3. (8)

If we have a fixed point (M1,M2,M3), then (2) for t = 4 should return to M1, i.e. M1 would
be equal to (using g4 = a)

bM3 + (1− b)a
(8)
= b3M1 + (1− b)(a− b− b2).

Thus the one-period return map for M1 is the affine contraction Φb : R → R defined by

Φb(M) := b3M + (1− b)(a− b− b2), ∀M ∈ R. (9)

Since b ∈ [0, 1), we have b3 < 1, so Φb has a unique fixed point by the contractive mapping
theorem (|Φb(M)−Φb(M

′)| ≤ b3|M−M ′| < |M−M ′| for all M,M ′ ∈ R). Similarly, M2,M3

are each the unique fixed point of a contraction, each of the form M 7→ b3M + constant.
Solving for M1 in Φb(M1) = M1 gives the first part of (5), then (7) and (8) yield the last part
of (5). The contraction property for Φb implies |m3k+i −Mi| ≤ O(b3k), ∀ k ≥ 0, 1 ≤ i ≤ 3.

The argument for (V1, V2, V3) is analogous. Since gt does not depend on xt, three iterations
of (2) for vt results in a contractive mapping of the form Ψq(V ) := q3V + constant, i.e.

Ψq(V ) := q3V + (1− q)(a2 + q + q2), ∀V ∈ R. (10)

Since q ∈ [0, 1), this map has a unique fixed point V1, by the contractive mapping theorem.
Solving for Ψq(V1) = V1 produces the first equation in (6), and then (2) yields the last two
parts of (6). The contraction property implies |v3k+i − Vi| ≤ O(q3k), ∀ k ≥ 0, 1 ≤ i ≤ 3.

□

3. Drift Away from the Minimizer

In Lemma 2.1, we found exponential convergence of the m3k+i and v3k+i terms from (2)
to their limiting values as k → ∞, ∀ 1 ≤ i ≤ 3. In this section, we then deduce the “drift”
of the iterates xt themselves to the right endpoint x = 1. This “drift” will be quantified by

S(a) :=
3∑

i=1

Mi(a)√
Vi(a) + ε

. (11)

If S(a) < 0, then the Adam update x 7→ x− αtht has positive net drift toward x = 1.
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Lemma 3.1. There exists d ∈ (0, 1) such that, for all 0 ≤ δ ≤ d, a := 2 + δ satisfies

S(a) < 0, M1(a) > 0, M2(a) < 0, M3(a) < 0. (12)

Proof. Let a = 2. Since b ∈ [0, 1), we have by (5) that

M1(2) =
(1− b)(2 + b)

1 + b+ b2
> 0, M2(2) = − (1− b)2

1 + b+ b2
< 0, M3(2) = −(1− b)(1 + 2b)

1 + b+ b2
< 0.

(13)
Moreover,

M1(2) +M2(2) +M3(2) = 0. (14)

For the second moment, we have by (6)

V1(2) =
4 + q + q2

1 + q + q2
, V2(2) =

1 + 4q + q2

1 + q + q2
, V3(2) =

1 + q + 4q2

1 + q + q2
. (15)

Since q < 1,

V1(2)− V2(2)
(15)
=

3(1− q)

1 + q + q2
> 0, V1(2)− V3(2)

(15)
=

3(1− q2)

1 + q + q2
> 0.

Therefore √
V1(2) + ε >

√
V2(2) + ε,

√
V1(2) + ε >

√
V3(2) + ε. (16)

Let

A := −M2(2)
(13)
> 0, B := −M3(2)

(13)
> 0. (17)

Since M1(2) = A+B by (14), we obtain

S(2)
(11)
=

A+B√
V1(2) + ε

− A√
V2(2) + ε

− B√
V3(2) + ε

= A

(
1√

V1(2) + ε
− 1√

V2(2) + ε

)
+B

(
1√

V1(2) + ε
− 1√

V3(2) + ε

)
(16)∧(17)

< 0.

(18)
This strict negativity holds for every b, q ∈ [0, 1) and every ε ≥ 0.

By continuity of S(a) via (11), (5) and (6), there exists d > 0 such that (12) holds for all
0 ≤ δ ≤ d. Replacing d by min(d, .9) completes the proof. □

4. A projection lemma

The net drift result of Section 3 does not immediately apply to Adam, due to the projection
term Π[−1,1] in (3). In this section, we therefore analyze this projection term applied thrice.

Lemma 4.1. Let P = Π[−1,1] so P (x) = −1{x<−1} + x1{−1≤x≤1} + 1{x>1} for all x ∈ R. If
u1 ≤ 0, u2 ≥ 0, u3 ≥ 0, and U := u1 + u2 + u3, then for every x ∈ [−1, 1],

P
(
P (P (x+ u1) + u2) + u3

)
≥ P (x+ U). (19)

Consequently, if U ≥ c > 0, then

P
(
P (P (x+ u1) + u2) + u3

)
≥ min(1, x+ c). (20)
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Proof. Let x ∈ [−1, 1]. Since x ≤ 1 and u1 ≤ 0, we have x+ u1 ≤ 1, hence

P (x+ u1) = max(−1, x+ u1) ≥ x+ u1.

Also, for any z ∈ R and any w ≥ 0,

P (P (z) + w) ≥ P (z + w). (21)

Indeed, if z ≤ 1, then P (z) ≥ z, and the claim follows from monotonicity of P ; if z > 1,
both sides are equal to 1 since P (z) = 1 and w ≥ 0. Applying (21) twice (using u2, u3 ≥ 0)

P
(
P (P (x+ u1) + u2) + u3

)
≥ P (x+ u1 + u2 + u3) = P (x+ U).

So (19) holds. Now, assume U ≥ c > 0. Then monotonicity of P gives

P (x+ U) ≥ P (x+ c) = min(1, x+ c),

where the last equality uses x ∈ [−1, 1] so that x+ c ≥ −1. □

5. Main theorem

We now prove Theorem 1.5, restated as Theorem 5.1 below.

Theorem 5.1. Fix b, q ∈ [0, 1), ε ≥ 0, and αt satisfying limt→∞ αt = 0, limt→∞ αt+1/αt = 1
and

∑∞
t=1 αt = ∞. There exists δ > 0, depending only on b, q and ε, such that for every

initial point x1 ∈ [−1, 1], projected Adam on [−1, 1] applied to

f3k+1(x) = (2 + δ)x, f3k+2(x) = −x, f3k+3(x) = −x, (22)

satisfies
lim
t→∞

xt = 1. (23)

For every horizon T ≥ 1, the best fixed comparator in [−1, 1] is x∗
T = −1, and the average

regret satisfies

lim
T→∞

RT

T
=

2δ

3
> 0. (24)

Proof. Choose δ > 0 so that (12) holds. Let a := 2 + δ. Since the m3k+i and v3k+i terms
converge as k → ∞ by Lemma 2.1 ∀ 1 ≤ i ≤ 3, (3) implies that the h3k+i terms also converge:

lim
k→∞

h3k+i = Hi :=
Mi(a)√
Vi(a) + ε

, ∀ i = 1, 2, 3. (25)

By (12),
H1 > 0, H2 < 0, H3 < 0, H1 +H2 +H3 = S(a) < 0. (26)

Let η := −S(a) > 0. Define the three unprojected increments

uk,i := −α3k+ih3k+i, ∀ k ≥ 0, i = 1, 2, 3. (27)

Then for all k sufficiently large, (26) and (25) imply

uk,1 < 0, uk,2 > 0, uk,3 > 0. (28)

Furthermore, using limt→∞ αt+1/αt = 1,

Uk := uk,1+uk,2+uk,3
(27)
= −

3∑
i=1

α3k+ih3k+i
(25)
= −α3k+1 ·

(
3∑

i=1

Hi + ok(1)

)
= α3k+1(η+ok(1)).

9



Consequently, there are constants c > 0 and k0 ≥ 1 such that

Uk ≥ c · α3k+1 for all k ≥ k0. (29)

Let zk := x3k+1 be the iterate at the start of a period, for all k ≥ 0. Applying Lemma 4.1
with ui = uk,i for each 1 ≤ i ≤ 3 which is valid by (28) and (29),

zk+1

(3)∧(27)
≥ min

(
1, zk + c · α3k+1

)
, ∀ k ≥ k0. (30)

Since zk ≤ 1 for all k ≥ 1 and
∑

k≥k0
αk = ∞, we have

∑
k≥k0

α3k+1 = ∞, which follows since
limk→∞ αk+1/αk = 1. Then iterating (30) forces zk to equal 1 after finitely many periods.

Indeed, once
∑k1

k=k0
c ·α3k+1 > 1− zk0 for some k1 > k0, (30) gives zk+1 ≥ 1, while projection

onto [−1, 1] from (3) gives zk+1 ≤ 1. Then ∀ k > k1, (30) gives zk+1 = 1 whenever zk = 1.
This implies convergence of the full sequence (xt) to 1, since the within-period moves have

magnitude O(αt). To see this, note by (2) that (mt) is bounded since (gt) is bounded, i.e.
|mt| ≤ max(|mt−1|, |gt|) ≤ 3 for all t ≥ 0. Also, since |gt| ≥ 1 for every t,

vt
(2)
= qvt−1 + (1− q)g2t

(2)

≥ 1− q > 0.

Hence

|ht|
(3)
=
∣∣∣ mt√

vt + ε

∣∣∣ ≤ 3√
1− q

, ∀ t ≥ 1.

Therefore |xt+1 − xt| ≤ |αt| 3√
1−q

, ∀ t ≥ 1. Since x3k+1 → 1 as k → ∞ and limt→∞ αt = 0,

this implies that xt → 1 as t → ∞. That is, (23) holds.
It remains to prove (24). For any T ≥ 1, let

GT :=
T∑
t=1

gt. (31)

Writing T = 3k + r, r ∈ {0, 1, 2}, gives (recalling a = 2 + δ)

GT
(4)
=


kδ, r = 0,

kδ + a, r = 1,

kδ + a− 1, r = 2.

(32)

All three quantities are positive since a = 2 + δ and δ > 0. Therefore the best fixed
comparator is always x∗

T = −1, and

min
x∈[−1,1]

T∑
t=1

ft(x)
(22)∧(31)

= GT · min
x∈[−1,1]

x = −GT . (33)

The regret is then

RT
(1)∧(22)∧(33)

=
T∑
t=1

gtxt +GT
(31)
=

T∑
t=1

gt · (xt + 1). (34)

Since limt→∞ xt = 1 by (23) and (gt) is bounded by (4),

lim
T→∞

1

T

T∑
t=1

gt · (xt − 1) = 0.

10



Also limT→∞GT/T = δ/3 by (32). Hence

RT

T

(34)∧(31)
=

2GT

T
+

1

T

T∑
t=1

gt(xt − 1) → 2δ

3
, as T → ∞.

This proves (24) and completes the proof. □

6. AdamW

We now define AdamW and extend Theorem 1.5 to AdamW.

Definition 6.1 (AdamW Optimization Method). Let x1 ∈ [−4,−2] be arbitrary. Define
x2, x3, . . . ∈ [−4,−2] as follows. The first and second moment recursions of AdamW [LH19]
with parameters b = β1 and q = β2 are the same as Adam, i.e. (2) holds, with the standard
initialization m0 = v0 = 0. The projected update then adds a single extra term λ ≥ 0 to (3)
as follows

xt+1 := Π[−4,−2] ((1− λαt)xt − αtht) , ht :=
mt√
vt + ε

, ∀ t ≥ 1. (35)

Theorem 6.2 (AdamW Counterexample). Let αt > 0 satisfy limt→∞ αt = 0, limt→∞
αt+1

αt
=

1 and
∑∞

t=1 αt = ∞. Fix β1, β2 ∈ [0, 1), ε ≥ 0 and λ ≥ 0. Consider projected AdamW on
the domain F = [−4,−2]. Then there exists δ > 0, depending only on b, q, ε, such that for
the linear functions (22), the iterates of AdamW satisfy

lim
t→∞

xt = −2.

However, the best fixed comparator is x∗ = −4, and

lim
T→∞

RT

T
=

2δ

3
.

Proof. Define uk,i from (27). The corresponding increments for AdamW are then

uk,i − λα3k+ix3k+i.

On F = [−4,−2], we have x3k+i ≤ −2, and hence

−λα3k+ix3k+i ≥ 0.

We now adapt the remaining parts of Theorem 5.1 to AdamW.
Put F = [−4,−2], and for any t ≥ 1, let

ut := −αtht.

For fixed t, gt is a constant that does not depend on xt, so (ht) also does not depend on xt.
Since limt→∞ αt = 0, we may choose T = 3K + 1 sufficiently large that

0 ≤ λαt ≤ 1, ∀ t ≥ T.

For any t ≥ T , define the one-step maps

At(x) := ΠF(x+ ut), Wt(x) := ΠF
(
(1− λαt)x+ ut

)
, ∀ x ∈ [−4,−2].

The map Wt is nondecreasing since 1− λαt ≥ 0 and ΠF is nondecreasing. Furthermore, for
every x ∈ F ,

(1− λαt)x+ ut = x+ ut − λαtx ≥ x+ ut,
11



since x ≤ −2 < 0. Therefore

Wt(x) ≥ At(x), ∀ x ∈ F . (36)

Let (yt)t≥T be the auxiliary projected Adam sequence without weight decay, initialized by

yT := xT , yt+1 := At(yt), ∀ t ≥ T.

The period-three argument from Theorem 5.1, translated from [−1, 1] to F = [−4,−2], gives
limt→∞ yt = −2. We claim that

xt ≥ yt, ∀ t ≥ T.

This holds at time T by definition of yT . If it holds at any t ≥ T , then monotonicity of Wt

and (36) give

xt+1
(35)
= Wt(xt) ≥ Wt(yt) ≥ At(yt) = yt+1.

Thus the claim follows by induction. Since both sequences lie in [−4,−2], −2 ≥ xt ≥ yt and
limt→∞ yt = −2 imply that limt→∞ xt = −2.

The cumulative gradient over each period is still δ > 0, so the best fixed comparator on
[−4,−2] is the left endpoint −4. Since the iterates converge to the right endpoint −2 and
the interval length is 2, the same regret computation from (24) gives limT→∞

RT

T
= 2δ

3
. □

7. NAdam

We now define NAdam and extend Theorem 1.5 to NAdam. Recall that projected NAdam
is defined exactly as in Definition 1.1, but instead of the ht from (3) we have

ht :=
bmt + (1− b)gt√

vt + ε
, ∀ t ≥ 1.

Theorem 7.1 (NAdam Counterexample). Let αt > 0 satisfy limt→∞ αt = 0, limt→∞
αt+1

αt
= 1

and
∑∞

t=1 αt = ∞. Fix b, q ∈ [0, 1), ε ≥ 0. Consider projected NAdam on the domain
F = [−1, 1]. Then there exists δ > 0, depending only on b, q, ε, such that for the linear
functions (22), the iterates of NAdam satisfy

lim
t→∞

xt = 1.

However, the best fixed comparator is x∗ = −1, and

lim
T→∞

RT

T
=

2δ

3
.

Proof. The recursions for mt and vt are identical to Adam, so Lemma 2.1 applies, and the
limiting values Mi, Vi from Lemma 2.1 are unchanged. For NAdam with a = 2, the limiting
numerators of the h terms are U1, U2, U3 where

Ui = bMi(2) + (1− b)gi, ∀ i ∈ {1, 2, 3}.

Since
∑3

i=1 Mi(2) = 0, by (5) and
∑3

i=1 gi = 0, when a = 2, we have U1 + U2 + U3 = 0.
Moreover U1 > 0 and U2, U3 < 0, since both Mi(2) and gi have these signs by (12) and (4).

The remaining details follow those of Adam in Theorem 5.1 with SNAdam(a) :=
∑3

i=1
Ui(a)√
Vi(a)+ε

,

Ui(a) := bMi(a)+ (1− b)gi for all i ∈ {1, 2, 3}. For example, SNAdam(2) < 0 by repeating the
proof of (18) mutatis mutandis, so SNAdam(a) < 0 for all a ∈ R near 2, and so on. □
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8. Adan

We define the Adan optimization method [XZL+24] and extend Theorem 1.5 to it. Let

b := β1, q := β2, r := β3, b, q, r ∈ [0, 1).

Let g0 := −1, m0 = d0 = n0 := 0. For any t ≥ 1, define

mt := bmt−1 + (1− b)gt,

dt := qdt−1 + (1− q)(gt − gt−1),

nt := rnt−1 + (1− r)
(
gt + q(gt − gt−1)

)2
.

xt+1 := Π[−1,1] (xt − αtht) , ht :=
mt + qdt√
nt + ε

.

This definition in terms of decay coefficients b, q, r may differ from other definitions.

Theorem 8.1 (Adan Counterexample). Let αt > 0 satisfy limt→∞ αt = 0, limt→∞
αt+1

αt
= 1

and
∑∞

t=1 αt = ∞. Fix b, q, r ∈ [0, 1), ε ≥ 0. Consider projected Adan on the domain
F = [−1, 1]. Then there exists δ > 0, depending only on b, q, r, ε, such that for the linear
functions (22), the iterates of Adan satisfy

lim
t→∞

xt = 1.

However, the best fixed comparator is x∗ = −1, and

lim
T→∞

RT

T
=

2δ

3
.

Proof. Since gt does not depend on xt, three Adan iterations for mt or dt or nt results
in a contractive mapping. For example, m3k+1 7→ m3(k+1)+1 corresponds to a map M 7→
b3M + constant. Since this map is a contraction from R to R, it has a unique fixed point,
by the contractive mapping theorem. Thus, limk→∞(m3k+1,m3k+2,m3k+3) =: (M1,M2,M3),
limk→∞(n3k+1, n3k+2, n3k+3) =: (N1, N2, N3), limk→∞(d3k+1, d3k+2, d3k+3) =: (D1, D2, D3).
The first-moment values from (13) are

M1 =
2− b− b2

1 + b+ b2
, M2 =

2b− b2 − 1

1 + b+ b2
, M3 =

2b2 − b− 1

1 + b+ b2
. (37)

The gradient-difference values are

D1 =
3(1− q2)

1 + q + q2
, D2 = − 3(1− q)

1 + q + q2
, D3 = − 3q(1− q)

1 + q + q2
. (38)

Thus the limiting Adan numerators are

Ui := Mi + qDi, ∀ i ∈ {1, 2, 3}. (39)

From (37), (38) and q ≥ 0, they satisfy

U1 > 0, U2 < 0, U3 < 0, U1 + U2 + U3 = 0.

Write
A := −U2 > 0, B := −U3 > 0,

so that U1 = A+B. Set

s1 := (2 + 3q)2, s2 := (1 + 3q)2, s3 := 1.
13



Then

N1 =
s1 + r2s2 + rs3

1 + r + r2
, N2 =

rs1 + s2 + r2s3
1 + r + r2

, N3 =
r2s1 + rs2 + s3

1 + r + r2
.

Define

wi :=
1√

Ni + ε
, ∀ i ∈ {1, 2, 3}. (40)

The limiting drift of three Adan iterations at a = 2 is

SAdan(2) =
3∑

i=1

Uiwi = A(w1 − w2) +B(w1 − w3). (41)

We always have N1 > N3 since N1 −N3 = (1− r)[(s1 − s3) + r(s1 − s2)]/(1 + r+ r2) > 0.
If N1 ≥ N2, then w1 ≤ w2 and w1 < w3, so SAdan(2) < 0.
It remains to consider the case N2 > N1 > N3. (In the case q = 0, we have s1 = 4, s2 = 1,

and N1 −N2 = 3(1− r)/(1 + r+ r2) > 0, i.e. this case cannot occur when q = 0, so we may
assume q > 0.) The function ϕ : [0,∞) → R defined by

ϕ(x) =
1√
x+ ε

, ∀ x ≥ 0

has −ϕ′(x) positive and decreasing. Hence using N2 > N1 > N3

w3 − w1

w1 − w2

(40)
=

∫ N1

N3
−ϕ′(x)dx∫ N2

N1
−ϕ′(x)dx

≥ N1 −N3

N2 −N1

. (42)

A direct calculation gives
N1 −N3

N2 −N1

>
1

q
. (43)

Indeed, after canceling the common (1 + r + r2)/(1− r) factor, this is equivalent to

q
(
(1 + r)s1 − rs2 − s3

)
> (1 + r)s2 − s1 − rs3,

and the left side minus the right side is equal to

3
(
3q3 + 4q2 + 3q + 1− r(q2 + q)

)
> 0.

On the other hand,
A

B
≤ 1

q
.

This follows since, using b, q ∈ [0, 1) and q ̸= 0

−M2

−M3

(37)
=

1− b

1 + 2b
≤ 1 <

1

q
, (44)

while
−qD2

−qD3

(38)
=

1

q
. (45)

Therefore
A

B
=

U2

U3

(39)
=

−M2 − qD2

−M3 − qD3

(44)∧(45)
≤ 1

q

(42)∧(43)
<

w3 − w1

w1 − w2

.
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Rearranging this inequality gives

A(w1 − w2)−B(w3 − w1) < 0,

so by (41) we get (in all cases) that

SAdan(2) < 0.

By continuity, there exists δ > 0 such that, with a = 2+ δ, the limiting Adan period sum∑3
i=1 Ui(a)wi(a) remains negative and the numerator signs remain

U1(a) > 0, U2(a) < 0, U3(a) < 0.

The projection and regret argument from Theorem 5.1 then applies verbatim. □

9. AdaMax

We define the AdaMax optimization method and extend Theorem 1.5 to it. The AdaMax
optimization method is defined by the following recursions:

mt := bmt−1 + (1− b)gt, vt := max(qvt−1, |gt|), ht :=
mt

vt+ε
, xt+1 as in (3), for all t ≥ 1.

As usual, m0 = v0 = 0.

Theorem 9.1 (AdaMax Counterexample). Let αt > 0 satisfy limt→∞ αt = 0, limt→∞
αt+1

αt
=

1 and
∑∞

t=1 αt = ∞. Fix b, q ∈ [0, 1), ε ≥ 0. Consider projected AdaMax on the domain
F = [−1, 1]. Then there exists δ > 0, depending only on b, q, ε, such that for the linear
functions (22), the iterates of AdaMax satisfy

lim
t→∞

xt = 1.

However, the best fixed comparator is x∗ = −1, and

lim
T→∞

RT

T
=

2δ

3
.

Proof. The steady-state values (M1,M2,M3) from Lemma 2.1 apply here as well, since the
mt recursion for AdaMax is the same as Adam. To find the steady-state (V1, V2, V3) we plug
them into their recursion as follows:

V2 = max(qV1, 1)

V3 = max(qV2, 1) = max(q2V1, 1)

One more iteration gives
max(q3V1, a)

So the fixed point of V 7→ max(q3V, a) must satisfy V = a. (Note that Φ(V ) := max(q3V, a)
satisfies |Φ(V ) − Φ(V ′)| ≤ q3|V − V ′| for all V, V ′ ∈ R and 0 ≤ q < 1 implies that Φ is
a contraction, so Φ has a unique fixed point.) The corresponding maps for V2, V3 are also
contractions. Then solving for V2, V3 gives

V1(a) = a, V2(a) = max(qa, 1), V3(a) = max(q2a, 1), (46)

and when a = 2 we have

V1 = 2, V2 = max(2q, 1), V3 = max(2q2, 1).

Since q < 1 we therefore have

V1 > V2, V1 > V3, (47)
15



For any a ≥ 2, define SAdaMax(a) :=
∑3

i=1
Mi(a)
Vi(a)+ε

. We then have

SAdaMax(2) =
3∑

i=1

Mi(2)

Vi(2) + ε
.

Let A,B > 0 as in (17). Since M1(2) = A+B by (14), we obtain

SAdaMax(2) =
A+B

V1(2) + ε
− A

V2(2) + ε
− B

V3(2) + ε

= A

(
1

V1(2) + ε
− 1

V2(2) + ε

)
+B

(
1

V1(2) + ε
− 1

V3(2) + ε

)
(47)
< 0.

This strict negativity holds for every b, q ∈ [0, 1) and every ε ≥ 0. The remaining details
follow those of Theorem 5.1, e.g. observing that V1(a), V2(a), V3(a) are continuous functions
of a by (46), so SAdaMax(a) < 0 for a near 2, and so on. □

10. Muon

We define the Muon optimization method and extend Theorem 1.5 to it. The Muon
optimization method is defined for functions of matrices ft : K → R ∀ t ≥ 1 where K ⊂ Rn×n.
The iterations satisfy

mt = bmt−1 + (1− b)∇ft(xt), xt+1 = ΠK (xt − αt Polar(mt)) , ∀ t ≥ 1,

with m0 = 0, and ΠK denoting the projection to the nearest point in K, with respect to the
Euclidean (Frobenius) metric on Rn×n. Here mt, xt ∈ Rn×n for all t ≥ 1 and

Polar(A) := A(A∗A)−1/2

is defined for any invertible n × n matrix A [PKC+26]. More generally, Polar(A) := UV
when A is an n × n matrix with reduced singular value decomposition A = UDV (noting
that the product UV is well-defined even though U, V are not uniquely determined by A).
Also Polar(0) := 0. In practice, Polar(A) can be approximated by Newton-Schulz iterations.

In the case n = 1 with K := [−1, 1] ⊂ R, Muon becomes a signed momentum method:

mt = bmt−1 + (1− b)f ′
t(xt), xt+1 = Π[−1,1] (xt − αtsign(mt)) , ∀ t ≥ 1,

(Here sign(0) := 0.) We will demonstrate this method has nonzero average regret. The
n = 1 example can then be extended to the n > 1 case by choosing each ft to be a function
of one diagonal entry of its input matrix, e.g. K = {diag(x, 0, . . . , 0) : x ∈ [−1, 1]}.

Theorem 10.1 (Muon Counterexample). Let αt > 0 satisfy limt→∞ αt = 0, limt→∞
αt+1

αt
= 1

and
∑∞

t=1 αt = ∞. Fix b ∈ [0, 1). Consider Muon on the domain F = [−1, 1]. Then there
exists δ > 0, depending only on b, such that for the linear functions (22), the iterates of
Muon satisfy

lim
t→∞

xt = 1.

However, the best fixed comparator is x∗ = −1, and

lim
T→∞

RT

T
=

2δ

3
.
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Proof. By Lemma 2.1, the steady-state momentum values are

M1(a) =
a− b− b2

1 + b+ b2
, M2(a) =

ab− b2 − 1

1 + b+ b2
, M3(a) =

ab2 − b− 1

1 + b+ b2
.

At a = 2,

M1(2) > 0, M2(2) < 0, M3(2) < 0.

Therefore, by continuity, there exists δ > 0 such that, with a = 2 + δ,

M1(a) > 0, M2(a) < 0, M3(a) < 0.

By Lemma 2.1, (m3k+1,m3k+2,m3k+3) converges exponentially to this period-three steady-
state as k → ∞. Hence, there is some k0 > 0 such that, for all k > k0,

sign(m3k+1) = +1, sign(m3k+2) = −1, sign(m3k+3) = −1.

Thus the three unprojected scalar increments in the kth period are

uk,1 = −α3k+1, uk,2 = α3k+2, uk,3 = α3k+3.

Since limt→∞ αt+1/αt = 1, their sum satisfies

Uk := −α3k+1 + α3k+2 + α3k+3 = α3k+1(1 + o(1)).

Denote zk := x3k+1. Lemma 4.1 as used for Adam then gives

zk+1 ≥ min(1, zk + α3k+1/2), ∀ k ≥ k0.

Since zk ≤ 1 for all k ≥ 1 and
∑

k≥k0
αk = ∞, we have

∑
k≥k0

α3k+1 = ∞, which follows
since limk→∞ αk+1/αk = 1. So, the sequence (zk) reaches 1 at some finite value of k. The
within-period moves have size O(α3k) = o(1) by assumption, so xt → 1 as t → ∞.

Finally, every period has cumulative gradient

(2 + δ)− 1− 1 = δ > 0.

Hence the best fixed comparator in [−1, 1] is −1. Since limt→∞ xt = 1, the same scalar regret
computation as for Adam gives

lim
T→∞

RT

T
=

2δ

3
.

□

Appendix A. Adam with i.i.d. Slopes

We now give a stochastic version of the Adam counterexample from Theorem 1.5. For
simplicity, we only consider the step size αt := α/

√
t for all t ≥ 1. Instead of presenting

the gradients in the deterministic period-three order a,−1,−1, we draw them independently
at each time t. The slope a appears with probability 1/3, and the slope −1 appears with
probability 2/3.

More formally, let (Xt)t≥1 be i.i.d. Bernoulli random variables with

P(Xt = 1) =
1

3
, P(Xt = 0) =

2

3
, ∀ t ≥ 1.

For any a > 0, define

gt(a) := −1 + (a+ 1)Xt, ∀ t ≥ 1.
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Thus, for any t ≥ 1,

gt(a) = a with probability 1/3, gt(a) = −1 with probability 2/3.

The optimized functions are again

ft(x) = gt(a)x, ∀ x ∈ [−1, 1], t ≥ 1.

Theorem A.1 (Adam i.i.d. random-slope counterexample). Fix b, q ∈ [0, 1), ε ≥ 0, and
α > 0. There exists δ > 0, depending only on b, q, ε, such that, with

a = 2 + δ,

projected Adam on [−1, 1], driven by the i.i.d. slopes

gt(a) =

{
a, with probability 1/3,

−1, with probability 2/3,

satisfies
lim
t→∞

xt = 1 almost surely.

Moreover, the best fixed comparator is eventually −1, and the average regret satisfies

lim
T→∞

RT

T
=

2δ

3
almost surely.

Proof. We first analyze the balanced value a = 2. It is convenient to work with a two-sided
i.i.d. extension (Xt)t∈Z. For λ ∈ [0, 1), define the stationary weighted average

Aλ,t := (1− λ)
∞∑
ℓ=0

λℓXt−ℓ. (48)

Then E[Aλ,t] =
1
3
. For a = 2, we have, for all t ∈ Z

gt(2) = −1 + 3Xt, gt(2)
2 = 1 + 3Xt.

The stationary versions of the first and second Adam moments are therefore

m∗
t (2) = (1− b)

∞∑
ℓ=0

bℓgt−ℓ(2) = −1 + 3Ab,t, v∗t (2) = (1− q)
∞∑
ℓ=0

qℓgt−ℓ(2)
2 = 1 + 3Aq,t.

Define the stationary normalized Adam direction

h∗
t (2) :=

m∗
t (2)√

v∗t (2) + ε
=

−1 + 3Ab,t√
1 + 3Aq,t + ε

.

Step 1. Proving a positive drift. In the proof of Theorem 5.1, we used (12) to show
that S(2) < 0 and S(a) < 0 for a near 2. In the current proof, the analogous statement
is that h∗

t (2) has negative mean. That is, we claim that the following expression does not
depend on t ∈ Z and

µ(2) := E[h∗
t (2)] < 0. (49)

Let ϕ(y) := 1√
1+3y+ε

, ∀ y ≥ 0. Then ϕ is strictly decreasing on [0, 1]. Since E[Aλ,t] = 1/3,

µ(2) = E [(−1 + 3Ab,t)ϕ(Aq,t)] = 3Cov(Ab,t, ϕ(Aq,t)) .

The random variable Ab,t is an increasing function of the coordinates (Xt, Xt−1, Xt−2, . . .).
The random variable Aq,t is also an increasing function of these same coordinates, and
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therefore ϕ(Aq,t) is a decreasing function of them. By the Harris correlation inequality for
product measures,

Cov(Ab,t, ϕ(Aq,t)) ≤ 0.

The inequality is in fact strict. For any t ≥ 1 define the σ-algebra

Gt := σ(Xt−1, Xt−2, . . .)

and define Bt, Qt so that

Ab,t = Bt + (1− b)Xt, Aq,t = Qt + (1− q)Xt,

and such that Bt and Qt are Gt-measurable. Set p := P(Xt = 1) = 1/3. Conditional on Gt,

E[Ab,t | Gt] = Bt + p(1− b), E[ϕ(Aq,t) | Gt] = (1− p)ϕ(Qt) + pϕ(Qt + 1− q),

Cov
(
Ab,t, ϕ(Aq,t) | Gt

)
= p(1− p)(1− b)

[
ϕ(Qt + 1− q)− ϕ(Qt)

]
< 0,

since b, q < 1 and ϕ is strictly decreasing. Moreover, E[Ab,t | Gt] is an increasing function
of the coordinates (Xt−1, Xt−2, . . .), whereas E[ϕ(Aq,t) | Gt] is a decreasing function of those
coordinates. The Harris correlation inequality, now applied to the product measure of the
past coordinates, therefore gives

Cov(E[Ab,t | Gt],E[ϕ(Aq,t) | Gt]) ≤ 0.

The law of total covariance consequently yields Cov(Ab,t, ϕ(Aq,t)) < 0. Thus

µ(2) = 3Cov(Ab,t, ϕ(Aq,t)) < 0.

Now consider general a near 2. Since for all t ∈ Z

gt(a) = −1 + (a+ 1)Xt, gt(a)
2 = 1 + (a2 − 1)Xt,

the stationary moments are

m∗
t (a) = −1 + (a+ 1)Ab,t, v∗t (a) = 1 + (a2 − 1)Aq,t. (50)

Define

h∗
t (a) :=

m∗
t (a)√

v∗t (a) + ε
, µ(a) := E[h∗

t (a)].

The denominator is bounded away from zero and the integrand is bounded and continuous
in a in a neighborhood of 2. Hence, by dominated convergence, a 7→ µ(a) is continuous.
Since µ(2) < 0, there exists δ > 0 such that, with a = 2 + δ, we still have

µ(a) < 0. (51)

Decreasing δ if necessary, assume also δ ≤ 1.
Set γ := −µ(a) > 0. Thus the stationary Adam direction has negative mean: E[h∗

t (a)] =
−γ. Equivalently, the mean update direction −h∗

t (a) is positive.
We next transfer this stationary drift to the actual Adam process initialized at m0 = v0 =

0. The actual moments mt satisfy

mt = (1− b)
t−1∑
ℓ=0

bℓgt−ℓ(a), ∀ t ≥ 1,
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while the stationary version is

m∗
t (a) = (1− b)

∞∑
ℓ=0

bℓgt−ℓ(a), ∀ t ∈ Z.

Since the gradients gt satisfy |gt| ≤ 3 for all t,

|mt −m∗
t (a)| ≤ 3bt, |vt − v∗t (a)| ≤ 9qt.

Also v∗t (a) ≥ 1 for all t ∈ Z and, for the actual process,

vt
(2)
= qvt−1 + (1− q)g2t

(2)

≥ 1− q > 0, ∀ t ≥ 1.

Therefore ht :=
mt√
vt+ε

satisfies

|ht − h∗
t (a)| ≤ Cρt, ∀ t ≥ 1, (52)

for some C < ∞ and ρ ∈ (0, 1).
Step 2. We now prove the following tail excursion estimate. This technical Lemma has

no determinstic analogue, i.e. it was not needed in the proof of Theorem 5.1.

Lemma A.2 (Weighted positive-drift estimate). Let (Xt)t∈Z be i.i.d. random variables, and
let (Zt)t∈Z be a bounded stationary Bernoulli shift of the form

Zt := F (Xt, Xt−1, Xt−2, . . .), ∀ t ∈ Z,
where F is real-valued. Assume that there are constants C0 < ∞ and ρ ∈ (0, 1) such that,
for every ℓ ≥ 0, changing only the coordinate Xt−ℓ can change Zt by at most C0ρ

ℓ. Suppose

z̄ := EZt > 0. (53)

Let α > 0. Let αt := α/
√
t for all t ≥ 1. Then as T → ∞,

T∑
t=1

αtZt → +∞ almost surely,

and the uniform tail adverse excursion satisfies: as n → ∞,

∆n := sup
n≤r≤s<∞

max
(
−

s∑
t=r

αtZt, 0
)
−→ 0 almost surely. (54)

Proof. The weighted strong law follows from the ergodic theorem by Abel summation. Let

Sn :=
n∑

t=1

Zt, cn :=
Sn

n
.

By the ergodic theorem, cn → z̄ almost surely as n → ∞. Write wt = t−1/2 for all t ≥ 1 and
WT =

∑T
t=1wt for all T ≥ 1. Summation by parts gives

T∑
t=1

wtZt = wTST +
T−1∑
t=1

(wt − wt+1)St.

Since St = tct, ∑T
t=1 wtZt

WT

=
TwT

WT

cT +
T−1∑
t=1

t(wt − wt+1)

WT

ct.
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The coefficients on the right are nonnegative and sum to one since

TwT +
T−1∑
t=1

t(wt − wt+1) =
T∑
t=1

wt = WT .

So, the Toeplitz lemma implies that, as T → ∞,∑T
t=1 wtZt∑T
t=1wt

→ z̄ almost surely. (55)

Since
∑T

t=1 αt ∼ 2α
√
T , this implies as T → ∞

T∑
t=1

αtZt → +∞ almost surely. (56)

It remains to prove (54). Fix η > 0, and for N ≥ 1 let

IN := {N,N + 1, . . . , 2N − 1}.

For an interval [r, s] ⊆ IN , set

m := s− r + 1, Yr,s :=
s∑

t=r

αtZt. (57)

We will apply McDiarmid’s inequality to Yr,s, regarded as a function of the independent
coordinates (Xj)j≤s. By assumption, changing only Xj can change Yr,s by at most

dj := C0

s∑
t=max{r,j}

αtρ
t−j, j ≤ s,

where an empty sum is interpreted as zero. Since αt ≤ α/
√
N for t ∈ IN , we have

dj ≤
C0α

(1− ρ)
√
N
, ∀ r ≤ j ≤ s,

dj ≤
C0α

(1− ρ)
√
N
ρ r−j, ∀ j < r.

It follows that
s∑

j=−∞

d2j ≤
C1(m+ 1)

N

for a constant C1 < ∞ depending only on C0, ρ, α.
McDiarmid’s inequality therefore gives

P
(
Yr,s − EYr,s ≤ −u

)
≤ exp

(
− 2u2∑s

j=−∞ d2j

)
, ∀u > 0.

One may justify its use for the countable family (Xj)j≤s by first fixing all coordinates be-
fore a finite time, applying the finite-dimensional inequality, and then sending that time to
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−∞. The assumed summable coordinate sensitivities make the corresponding approximation
uniform. Since t ≤ 2N on IN and [r, s] ⊆ IN ,

EYr,s
(57)∧(53)

= z
s∑

t=r

αt

(57)

≥ αz√
2N

m =: c0
m√
N

(53)
> 0.

Consequently, using −η := −u+ EYr,s, for N sufficiently large,

P(Yr,s ≤ −η) ≤ exp
(
− c1N

(
η + c0m/

√
N
)2
/(m+ 1)

)
≤ exp(−cη

√
N).

For the last inequality, use that η > 0 for N sufficiently large by definition of η,(
η + c0m/

√
N
)2 ≥ 2ηc0m/

√
N,

and m/(m + 1) ≥ 1/2 by (57). Taking a union bound over the at most N2 intervals with
integer endpoints in IN gives, for all N sufficiently large

P
(
∃ r, s ∈ IN , r ≤ s :

s∑
t=r

αtZt ≤ −η
)
≤ N2 exp(−cη

√
N).

This bound is summable along the dyadic sequence N = 2j. Therefore, by the Borel–Cantelli
lemma, almost surely there exists j0(η) such that, for every j ≥ j0(η), every subinterval of
the dyadic block

Bj := {2j, . . . , 2j+1 − 1}
has weighted sum greater than −η.

We also claim that every sufficiently late dyadic block has positive weighted sum. Define

AT :=
T∑
t=1

αtZt.

The weighted strong law (55) proven above gives

AT = z
T∑
t=1

αt + o(
√
T ) almost surely.

Hence

A2j+1−1 − A2j−1 =
2j+1−1∑
t=2j

αtZt = z

2j+1−1∑
t=2j

αt + o(2j/2) > 0

for all sufficiently large j, since
∑2j+1−1

t=2j αt ≍ 2j/2.
Now consider an interval [r, s] lying sufficiently far in the tail. If it is contained in one

dyadic block, its weighted sum is greater than −η. Otherwise, decompose it into a terminal
piece of its first dyadic block, a collection of complete dyadic blocks, and an initial piece of
its final dyadic block. The complete dyadic blocks have nonnegative sum, and each of the
two boundary pieces has sum greater than −η (almost surely, for sufficiently large j). Thus

s∑
t=r

αtZt > −2η

for every sufficiently late interval [r, s].
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Finally, apply the preceding argument simultaneously to the countable sequence η = 1/k,
k ≥ 1. On the resulting probability-one event, for every k we have

∆n ≤ 2

k

for all sufficiently large n. Therefore as n → ∞,

∆n −→ 0 almost surely.

□

Step 3. Applying Lemma A.2. Returning to the proof of Theorem A.1, we will apply
Lemma A.2, so we verify its coordinate-sensitivity assumption. Let

Z∗
t := −h∗

t (a) = − m∗
t (a)√

v∗t (a) + ε
. (58)

From (50) and (48), changing only Xt−ℓ changes the stationary moment m∗
t (a) by at most

|∆m∗
t (a)| = (a+ 1)(1− b)bℓ

and similarly v∗t (a) changes by at most

|∆v∗t (a)| = (a2 − 1)(1− q)qℓ.

On the region {(m, v) ∈ R2 : |m| ≤ a, 1 ≤ v ≤ a2}, the function F (m, v) := − m√
v+ε

satisfies∣∣∣∣∂F∂m
∣∣∣∣ ≤ 1,

∣∣∣∣∂F∂v
∣∣∣∣ = |m|

2
√
v(
√
v + ε)2

≤ a

2
.

It then follows from (58) that the change in Z∗
t from changing Xt−ℓ is at most

|∆Z∗
t | ≤ (a+ 1)(1− b)bℓ +

a

2
(a2 − 1)(1− q)qℓ.

Choose any ρ0 ∈
(
max(b, q), 1

)
. Then there is a constant C0 < ∞ such that

|∆Z∗
t | ≤ C0ρ

ℓ
0, ℓ ≥ 0.

Moreover, Z∗
t is bounded, since for all 2 ≤ a ≤ 3

|m∗
t (a)| ≤ a, v∗t (a) ≥ 1.

Thus Z∗
t satisfies all the hypotheses of Lemma A.2.

We apply Lemma A.2 first to the stationary process Z∗
t from (58). It has positive mean

by (51). The actual process Zt := −ht differs from Z∗
t by an exponentially decaying error by

(52): |Zt − Z∗
t | ≤ Cρt. Consequently,

∞∑
t=1

αt|Zt − Z∗
t | < ∞, lim

n→∞
sup

n≤r≤s<∞

s∑
t=r

αt|Zt − Z∗
t | = 0.

Thus the two conclusions of Lemma A.2 also hold for Zt = −ht.
Step 4. Proving limt→∞ xt = 1. We now prove that limt→∞ xt = 1. The update is

xt+1 = Π[−1,1](xt + αtZt), ∀ t ≥ 1.
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Suppose there exists m such that xt < 1 for all t > m. Then for any n > m we have

1 > xn+1 ≥ xm +
n∑

t=m

αtZt,

since projection on [−1, 1] can only increase xt < 1 when t > m. But this contradicts (56).
We therefore conclude that xt = 1 for infinitely many times t.

Fix n, and let τ ≥ n be a time such that xτ = 1. For all m ≥ τ , let

rm := max{r ∈ [τ,m] : xr = 1}.

If rm = m, then 1− xm = 0. Otherwise, none of the iterates

xrm+1, . . . , xm

equals 1. Hence projection to 1 does not occur for the indices from rm through m − 1.
Projection to −1 can only increase the iterate, so an induction gives

xm ≥ 1 +
m−1∑
t=rm

αtZt.

Since xm ≤ 1, we have −
∑m−1

t=rm
αtZt ≥ 0, so for all m ≥ τ ≥ n,

1− xm ≤ −
m−1∑
t=rm

αtZt = max
(
−

m−1∑
t=rm

αtZt, 0
) (54)

≤ ∆n.

Since ∆n → 0 almost surely by (54), for any η > 0 we may first choose n so large that
∆n < η, and then choose a hitting time τ ≥ n. The preceding bound gives

0 ≤ 1− xm < η, ∀m ≥ τ.

Therefore

lim
t→∞

xt = 1 almost surely.

Step 5. Regret bound. It remains to compute regret. By the strong law of large
numbers and since a = 2 + δ,

lim
T→∞

1

T

T∑
t=1

gt(a) = E[gt(a)] =
a

3
− 2

3
=

δ

3
almost surely.

Let GT :=
∑T

t=1 gt(a). Then GT/T → δ/3 > 0, and hence GT > 0 for all sufficiently large
T , almost surely. Therefore the best fixed comparator is eventually x∗

T = −1, and for all

sufficiently large T , RT =
∑T

t=1 gt(a)xt +GT . Equivalently,

RT = 2GT +
T∑
t=1

gt(a)(xt − 1).

Since xt → 1 almost surely and the gradients gt are uniformly bounded,

lim
T→∞

1

T

T∑
t=1

gt(a)(xt − 1) = 0 almost surely.
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Combining this with limT→∞GT/T = δ/3, we obtain

lim
T→∞

RT

T
=

2δ

3
almost surely.

□
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