EUCLIDEAN PARTITIONS OPTIMIZING NOISE STABILITY
STEVEN HEILMAN

ABSTRACT. The Standard Simplex Conjecture of Isaksson and Mossel [12] asks for the
partition {4;}*_, of R" into & < n + 1 pieces of equal Gaussian measure of optimal noise
stability. That is, for p > 0, we maximize
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Isaksson and Mossel guessed the best partition for this problem and proved some applications
of their conjecture. For example, the Standard Simplex Conjecture implies the Plurality is
Stablest Conjecture. For k = 3,n > 2 and 0 < p < po(k,n), we prove the Standard Simplex
Conjecture. The full conjecture has applications to theoretical computer science [12} 13| [19]
and to geometric multi-bubble problems.

1. INTRODUCTION

The Standard Simplex Conjecture [12] asks for the partition {A;}F_, of R" into k < n+ 1
sets of equal Gaussian measure of optimal noise stability. This Conjecture generalizes a
seminal result of Borell, [3, [19], which corresponds to the k = 2 case of the Standard Simplex
Conjecture. Borell’s result says that the two disjoint regions of fixed Gaussian measures
0 < a < 1and 11— a and of optimal noise stability must be separated by a hyperplane.
Since two disjoint sets of total Gaussian measure 1 can be described by a single set and its
complement, Borell’s result can be stated as follows. Let A C R™ have Gaussian measure
0 <a<1andlet p e (0,1). Then the following quantity, which is referred to as the noise
stability of A, is maximized when A is a half-space.

/ / 1a(2)1a(zp + yy/1 — p2)e*(w%---ﬂi)/?e*(yf+---+y%)/2dxdy_ (1)

When we say that A is a half-space, we mean that A is the set of points lying on one side of
a hyperplane. If p € (—1,0), then the noise stability (1) of A is minimized among all sets of
Gaussian measure a, when A is a half-space. We can rewrite probabilistically as follows.
Let X = (X4,...,X,),Y = (Y1,...,Y,) € R" be two standard Gaussian random vectors such
that E(X;Y;) = p- 14—;. Then the noise stability (1)) of A is equal to P((X,Y) € A x A).
For modern proofs of Borell’s theorem with additional stability statements, see [I8] [7]. In
the present work, we prove a specific case of the Standard Simplex Conjecture for k = 3,
when 0 < p < po(n). Already for the case k = 3, the methods used in the case k = 2 do
not seem to apply, so new techniques are required to treat the case k = 3. We first discuss
consequences of the full conjecture and we then state the conjecture precisely. The Standard
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Simplex Conjecture appears to be first stated explicitly in [12]. If true, this conjecture
implies:

e Optimal hardness results for approximating the MAX-k-CUT problem [I2], Theo-
rem 1.13], a generalization of the MAX-CUT problem. (These hardness results are
optimal, assuming the Unique Games Conjecture).

e The Plurality is Stablest Conjecture [13],[12][Theorem 1.10], an extension of the
Majority is Stablest Conjecture [19] asserting that: the most noise-stable way to
determine the winner of an election between k candidates is to take the plurality.
(This result assumes that no one person has too much influence over the election’s
outcome, and each candidate has an equal probability of winning).

e The solution of a multi-bubble problem in Gaussian space [0, 12, [17]: in R™, minimize
the total Gaussian perimeter of k¥ < n + 1 sets of Gaussian measure 1/k.

The MAX-k-CUT problem asks for the partition of the vertices of any graph into k sets
of maximum total edge perimeter. For the precise statement, see Definition below. For a
graph on n vertices, the MAX-k-CUT problem cannot be solved time polynomial in n, unless
P=NP [§]. Yet, we can always find an approximate solution of the MAX-k-CUT problem in
time polynomial in n [8]. To create this approximate solution, we label the vertices of the
graph by vectors in R", solve an appropriate semidefinite program for these vectors, and we
then “round” these vectors into k bins. In particular, two vectors are rounded into the same
bin if they lie in the same subset of a given partition {4;}%_; of R". The best way to perform
this rounding procedure is then provided by the partition {A;}¥_, of optimal noise stability.
That is, the Standard Simplex Conjecture exactly describes the best way to solve the MAX-
k-CUT problem [I2, Theorem A.6]. This connection between combinatorial optimization
and geometry has been well-studied; see e.g. [20, 2, 4], 16, 4, 10]. For a survey of the
complexity theoretic motivation for problems related to the Standard Simplex Conjecture,
see [15], where Grothendieck inequalities are emphasized.

The Plurality is Stablest Conjecture for k = 2 was proven in [19], where it was found to be
a consequence of Borell’s theorem, after applying a nonlinear central limit theorem, which
is referred to as an invariance principle. For k = 2, this problem is known as the Majority is
Stablest Theorem. For more on the invariance principle, see also [5]. The invariance principle
of [19] is proven by combining the Lindeberg replacement method with the hypercontractive
inequality [9]. The Plurality is Stablest Conjecture says that the Plurality function nearly
maximizes discrete noise stability over all functions f: {1,...,k}" — {1,...,k}. In this
context, we think of the domain of f as n voters who vote for any one of k£ candidates.
Given n votes (ai,...,a,) € {1,...,k}", the value f(ai,...,a,) € {1,...,k} is the winner
of the election. The Plurality is Stablest conjecture also assumes that each candidate has
an equal probability of winning the election, and no one person has too much influence
over the outcome of the election. It turns out that the latter assumption means that the
function f can be well approximated by a function g: R™ — {1,...,k}. That is, the noise
stability of f is close to the sum of noise stabilities of the sets g~'(1),...,g (k). This
approximation procedure, which uses an invariance principle, shows the equivalence of the
Plurality is Stablest Conjecture and Standard Simplex Conjecture [12, Theorems 1.10 and
1.11]. We are therefore partially motivated to solve the Standard Simplex Conjecture to

attempt to complete the picture set out by the sequence of works [3], 13, 19, 12].
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The problem of minimizing Gaussian perimeter arises as an endpoint case of the Standard
Simplex Conjecture. The Standard Simplex Conjecture is a statement involving a sum of
terms of the form , and the Gaussian perimeter is recovered by letting p — 17.

We now precisely state the Standard Simplex Conjecture. Let p € (—1,1), n > 1, n € Z,
let f: R* — R be bounded and measurable, and define dn,(y) := e~ Wi++v)/2dy /(27 )/2,
y=(y1,-..,yn) € R". For x € R", define

T,f(x) = . flxp+yv/1—=p?)dy(y). (2)

The operator defined by is known as the noise operator, or Bonami-Beckner operator,
or Ornstein-Uhlenbeck operator. In particular, the Ornstein-Uhlenbeck operator is often
written with p = e™%, ¢ > 0, so that T,-+ becomes a semigroup.

Definition 1.1. Let Ay,..., Ay C R™ be measurable, k < n + 1. We say that {A4;}F_| is a
partition of R™ if U¥ ; A; = R", and ,(4; N A;) =0 fori # j,4,5 € {1,...,k}. Let {z}F,
be the vertices of a regular simplex centered at the origin of R"”. For each i € {1,...,k},
define A; := {x € R": (x,2;) = maxjc(i,. 1} (7, 2;) }, the Voronoi region of z;. We call {A}Y,
a regular simplicial conical partition.

Conjecture 1 (Standard Simplex Conjecture, [12]). Let n > 2, let p € [—1,1], and let
3<k<n+1. Let {A;} | be a partition of R™.

(a) If p € (0,1], and if v,(A;) = 1/k, Y i € {1,...,k}, then among all such partitions of
R™, the quantity

1= | @) @) 3)

15 maximized by a reqular simplicial conical partition.

(b) If p € [=1,0) (with no restriction on the measures of the sets A;, i € {1,...,k}),
then among all partitions of R™, the quantity J is minimized by a reqular simplicial
conical partition.

The following theorem is our main result.

Theorem 1.2 (Main Theorem). Fizn > 2, k = 3. There exists py = po(n, k) > 0 such
that Conjecture |1 holds for p € (0, po).

Theorem seems to have no direct relation to Gaussian isoperimetric problems [6],
since these problems are implied by letting p — 17 in Conjecture . Also, [12, Lemma
A.4,Theorem A.6] shows that Theorem seems to give no new information about the
MAX-k-CUT problem, since in this problem, p < 0 is most relevant. Surprisingly, our proof
strategy does not work for p < 0, as we show in Theorem [7.4]

Let X = (X31,...,X,),Y = (Y1,...,Y,) be jointly standard normal n-dimensional Gauss-
ian random variables such that the covariances satisfy E(X;Y;) = p- 15—y, 4,7 € {1,...,n}.
In [12], the quantity (3] is written as Zle P((X,Y) € A; x A;). To see that our formulation
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of Conjecture [1]is equivalent to that of [I2], let A C R™ and note that
/ LaTpLady, =/ 1,4(96)/ La(zp +y /1 = p?)dyn(y)dyn(z)
n ]Rn n
= [ a@tao+ 5T A )dls) = B(XY) € Ax )

1.1. MAX-k-CUT and the Unique Games Conjecture. We now rigorously describe
the complexity theoretic notions referenced above.

Definition 1.3 (M AX-k-CUT). Let k,n € N, k > 2. We define the weighted MAX-k-CUT
problem. We are given a symmetric matrix {a;;};;; with a;; > 0 for all 4,j € {1,...,n}.
The goal of the MAX-k-CUT problem is to find the following quantity:

c: {1,.‘.,17?}85({1 ..... kY Z ij-
4,j€{1,...,n}:
c(i)#c(j)
Definition 1.4 (I'-MAX-2LIN(k)). Let £ € N, k& > 2. We define the I-MAX-2LIN(k)
problem. In this problem, we are given m € N and 2m variables z; € Z/kZ,i € {1,...,2m}.
We are also given a matrix {a;};7, with a;; > 0 for all 4, j € {1,...,2m}. An element (4, j)
corresponds to one of m linear equations of the form z; —x; = ¢;j(mod k), i, j € {1,...,2m},
¢ij € Z/KZ. The goal of the I“MAX-2LIN(k) problem is to find the following quantity:

max Z Q- (4)

(21, wam) €E/RTY S

x;—x;=cij(mod k)

Definition 1.5 (Unique Games Conjecture, [I3]). For every ¢ € (0,1), there exists a
prime number p(e) such that no polynomial time algorithm can distinguish between the
following two cases, for instances of [-MAX-2LIN(p(¢)) with w = 1:

(i) (4) is larger than (1 —e)m, or
(ii) (4) is smaller than em.

If were equal to m, then we could find (xy,...,xs,) achieving the maximum in (4))
by linear algebra. One can therefore interpret the Unique Games Conjecture as an assertion
that approximate linear algebra is hard.

Theorem 1.6. (Optimal Approximation for MAX-k-CUT, [12][Theorem 1.13],[]]).
Let k € N, k> 2. Let {A;}F_, C R be a regular simplicial conical partition. Define

o = inf k—k? Z?:l fRn 1AiTp1Aid7n . inf k— k? Zf:l fR" 1A¢TP1A¢d7n
e (k—1)(1 - p) — gy <p<0 (k—=1)(1—p) '

Assume Congecture |1| and the Unique Games Congecture. Then, for any € > 0, there exists

a polynomial time algorithm that approximates MAX-k-CUT within a multiplicative factor

arp—e, and it is NP-hard to approximate MAX-k-CUT within a multiplicative factor of ay.+e.
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1.2. Plurality is Stablest. We now briefly describe the Plurality is Stablest Conjecture.
This Conjecture seems to first appear in [I3]. The work [13] emphasizes the applications of
this conjecture to MAX-k-CUT and to MAX-2LIN(k).

Let n > 2,k > 3 Let (Wi,..., W) be an orthonormal basis for the space of functions

.....

Api={(z1,...,2) ERF:VI<i<k0<a; <1,30 2 =1}.
Let f: {1, kY = Dy f = (fraeeos fi)y S {1, B3 5 [0,1], 7 € {1,...,k}. Let o =
(01,...,00) €{1,...,k}". Define W, :=[[;_, W,,, and let |o] := [{i € {1,...,n}: 0; # 1}|.
Then for every o € {1,...,k}" there exists fi(c) € R such that fi =>_ 1y fi(o)Wo,
ie{l,....,k}. Forpe[—1,1] and ¢ € {1,...,k}, define

Tfi= > pfi(0)W,, T,f:=(T,f,....T,fi) €R"

Let m > 2, k > 3. For each j € {1,...,k}, let ¢; = (0,...,0,1,0,...,0) € R* be the j*
unit coordinate vector. Let o € {1,...,k}". Define PLUR,, x: {1,...,k}"™ — Ay such that

3 A€ (Lo m}son= jH > i € {L,...,m}: 0 =},
PLUR,, k(o) := Vre{l,...,k}\ {j}
LS e, otherwise

Conjecture 2 (Plurality is Stablest Conjecture, [12]). Letn >2, k>3, p € [—15,1],
e > 0. Let (-,-) denote the standard inner product on R™. Then there exists T > 0 such

.....

.....

% S () Tf0) < lim — 37 (PLURu(0), T,(PLUR, ) (0)) + 2.

m—oo kM
(b) If pe [-1/(k —1),0), then

k—ln S (FO)Tf(@) > tim — S (PLURyu4(0), T(PLUR, ) (0)) — e.

m—oo kM

1.3. A Synopsis of the Main Theorem. We now describe the proof of Theorem [I.2] We
first take the derivative d/dp of the quantity J defined by (3)). This procedure is common,
and it dates back at least to the the proof of the Log-Sobolev Inequality by Gross [9].
Taking this derivative allows us to relate J to the works [I4, [16]. In Section [3, we modify
the results of [14], [16] to prove the existence of a partition that maximizes (d/dp)J. Then,
in Section , we further modify results of [14, [16] to show that, if p > 0 is small, then a
partition maximizing (d/dp).J is close to a partition maximizing (d/dp)|,=0/. And by [14],
we know that the partition maximizing (d/dp)|,=¢/ is a regular simplicial conical partition,

for dimension n > 2 and k = 3 partition elements.
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So, for small p > 0, a partition maximizing (d/dp).J is close to a regular simplicial conical
partition. The structure of the operator T, then permits the exploitation of a feedback
loop. This feedback loop says: if our partition maximizes (d/dp)J for small p > 0, and if
this partition is close to a regular simplicial conical partition, then this partition is even
closer to a regular simplicial conical partition. This feedback loop is investigated in Section
Bl especially in the crucial Lemma [6.1} A similar feedback loop was already apparent in
[14][Lemma 3.3]. The full argument of Theorem is then assembled in Section [7] By
using this feedback loop, we show in Theorem that a regular simplicial conical partition
maximizes (d/dp)J for small p > 0, & = 3, n > 2. Then, the Fundamental Theorem
of Calculus allows us to relate (d/dp)J to J, therefore completing the proof of the main
theorem, Theorem [1.2]

Since Lemma 6.1]is rather lengthy and crucial to this investigation, we will further describe
the idea behind it. If we know that our partition maximizes (d/dp).J, and if we also know
that this partition is close to a regular simplicial conical partition, then the first variation
should immediately tell us that our partition is actually a regular simplicial conical partition.
Unfortunately, this intuition does not translate into a proof. The main technical problem is
that the sets we are dealing with are unbounded, and we need to know precise information
about the Ornstein-Uhlenbeck operator applied to these sets, for points that are very far
from the origin. Since the Gaussian measure decays exponentially away from the origin,
this means that it becomes hard to say something precise about the points in these sets
that are very far from the origin. So, we require very precise estimates of the Ornstein-
Uhlenbeck operator, and the errors that it accrues when we evaluate it far from the origin.
These estimates are performed in Lemmas and[5.3] Unfortunately, to use these estimates
effectively, we need to slowly enlarge the regions where we use these estimates. The details
of enlarging these regions becomes surprisingly complicated, occupying the seven steps of
Lemma [6.T]

In Section [7] we also show the surprising fact that our strategy fails for small negative
correlation. That is, for small p < 0, (d/dp)J is not maximized by the regular simplicial
conical partition. This result does not confirm or deny Conjecture[l| for p < 0. However, one
may interpret from this result that the case of Conjecture[l|for p < 0 could be more difficult
than the case p > 0.

We should also emphasize the lack of symmetrization in the proof of Theorem [1.2] Sym-
metrization is one of a few general strategies that solves many optimization problems. In
our context, symmetrization would appear as follows. Recall the definition of J from .
Suppose we have a partition {4;}¥_; C R". Change this partition into a “more symmetric”
partition {A;}*_, such that J or (d/dp)J is larger for {A;}% ;. In the proof of the main
theorem, it is tempting to use this symmetrization paradigm. The works [3],[19] and [12]
use Gaussian symmetrization in a crucial way. However, we find this approach to be less
natural for Conjecture [T} so we do not explicitly use symmetrization. Nevertheless, symme-
try does play a crucial role in our proof, especially in the estimates of Section [4 It should
also be noted that the works [I4] [T6] do not explicitly use symmetrization, and this lack of
symmetrization is one of their novel aspects.

1.4. Preliminaries. We follow the exposition of [I7]. Let n > 1, n € Z. Let N =
{0,1,2,3,...}. For f: R" — R measurable, let [|f||, ., )= (fan |fI? dyn) "2, Let Lo(yn) :=
6



{f: R" = R: |[fll,(,,) < oo} Let €3 denote the £, norm on R". For x € R" and r > 0,
define B(x,r) :={y e R": ||z — y“zg <r}.

For f € Ly(7,), define T}, as in . The operator T}, is a parametrization of the Ornstein-
Uhlenbeck operator. The operator T}, is not a semigroup, but it satisfies T, T,, = T}, ,,
p1,p2 € [—1,1], by below. We use definition since the usual Ornstein-Uhlenbeck
operator is only defined for p € [0, 1]. Let A > 0, x € R. Recall that the Hermite polynomials
of one variable are defined by the generating function

A2 =N " Ny (). (5)

leN

Alternatively, one defines the polynomials Hy(z) such that hy(x) = 2742(¢)) " Hy(z//2).
This convention is used in [I], where the orthogonality properties of the Hermite polynomials
are derived.

Note that [, hjdy, = 1/¢!, and {V/0' hy}gen is an orthonormal basis of Ly(7y1). Recall also

that ho(z) = 1 and hy(z) = x. Set f(z) := e’ **/2. A routine computation shows that
T,(f)(x) = eP*=01*/2 Tndeed

(f)(z) :/ 6A(zp+y“’1_p2)_’\2/zd%(y) :/ eAP)z+(A/1=p?)y=2?/2—y?/2 dy
! " V2T

:e(Ap)rAQﬂ/ e~ 3 W=/ 1=p?)+A3(1-p?) /2 dy — AP)z=A2 /2472 (1-p?) /2
n \ 2w
— An)z=(A)?/2.

Therefore, by ,

T,f(x) => Xp'h(x). (6)

leN

So, by linearity, T,h(x) = p‘he(z).

We now extend the above observations to higher dimensions. Let f € La(7,), so that
f =2 tenn acheVl!, a; € R, where £ = ({y,...,0,) € N* and hy(z) = [[", he,(z:). Write
(0] ==l + -+ £, and £! := (44!) - (£,!). Then T, satisfies T,hy = pllh, and for z € R,

100 = 3 0Vattute) ([ Vit )

LeNm

Let A:=>""  0%/027, and define

" )
L:=—A L
—|—;x oy (8)
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A well-known calculation shows the following equality, which we prove in the Appendix,
Section

D f@) = p LT, f(x) = % (2, VT, f(2)) — AT, f(2)) (9)

d
’ _ \/%{ﬂ { <x / yf(zp+ yﬂ)dvn(y)>

T \/1p_7p2 /n (;n;(l - y?)) flxp+yv/1— p2)dfyn(y)} (10)

We say that A C R" is a cone if A is measurable and V ¢ > 0, tA = A.

Definition 1.7. A simplicial conical partition {A;}%_, is a partition of R™ together with
a simplex S C R¥ ! with 0 < k—1 < n and a rotation o of R” such that 0 € S and such that
each facet Fj of o(S x R"*1) generates a partition element, i.e. A; = {to(F; x R"7): ¢t €
[0,00)},i € {1,...,5+1}. Let k—1 < n and let {2}, C R" be nonzero vectors that do not
all lie in a (k — 1)-dimensional hyperplane. Define a partition such that, for i € {1,... k},
A ={x e R": (x,2) = maxj_,__x(r, 2;)}. Such a partition is called the simplicial conical
partition induced by {z;}F_,

If {A;}F | is a simplicial conical partition induced by the vectors { [ A, xdry, ()}, then
we say the partition is a balanced conical partition. If {z;}% | C R" are the vertices of a
(k — 1)-dimensional regular simplex in R™ centered at the origin, then the partition induced
by {z;}¥_, is called a regular simplicial conical partition.

Let f € Ly(7,). By Plancherel and (7))

2
R R"”

LeNn
43 LEN

/ xdy, (@
A;
|]>2

Taking the derivative d/dp of (12)) at p = 0, we get a quantity studied in [14] 16].

2
14, T,(14,)dy, = dyn(z hedyy,
de/A a,)dy ;H/Aﬂ?’Y /\/_E”Y

Substituting into (3)) gives

Z/ 14,T,(14, d%:Z{ W(A)?+p

=1

+ S

/ VO0hdy,

} (12)

+ > 1

}. (13)

& peNn
[g]>2
d k 2
— / L4, Tp(La)dym = / wdy, (2) (14)
dp p=0 ;=1 JR" i=1 1/ Ai

s
2. NOISE STABILITY FOR ZERO CORRELATION

This section concerns noise stability at the endpoint p = 0. Specifically, we will investigate
the quantity , which has already been studied in [I4} [16]. Using our understanding of

, we will then be able to analyze the left side of when p is small, using the equality
8



(13). Before beginning our discussion, we first need to consider partitions of R within the
convex set defined in . Definition provides the metric allowing an assertion that
two partitions are close to each other, and Definition [2.4] allows us to discuss the Gaussian
measure restricted to hypersurfaces.

Definition 2.1. Let H := @&, Ly(v,) and define

Definition 2.2. Let ¢ > 0. Define
1 1
AL(v) =A{(f1 5 fr) € Arlmm): r €< Jidyn < 7 + e}
Rn

Definition 2.3. Define a metric dy on partitions {4;}5_ {C;}E_| of R™ by the formula

1/2
2
L2('7n)> '

Definition 2.4. Let A C R"”, let £ denote Lebesgue measure on R", and define the distance
d(z,y) = ||z — yllgg, z,y € R". Denote d4 as the measure £ on R" restricted to A. That is,
04(B) :=liminfs_,o 5 L{y € R": 3z € AN B with d(z,y) < §}, B C R". Also, we denote
Yn(d4) == liminfs_,g %'yn{y € R": dz € A with d(z,y) < d}.

ceSO(n)
T a permutation

BEAYLACYL) = nf <ZH1A Lot

The next two lemmas are derived from [14]. Lemma[2.0]is a quantitative variant of Lemma
2.5 and it will be further improved in Lemma[2.8 below. In particular, Lemma[2.6)says that,
if the first variation condition for achieving the optimum value of is nearly satisfied,
then the partition is close to being simplicial.

Lemma 2.5. [14, Lemma 3.3, Corollary 3.4] Let n > 2 and let {B;}3_, be a reqular simplicial
conical partition of R™. Then (1p,,1p,, 1p,) uniquely achieves the following supremum, up
to orthogonal transformation.

3

sup Z /n xfi(z)dy,(x)

(f1:f2:f3)€As(m)

2

(16)

3

Lemma 2.6. Let n > 2 and let {B;}2_,, {Ci}2_; C R" be reqular simplicial conical partition.

Let {A;}}, C R"™ be a simplicial conical partition. Let z; = fA@- xdy,(x), and let v;; €

SN A; N A Nspan{z;, z;}. If [(zi — zj,v5)] < e <107V 4 5 € {1,2,3}, i # j, and if

dy({Ai},, {01,02,0)}) > 1/100, then do({A;i}e ), {Bi}l,) < V6e.

Proof. For 1,5 € {1,2,3}, let 0 < «; < 7 such that A; is a cone with angle a;. Let

o: R" — R” be a reflection that fixes A; N A;. Without loss of generality, 0(A;) C A;. Then
= [ \o(A xd% z) and ||2; — 2|, = sin((a; — «;)/2)/v27. Let 0 < 6 < 7 such that

sz z]||2cos(6’) = (2 — 2zj,v). Then either ||z; — 2], < //187, or |cosf| < +/187e. In
the first case, a; — a; < /2. So, to complete the proof, it suffices to show that the second
case does not occur. We find a contradiction by assuming that the second case occurs.

If |cos @] < V/18me, then since 0 = (a; — «;)/2, we must have |o; — a; — 7| < 18y/e, so
T—18ye < a; —aj; <+ 18y/e, i.e. m—18y/e < a; < m and a; < 18y/e. Then for r # i, j,
r € {1,2,3}, we have a,, = 27 —; — v > 2mr—m—18y/e > m—18y/e. Since oy, a; > T—18+/¢,
we conclude that da({A;}3,,{Cy,Cy,0}) < 18Y/4 < 1/100, a contradiction. O

9



We require the ensuing explicit calculation from [I4] in Lemma below. This calcu-
lation is reduced to a computation of Lagrange Multipliers in [14, Corollary 3.4]. For any

(Fiseees fi) € Di3n), define Go(fis s fi) = iy || fon i) (@) [

Lemma 2.7. [14, Corollary 3.4]

Sup Yo(fi, f2) = l; Sup Yol fi, fos f3) =

(f1,f2)€D2(n) T (f1.f2.f3)€A3(7n)

The followmg Lemma is a quantitative improvement of Lemmas 2.5 and 2.6, Combining
Lemma [2.8 with (T4) will show that an optimizer of (d/dp) 3"r_, [an 14, Tp14,dyy is almost
simplicial conical for small p > 0.

Lemma 2.8. Lete > 0, n > 2. Let {A;}2_, be a partition of R™, and let {B;}3_, be a reqular
simplicial conical partition of R™. Assume that e < 1/100 and

¢0(1A171A271A3) > sup wﬁ(f17f27f3) —&. (17)
(f1,f2,f3)€A3(vn)

Then

B({AYL BYL) < 6% (18)
Proof. Assume that holds. For i € {1,2,3}, let 2, := [, wdy,(x), w; := [ wdy,(v).
We may assume that, for all 7,7 € {1,2,3} with i # j, (2,%;) < 0. To see this, we
argue by contradiction. Suppose there exist 7,7 € {1,2,3}, i # j with (z;,2;) > 0. For
pe{l,2,3}, p#i,j, let Ay := A, let A] := A;U A, and let A} := (). For p € {1,2,3}, let
Zy 1= J4n ®d7(x). Then

2 2
Z HZ H[n, Z Hszgn = ||z + Z]HZ” ||ZiH£g - H’Zj”é;l > 0.

Rewriting this inequality using the definition of g,
¢0(1A171A2a1A3) S ?/10(114’1’,1,4’2’,1,43’)- (19)

Since {A7}3_, is a partition of R” with at most two nonempty elements, Lemma, [2.7) says

1 _
( sup ¢o(f17f2,f3)> —Po(Lar, Lag, Lay) > i 1072, (20)
(f1,f2,f3)€D3(n) m
Combining and contradicts (17)). Therefore, (z;,2;) < 0 for all 4,5 € {1,2, 3}.
We now claim that, for each pair i,j € {1,2,3} with i # j, we have

. > 1/16. 21
Ien{aX}HZp”e >1/ (21)

We again argue by contradiction. Suppose there exist i,7 € {1,2,3} with ¢ # j and
MaXpe (i} ||zp||§; < 1/16. Let p € {1,2,3}, p # 4,j. Then Hzp“?g < 1/(27) with equal-

ity if and only if 14, is a half-space whose boundary contains the origin of R™. This follows
10



immediately from rearrangement. Observe, if z, # 0,

lally = (o [ wtute)) < (s [ n(e)) < (o [ sia(0))
2 A, Apn{z: (z,2,)>0} {z: <m 2p)>0}
= </ -Td’)/n(w)a/ ajd%z > ‘/ xdﬁyn( )
Ap {z: (z,2p)>0} {z: (z,2zp)>0}

Therefore,
Yo(lay, 1a,, 1a,) < 1/84+1/(2m) < 1/m.

This inequality contradicts as in (20)), since SUD(f, o fa)enn () Y0 (f15 - &) = 9/(87),
using Lemma We conclude that holds.
Define ¢ such that

§ = me{rlr’l;%#j Tn({x € R": (2 — zj,2) <0} N A,). (22)
Fixi,j € {1,2,3} such that § = v,,({z € R™: (2;—z;,2) < 0}NA;). We want to find a bound
on 0. Let 0 < h such that foh dy, = 0. Now, define {A]}7_, such that A}, = A, for p # i, j,
Al = AN\ (Ain{r e R": (2 — zj,7) <0}) and A} = A;U(A;N{z € R": (z; — 25, 7) < 0}).
Let 2, = fA; xdy,(z), p=1,2,3. Then

o n

3

) 3
2
Z H%”zg - Z 125l
p=1

p=1
= 2</ ydyn(y), 25 — Z> * 2H / ydyn(y)
{y: (zi—z;,y)<O0INA; {y: (zi—2z;,y) <0}NA;

> 2</ ydyn(y), zj — Zz> =2z —
{y: —h<(zi—z;,y)<0}
1/2

Here we used rearrangement and also the inequality ||z; — z,]| o > (maxpe; 3 ||zp||?g) :

T o

3

h
% eg/ ydm(y) > 8°/3.
0

which itself uses (z;, z;) < 0.

By ([17) and (23), 6% < 3¢, i.e.
5 < V3e. (24)

Now, for p € {1,2,3}, let 2{\; = {2z € R": (z,2,) = max;_123(x,2;)} and let z, =

J& wdya(x). By and (22),

d({AYLL {A) < 3v2eV4 (25)
For p € {1,2,3}, let y, := 2, — 2, € R", so that ||y,||, < 3v2e¥4 by and Hilbert space

duality. Let x € R™. Then for 4,5 € {1,2,3}, 1 # 7,
(zi — 2z, ) = (2 — 25, 2) + (yi — Y, @) (26)
For 4,5 € {1,2,3}, i # j, let v;; = S"'n A; N A N span{z;}>_,. By definition of
vi; and {A;}3,, (2 — 2z, vi5) = 0. So, by [B6), |(zi — Z;,vi;)| < 3v2e'4, implying that
do({A Y3, {B;}3,) < 3-23/4%1/8 by Lemma [2.6| This inequality together with and
U

the triangle inequality for ds prove .
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3. THE FIRST VARIATION

Recall . The following existence argument which uses convexity is a variant of [14
Lemma 3.1] and [16, Lemma 2.1].

Lemma 3.1 (First Variation). Let p € (0,1). Then 3 a partztwn {A}F_ | of R™ such that

k
d
Z/ 1a,—T,14,dy, = sup / fZ T o fidyn, (27)
i=1 YR dp (frsen fr)E€AK(7R)
Also, for each i € {1,...,k}, the following containment holds, less sets of v, measure zero:
A D {r € R": LT 14,(x) > LTpla,(2), V5 #i,5 € {1,...,k}}. (28)

Proof. We show that is maximized over Ag(7,), which contains the set of partitions of
R™. Note that Ag(y,) € H is norm closed, convex, and norm bounded. Therefore, Ag(v,)
is weakly closed. Also, Ak(7,) is weakly compact by the Banach-Alaoglu Theorem. Using

@D, define ¢,: Ag(v,) = R by

Uplgr, .o gk) - Z/ 9iTpgidyn = p~ Z/ T,gidryn. (29)

By , 1, is an exponentially decaying sum of uniformly bounded weakly continuous
functions. Therefore, 9, is weakly continuous on the weakly compact set Ag(7v,). So there
exists (f1,..., fx) € Ax(7,) that maximizes v,.

Since p € (0, 1], implies: V f € La(vs), [ fLT,fdy, > 0. We now apply this fact to
see that ¢, is convex. Let A € [0,1], (g1,...,0x), (h1,..., hx) € Ag(7,). Then

)\wp(gl, e ;gk:) + (1 — )\)@Z)p(hl, ey hk) — ’pr()\gl + (1 - )\)hl, ce ,)\gk + (1 — )\)hk)

= ;:)22:1: {)\ /Rn gz‘LTpgi + (1 - )\) /n hiLTphi - /n()\gi — (1 — )\)hi)LTp(/\gi — (1 — /\)hi)

“M1=) [ (0= LT (50— b) 2 0.

Since 9, is convex on Ay(7,), ¥, achieves its maximum at an extreme point of Ag(7v,).
Therefore, there exists a partition { A;}%_, of R™ such that (14,,...,14,) € Agx(7,) maximizes
Y, on Ak(%) [16] Lemma 2.1]. Specifically, it is noted in [I6, Lemma 2.1] that the extreme
points of Ag(v,) are exactly the partitions of R™ into k pieces.

We now prove by contradiction. By the Lebesgue density theorem [21][1.2.1, Propo-
sition 1], we may assume that, for all i € {1,... k}, if y € A;, then we have lim, o7, (4; N
B(y,r))/v.(B(y,r)) = 1. Suppose there exist j,m € {1,...,k} and there exists y € R,
r> 0 such that y € A;, 7,(B(y,r) N A;) > 0 and LT,14,(y) < LT,14,,(y). By (@),

dy
Tla(o) = | 1. (a)e-lv-eol3/201-p)] _
p A](x) /n Aj(y>e (27’(’(1 —p2))"/2
So, LT,14, = p(d/dp)T,14,(x) is a continuous function of x.
Therefore, there exists a ball B(y,r), r > 0 such that ,(B(y,r) N 4;) > 0 and such that
sup LTplu,(xz) < inf LT,1,4,(z).

2€B(y,r) zeByr)
12




Let ¢(x) := 1pymna, (). For A € [0,1], note that

(1A17-~-;1A]- —Ap, ..., 14 +/\¢,...,1Ak) € Ak(’yn>. (30)
However,
d 2
a 77/}/)(1141’ .. .,1Aj—/\¢7. R, 1Am+)\¢,. R, 1Ak) = ;/gb(l’)LTp(lAm—lAJ)(ZL‘)d’)/n(ZL‘) > 0.
A=0
(31)

But contradicts the maximality of (14,,...,14,) on Ag(7,), so holds.
U

4. PERTURBATIVE ESTIMATES

Recalling , the following estimates allow us to relate 1, to 1, for small p > 0, for
simplicial conical partitions. In particular, we make a close examination of the two quantities
of . Since lemma gives precise estimates of the two quantities of , combining
Lemma with gives precise geometric information about a partition {A4;}%, C R®
optimizing noise stability. In particular, to see one way that we will apply Lemma see
below. However, note that below does not give sufficiently precise information
to identify the sets optimizing noise stability. So, the real need for Lemma [4.2| will occur in
the proof of the Main Lemma , where the precise estimate is used.

Lemma 4.1. Let A C R" be a cone. Then
/ (Z(l - yf)) La(y)dyn(y) = 0.
"N =1

Proof. The assertion follows by standard equalities for the moments of a Gaussian random
variable. Let a > 0. Define f(«) by the formula

2 2 dy
._ —alyi+typ)/2__ T
fla) = /n La(y)e (2m)n/2”

By changing variables, f(«a) = o2 fRn 14(y)dya(y). So,
- d
_% /]R (ny) Lalw)dna(y) = J;(j) - _g / La(y)dm(y).
i=1

a=1

O

Lemma 4.2. Fiz k = 3, n > 2, p € (0,1). Let {Ci}f., C R? be a simplicial conical
partition. Let {B;}¥_, = {C; x R" 2}k Fizi,j € {1,...,k}. Let 0: R* — R" denote
reflection across B; N B;j. Assume that B; = 0B; and that B; C {x € R": z; > 0}. Let
e; =(1,0,...,0), e2=1(0,1,0,...,0), e1,es € R". Forpe {1,...,k}, let z, := pr xdy,(z).
Note that span{z;, z;} = span{ey, e2}. Let n; € R" be the interior unit normal of B; so that
n; is normal to the face (0B;) \ (0B;), and let n; € R™ be the interior unit normal of B; so
that n; is normal to the face (0B;) \ (0B;).
(i) If v € B;N{z € R": (x,n;) <0}, then

1
- <Q;, va(lBi — 1Bj)(.1')> > 221V (5(BiﬁBj)zp) + <.I',ni>’}/n <6((83i)\3j)zp> . (32)
p T i

13



(i) If v € B;N{x € R": (x,n;) > 0}, then
1
- <.f13, VTp(lBl — 1BJ)(.T)> Z Q.Tl'yn (5(BiﬂBj)zp) . (33)
P Vie?

(iii) For x € B;,

‘ / (;(1 - y?)) (1, — 1p,)(zp + yﬂ)d%(y)‘ < ﬁw& (n — 1)\/5)?. |
34

(iv) For x € B; with x1 > \/n\/1 — p?/p,
[ (30002t 1w + o/ T= ) 2 0, (3)

=1
Proof of (i). Below, we use differentiation in the distributional sense. Let x # 0. For
x € (0B;) N B, Vlp,(z) = e since B; € {z € R": 1 > 0}, and for x € (0B;) \ By,
Vig,(x) = n;. Similarly, for x € (0B;) N B;, —V1p,(x) = e1, and for z € (9B;) \ B;,
—Vlig,(z) = —n;. Then

%VTp(lBi —1p)(@) = T,(V(1p, — 15,))(2)

= Tp[2(e1)0B:nB, + nidoB\s; + (—15)d08,)\8,](7) (36)
(2)
@ 2e17v, (5<BmBj)zp> + 1y, <5<<aBi)\BJ~)zp> + (=) <5<<aBj)\Bi)zp> -

Here we used

/n La(zp +yV/1 = p?)dm(y) = /R Laap(yv/ 1 = p?)dm(y) = /R Ltz apy /i W) (1)
Let z with « € B; and (x, (—n;)) > 0. Then immediately proves (32). O

Proof of (ii). Let x € BN {x € R": (x,n;) > 0}. By reflecting across B; N B;,

Tn (5<<aBi>\Bj>—wp) > Y, (5<<aBj>\Bi>—xp> : (37)

Vi-p2 Vi-p2
Define
W = N;Yp <(5((8Bi)\Bj)—zp> + (—nj)% <5((8Bj)\Bi)—zp> .
Vi-p2 Vi-p2
By (37), w is in the convex hull of e; and n,;. In particular, (x,w) > 0, since z € B,;.
Combining (x,w) > 0 with proves (33)). U

Proof of (iii). By reflecting across B; N By,

n

reBNB — (Z(l — y?)) (Ip, — 1p)(zp +yv/1— p?)dv,(y) = 0.
R N =1
14



So, a derivative bound gives . Specifically, we apply the Fundamental Theorem of Calcu-
lus to the following identity, along with |[(1 — y%)ylﬂh(%) = /2 and ||y} + 31l Ly ) = V6.

8%1 /Rn (i(l - y?)) (1s, — 1)) (xp + y\/1 = p?)dmm(y)

(=1

- \/1L—7/J2 / ( “3n i) (- yg)yl) (Lp, = L) (@p +yV/1 = p?)du(y).

t£1
O

Proof of (iv). Let x with x; > v/n\/1 — p?/p and consider the following cone

Y B; —xp
A:={0jUyeR": y£0 A /n € .
{ WS Vi g
By Lemma Jon 1a() 201 (1 — y7)dyn(y) = 0. If d(z,0B;) > \/n\/1—p?/p, then
A=R"and 1a(y) 3o, (1 — y7)1pe(xp + yy/1 = p?) <0, s0

/n (i(l - y?)) (1, — 1p,)(zp + y\/1 = p2)dyn(y)

(=1
n n

> / (Z(l - y?)) Lp,(zp +y/1 = p2)dva(y) > / (Z(l - y?)) dyu(y) = 0.
"N y=1 "N y=1
So, it remains to consider the case d(z,0B;) < \/ny\/1 — p?/p. In this case A # R".

Since 1 > /n\/1 — p?/p, we have >, (1 — y;)1p,(xp + yy/1 — p?) < 0. Also, we have
> (=99 Lac ()1, (xp + y/ 1= p*) 2 0, 320y (1= y)1a(y) Lo (xp + yy/1 = p*) <0, 50

n

[ (320-0) s~ 1) o+ 0T Pt

2_/n (Z::(l - y?)) Lg, (zp + y\/1 = p2)dyn(y)
> / (Z::(l - y?)) La(y)1s,(xp + yv/1 = p?)da(y)
> / (g(l - y?)) La(y)dya(y) = 0.

5. ITERATIVE ESTIMATES

The following estimates control the errors that appear in the proof of Theorem Being

rather technical in nature, this section could be skipped on a first reading.
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Lemma 5.1. For ¢ = ({1,...,0,) € N" and z = (x1,...,2,) € R",
he(z)V0! < [0 39 T [ max{1, ;" }.
i=1

Proof. Let ¢ € N.

00 00 o0 1£/2] é 2m moy—m
‘o . AN /2 x? (=1) ( 2a(1/2) ¢ (=1)m2

ZA =2 V2 =24 Z TR

p=0 q=0 m=

Here we let p 4+ 2q¢ = ¢, m = q. In particular,
L6/2] {—2m mo—m
x (=1)"2
ho(z) —
(@) = ml(l —2m)! (38)

Using Stirling’s formula, v2m¢1/2e=¢ < 01 < e (4127, Let £,m with m € {0,...,£/2},
¢ > 1. Note that lim, o+ 2 = 1 and mingep 1 #* > 2/3. Also, m +{ —2m ={ —m > (/2.
For m # 0, write m = {5, j € [1/¢,1/2]. Note that max{m, ¢ —2m} > ¢/3. Then

Vi
ml(f —2m)!
e L/ /4 —t/2 e 7(1/2)041/4 o
= 2mmmt2e=m (¢ — 2m)i-2m1 /2= (=2m) 21 mm/2(0 — 2m)-2m+1/2
_ LE /1/4 04/2 em _ LE P1/4 P42 iem
21 /mA/l — 2m m™ (€ — 2m)*t=2m 21 /vl — 2m (£5)% ((1 — 25))€0-29)
Je /1/4 PL/2/2—m Je /1/4 PL/2pt/2—m
~ on SN — 2m (0=0) 58 (1 — 2;)0-2)) = or I = Zm (42050-20) 3 (1 — 2)H1-2)
NG (1/4 1 o5 (1-24) Ve P1/4 (6/6) (1-25)
T 2w vl — 2m 9 (1 — 25)002) g50-2) T 27 \Smn/E — 2m j9 (1 — 25)00-%)
<& (4 1 <& (/4 1
T 27 /my/0 = 2m j9(1 = 25)10 %) 7 2w /m /0 — 2m (2/3)*
ex/g 1 e\/_

S Wian 23" = Jijig. (9/4)¢ < 07Y4(9/4)".

Here we used (e/¢)/20(=2) < /e for £ =1, 2.

Also, for m = 0 we have m!(@—\/é;!m)! = 1, and for m = ¢/2 we have
\/E \/E \/Ege/2+1/4e—e/2 €1/4

e < e
ml(0—2m)! — (£/2)! = \/2m(/2)/2+1/2e~1/2 \/E\/ﬂgl/zz—mz—m

_ \/§€—1/426/2 < p~Va9t/2.
p <
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So, combining the above estimates with ,
1£/2] 1£/2]

[ho(x)V O < Y 07V 9/4) || T < Y e H(9/4) max{1, |27}
=0 =0
< 007Y49/4) max{1, |z} < €3°max{1, |z[‘}.
Therefore, for £ = (¢1,...,¢,) € N,

k n
he(@)VO < by - 0,300 T max{1, |2} < [¢]* 3" | [ max{1, |2:|"}.
=1 =1

O

The following Lemma uses standard tail bounds for a Gaussian random variable. We
therefore omit the proof.

Lemma 5.2. Letn > 0,t > 0, and let n > 2. Then

n y
'/[n,vﬂx[t,oo]x]]{” 2 Z H |yl

"7 geNm: =1
0<[¢|<3

’ d%(y)' < 30000y (t* + 2)e /2,

n y
frowe 2= T

)° penNn: =1
0<|0<3

' d7n<y)’ < 4n32in/2(r(n/2))71(n + 2)!(t"+1 + 1)677&2/2

< 100(n + 2)!(t"! + 1)e /2,

The following Lemma says, if [, «f(x)dy,(x) is parallel to the ay-axis, then (d/dp)T, f(x)
should be bounded by a constant multiplied by |z1| + O(p). The precise error term ([39)) will
be needed in Lemma [6.1| to determine the size of (d/dp)T,(14, — 14,;). The error term ([39)
will be estimated by Lemma u and the resulting estimate will be mtroduced into ([28)).

Lemma 5.3. Let p € (—1,1), n > 2. Suppose f € Ly(yn) with [o. y2f (y)dyn(y) = 0. Let
z1 >0 and x9 > 0. Then

d
d—prf(l’l,ﬂUQ,O, e 70)’ < (|371\ +2p(|zaf* + (n + 1)plas| + |w12s] + 2”))
/ > Hlyz tl,tQ,O,-'.70)n+y\/1—nQ)dvn(y)'-
t1€0:131] t2€[0 x2] " peN": i=1
n€l0,p] 0<|e|<3
(39)
Proof. By integrating by parts, note that
d
— 1 — p?)dy,
i y2f (y p?)dvn(y)
P
= _pg/ ya((n+1) = 43) f(y Pdra(y) = D / viyaf (y /1 = p?)dom(y)-

1#£2
17



So, using 5. Y2/ (¥)dya(y) = 0 and the Fundamental Theorem of Calculus,

/n Yo f (Y1 — p?)dryn(y)

<1 P i (/n ya((n+1) —y3) fy/1 = 12)dva(y) (40)
— viye f(yv/1 =) dya(y )) :
>/,

By integrating by parts again, note that

)
o / 2 f((0,2,0,...,0)p 4+ y\/1 — p2)dva(y)

(41)
\/1* FU(0,22,0,...,0)p +yv/1 = p?)(y5 — 1)dn(y).
_ R
Applying the Fundamental Theorem of Calculus to and then using ,
/ y2f((0,22,0,...,0)p+yv/1 - p2)d%(y)‘
< |ao| sup FU0,£,0,...,0)p+y\/1 = p?)(y5 — 1)dyn(y
ol s | | 0+ 9v/T— )6 — Dia(y)
» (42)
s ([l ) = IV T ) 0)
p n€l0,p] R™
—Z/ viyaf (Y1 = 12)dyn(y ))-
1#£2
By integrating by parts as before,
0
a—[:rz/ Y2 f((x1,22,0,...,0)p+ yv/1 = p?)dyn(y
o (43)

p
= Tg——— x1,22,0,...,0)p + 1 — p?)dy,
zﬂ/nyzylf«l 20,0, 0)p 5y 1= Pdaly)

18



Combining , and ,

|(d/dp) T} f(x)| < |a1]

/n yif((1,72,0,...,0)p +yy/1 - p2)d7n(y)‘
£(0,£,0,...,0)p+y/1 — p?)(y3 — 1)dya(y)

+ \xgl sup
te(0,22)

\/1 — 2 Jan
- /1)_|x;2| ni‘f})li)] (/R ya((n+1) —y3) f(y/1 — n?)dyn(y)
(44)
_Z/nylyzf yV' 1 —=n?)dya(y ))

1#£2

+ |-’171x2| sup L / y2ylf((t,37270;---70)/)+3/\/ 1 _p2>d7n(y>'

tefo,a1] /1 — p?

n

i [ (0= (12,0, 00+ VT Pty
- " =1
We then deduce from . O

6. THE MAIN LEMMA

Lemma below represents the main tool in the proof of the main theorem. As depicted
in Figure[I| Lemma says that, if an optimal partition is close to being simplicial conical,
then it is actually much closer to being simplicial conical. So, this Lemma can be understood
as a feedback loop, or as a contractive mapping type of argument. We first give an intuitive
sketch of the proof of the Lemma. Let p > 0. We begin with a partition {Ap};;:l C R"
maximizing noise stability (3)). We assume that there are disjoint sets {Dp};’,:1 that resemble
a simplicial conical partition, as in the left side of Figure [Il We also assume that A, 2 D,
for all p =1,2,3. We then find a sequence of sets {D,, l}p—17 {Dp2}i i, ... {Dpr}i_; such
that D,, C DwH for all 1 < p < 3, for all » > 1. This sequence of sets is chosen so that
the following implication can be proven:

A, 2 D,, = A, DD, (45)

In order to prove (45)), we need to show: if A, D D,,, then we can get sufficiently strong
estimates on LT},1p, ., such that ( .D can be Veriﬁed on A foreach p =1, 2, 3 For example,
in Step 1 of the proof of Lemma the estimate eventually 1mphes And (58))
says that A, must contain more pomts than the 1n1t1al information that we assumed in (48)).

Finally, we need to choose our sets {DW}I?;:1 appropriately so that, after finitely many
implications of the form , we eventually get the conclusion . That is, the three sets
{DP,R};’):1 resemble the right side of Figure , and A, O D, p for each p = 1,2,3. Thus
concludes our description of the main strategy of the proof. Within the proof itself, the sets
{Dp1}i_i, {Dp2}ti_y, - will not be explicitly defined. However, portions of these sets will
be defined at the end of every Step of the proof. In particular, examine the sets defined by

the following sequence of assertions: , , , , , , , (101)), and finally
(49)-
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Unfortunately, there are many technical obstacles that stand in the way of bringing this
strategy to fruition. The first minor issue is that we cannot control small rotations of our
sets. At every step of the proof, we therefore need to redefine our simplicial sets B;, B; to
account for these small rotations. However, the main technical issue is that it is not at all
obvious how to choose the sets {D,,}3_, for 7 =1,2,3,... such that can be proven for
each r =1,2,3,.... Moreover, the simplest choice of these sets, namely dilations of the sets
depicted in Figure [1, do not produce satisfactory estimates.

Ultimately, the sequence of sets defined by , , , , , (195)), (101)) succeeds
in proving the sequence of implications for r = 1,2,3,.... Lemma allows us to
control the errors from our estimates, and we then make around seven modifications of the
same error estimate within Lemma [6.1} This error estimate allows us to apply Lemma [£.2]
so that we can improve our knowledge of the optimal partition {4;}F_, via (28).

It would be preferable to write Lemma [6.1] as seven applications of a single Lemma,
however the statement of such a Lemma would perhaps be so long and convoluted that its
application would become opaque. We therefore use the longer presentation below in the
hope of providing greater clarity. Finally, in the statement of Lemma below, note that
the plane IT exists independently of i,j € {1,...,k}.

Lemma 6.1. Fizn > 2, k = 3. Let 0 < 5 < p < e 20000 w05t -y oy {A}E | be a
partition of R" such that holds. Let IT C R™ be a fized 2-dimensional plane such that
0 € II. Assume that, for each pair i,j € {1,2,...,k} with i # j, there exists N > 0 and
there exists a reqular simplicial conical partition { B, ’;:1 C R"™ such that

/ Y(Lai(y) = La; (1)) dyaly) = X / y(1p;(y) — 1 (y))dyn(y), (46)

n

such that
/ vdy(z) € 11, Vp € {3, j}, (47)
B

and such that
{z € BiUB}: 1a,(z) — 14,(z) # 1p(2) — 1 (2)}

C {z € BiU B} |d(z,(0B;) U (9B)))| <nV |lzll, = v/—2logn + (p+ n)\/—ﬂogp(}. |

48

Then, for each pair i,j € {1,2,...,k} with i # j, there exists \' > 0 and there exists a
reqular simplicial conical partition {By}r_, C R™ such that [g, y(1a,(y) — 1a,(y))dvn(y) =

N fRn y(1py (y) — 1B;.’ ())dyn(y), such that fB,, xdy,(x) € I, Vp € {i,7}, and such that
{SL’ S Bz// U B}/: 1Al($) — 1A].<.§L’) 7£ 1B;/($) - 1B§/($)}

" " I " (49)
C{r e B/NBY: |dx,(0B])U(0B)))| <V ||, > v/—2log(pn) + 1}.

Proof. Fix i,j € {1,2,...,k} with i # j. By applying a rotation to R", we assume that
BiNB; C{r€R": 7y =0} and B; C {x € R": z; > 0}. Assume that and hold.
Let nj € R™ denote the interior unit normal of B} such that n; is normal to (95;) \ B, and

let n; € R™ denote the interior unit normal of B such that n/ is normal to (05;)\ B;. Define
20
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FIGURE 1. Depiction of Lemma

B;, B; such that

B; = B, S =B/U{z € R": z; > 0A (nj,z/ ||z|l,) > —2n/+/—2logn},

(50)
B; =B, ST =BjU{r e R": z1 <OA(n), 2/ ||z,) > —2n//—2logn}.
Let © = (x1,...,2,) € B;U B;. If 1 < y/n\/1 — p?/p, then
—n/2 —n/2 1 1
e e
5 n T 2 -~ — —Tl/Q > _n.
n < Mﬁ’”) N "= T ont T 100
So, using Lemma [4.2 E, ©), and p < 10_5n_3/26_", if z € B; U B; then
—27p?/(2(1-p?))
1. 5 w1 | e Jz| <1V 2y >0
p-sign(ay) - LT,(1p, — 1p,)(2) = {1A|”;12||e e300y < —1/4/3. (51)
Let o: R™ — R"™ be a rotation such that the x;-axis is fixed. For any such rotation, let
9(x) = go(x) := 1a,(0x) = 14,(0x) — (1p,(0x) — 15,(01)). (52)
By , and since B; U B; is symmetric with respect to reflection across B,NB; C {x €
R™: 1 =0}, 3 > 0such that [, y(1a,(y) =14, ()dym(y) = A fon y(1s,(v) =15, (y))dym(y).

S0 Jon Y29(y)dyn(y) = 0, for all such rotations o. For all T € R” and for all rotations
o: R" — R” fixing the x;-axis,

LT,(14, — La))(ow) — LT, (1p, — Lp))(ow)| < [LT9(a)]. (53
Step 1. An estimate for large x.

Let o: R" — R" be any rotation fixing the z1-axis. By (52)), [g| < 2. Applying and
(50) and the inclusion-exclusion principle, g = 0 on the set

{y € R": d(oy — p, (0B]) U (9B;))) > n+ 3n
Alloy — pall, </ —2logn + (p +n)/—2log p}.

Let = € R™ with Ha:||2 < —4log(np). Since 0 < n < p, we have p||z|, < —4plog(np) <

—8plogn. By . and the inclusion-exclusion principle, g # 0 only on the following
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sets: {y € R": |[d(oy — pz, (0B]) U (0B)))| < 4n//1—p*} and {y € R": [loy — pzl, >
v—2logn/+/1 — p?}. Then Lemma says

up ‘ S Tl ot t2.0......0)a + yv/T— a)ra(v)

t1 €[min(x1,0),max :vl, Rn PENT: =1
to€[min(x2,0),max(z2, 0 0<]6|<3
a€(0,p]

< 500000n°4n + 200(n + 2)!((—=2(1 — 2p) log n)™*FV/2 4 1)pt =2,
Using Lemma and ,
3 < —4log(pn) A |z1| > (pn)'?
= p " LT, (14, — 14,)(21,22,0,...,0) = LT,(1p, — 15,) (21, 22,0,...,0)|
< {la1| + 2p(|2a|” + (0 + D)p o] + 15| + 2n)] (54)
- 5000001347 + 200(n + 2)!((=2(1 — 2p) log n)™F1/2 4 1)pt=2]
< 107(n + 2)!(—21log )™ +5)/2p1=2¢,
Also, by , and using that 0 < 7 < p < 107°n=3/2e™™,
lz[l; < —4log(pn) A = € B;U B,

|(p7))2”2/(1_”2) i €1V 2e >0
(o) A=)y < —1/V/3

B

= p 'sign(zy) - (LT,(1p, — 1) (z)) > {2

(55)
Combining and (55), using and 0 <n<p< 6’20("“)1012(“2)!,
21| > (pn)Y3 A ||z||5 < —4log(pn) Az € B; U B;
- pil ‘LTP<1A1 - 1Aj)<x) - LTp(lBi - 1Bj)(x)} < 774/5
1
A plsign(z) - LT, (1, — 1g,)(x) > (pn)*"/O=) (pn)"/* min | 1, ———c— | .
—4log(np)
(56)
By (56),
1| = (o) A lzll5 < —dlog(pn) A @ € B;U By = p'sign(an) - LTy(1a, — La,)(2) > 0.
(57)

Finally, applying to Lemma[3.]for all ¢, j/ € {1,...,k}, i’ # j/, and using together

with the inclusion-exclusion principle,
1] > (o) A 3 < —4log(pn) A @ € Bju B} = sign(z1) - (1a,(x) — 14, (z)) > 0. (58)

Step 2. An estimate for small z.
Let o0: R" — R"™ be any rotation fixing the zj-axis. For x = (zy,...,x,) € R" with
|2 < —21log p, we have p||z|l, < pv/—21og p. Suppose also that |z,| <7 and = € B; U B;.

By , , , and the inclusion-exclusion principle, g # 0 only on the following
22



sets:
{y €R": |d(oy — px, (B: N B;) U[(B; UB;) \ (BiUB)N)| <n/v/1—p*},
{y € R": |d(oy — pz, (BN By) U[(Bi U By) \ (B;U B))))| < ()"
Aoy = pxlly = v/ —2logn},
{y €R": |loy — pall, = (1+1/10)y/=3log(np)/v/1 — p*}.
We then apply Lemma to get

sup ’/ >, Hlyz ((t1, 82,0, . .., 0)a + yv/T — @2)dyn(y)
R

t1€[min(z1,0),max( 90 leN™: =1
t2€[min(z2,0),max(z 0<)¢1<3
a€l0,p]

< 500000n°y + 500000n° (pn)4(—=2(1 — p)*logn + 1)nt="°
+200(n + 2)!((—31log(pn)) ™72 £ 1) (pn)*? 4+ 1600(n + 2)12n/+/—21og 7.
So, using Lemma and 0 <n<p< 6_20(”+1)1012n3(n+2)!,
P4 < x| <n A lzl; < —2logp A 2 € B; U B;
= p | LT, (14, — 14,)(21,22,0,...,0) — LT,(1p, — 1p,)(z1,22,0,...,0)|
< [Jza] + 2p(|a2f* + (n+ 1)p |2a] + [z122] + 2n)]
: [500000n33n + 5000000 (pn)/4(=2(1 — p)?logn + 1)n1—#*

+200(n + 2)!((—=3log(pn)) " V/2 4 1) (pn)*? + 1600(n + 2)!2n/+/—2log n}

1
3/4
< —_
1077/)
(59)
Also, by ,
np¥* <z | <n A H:L'Hg < —2logp ANz € B;UB;
(60)

. 1
= p~sign(an) - LT, (1s, = 1g,)(w) > 15 o1l

Combining and , and using ,

np*/* < x| <n A |zll; £ —2logp A @ € B;U B; = p~'sign(xy) - LT)(1a, — 14;)(z) > 0.
(61)
Similarly, by and , we have the following estimate.

n < |zl < () Alzll; <1 A @ € BiUB; = p'sign(a1) - LT,(1a, — 1a,)(2) > 0. (62)

Finally, applying to Lemma for all 7/, 7" € {1,...,k}, and using together with
the inclusion-exclusion principle, (57) and ,

np*/* <ay| < A lzl; < —2logp A x € B;U B = sign(w1) - (14,(x) — 14,(z)) > 0. (63)

Step 3. An estimate for intermediate values of x.
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In summary, and improve our initial assumption . We now repeat the above
procedure with the improved assumptions. Before continuing, we need to redefine B;, B;.

Via , let

BZ = B’L min( 2p3/4n 2n )’ B - BJ mln( 2p 3/4 ) (64)
’ V—2logp’V—2log 7 W ive g
(pm)*/*
ﬁ —41log(pn)
n
- — | @
v—2logn
v—2logp
. - —
(63)
np*/*

FIGURE 2. Integration regions where g # 0, near B; N B for (65).

Let z with ||lz||5 < —4logp, np < |1] < 0. Let B := (B; N B;) U[(B; U B;) \ (B, U B;)].
Suppose x € B; U B; also. By , , , and the inclusion-exclusion principle,
g # 0 only on the following sets

{y e R": |d(oy — px, B)| <np**/\/1 = p?},
{y € R": |d(oy — pz, B)| < n/\/1—p?, oy — pz|ly > /—2log p//1 = p?},
{y e R": |d(oy — pz, B)| < (pn)"*//1 = 9%, lloy — pzlly > /—2logn/\/1 — p?},

{y €R": [loy — pzll, > (14 1/10)\/=3log(pn)/v/1 = p*}.
We then apply Lemma [5.2] to get

up ‘ S Tl a((t1.£2,0......0)a + 9vT— aD)dra(v)

t1 €[min(z1,0),max( z R™ penNm: =1
to€[min(x2,0),max(x2 0<|¢/<3
a€[0,p]
< 1p*1500000n> + 500000n°n(—2(1 — v2p)?log p + 1)plt~V2’ (65)
+500000n° (np)Y4(=2(1 — V2p)?log 1 + 1)nt=v2)?
+200(n + 2)!((=3log(1p)) "% + 1) (pn)*/

+ 1600(n + 2)! min(2p%4n/\/—2log p, 2n//—2logn).
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203 (n !
Applying to Lemma , using and n < p < ¢~ 20(n 1)1 ) ,

|z]|2 < —4log(p) A np < |z1| <n Az € B;UB;

| (66)
— 07 LT (1, = 14)(@) = LTy (15, = 1,)(@)] < 151

Also, by ,

‘ 1
on < ‘x1’ <nA ”ng < —4logp Az € BiUBj = pflslgn(:ﬂl) 'LTp(lBi — 1Bj)(£L') > Epn.
(67)

So, combining (66)), foralld',j’ € {1,....k},7 # j/, Lemmal[3.1], (64), and by applying
the inclusion-exclusion principle, and ,

pn < |u] <0 A lzll; < —4logp A x € BjU B) = sign(a1) - (L, () — 14,(x)) > 0. (68)

Step 4. Iterating the estimate for intermediate values of x.
The estimate now has a cascading effect on the estimates below. From ,

pn < x| < A |z|3 < —4logp A x € BiU B} = sign(xy) - (14,(x) — 14,()) > 0.

This estimate can be iterated on itself. Let K € N, K > 1, and let M € N with
0 < M < VK. Suppose p?K > n/>. We prove by induction on K and M that

2o <ay| < Al < =2"*logp A @ € B{U B,

. (69)
- Slgn(xl) : (1Az(x) - ]_A](x)) > 0.
We already verified the case M = 0, K = 1. We assume that, for 0 < m < M,

2" e <|a| < Azl < =27 logp A w € BjU B,

. (70)
= sign(z1) - (14,(2) — 14,(z)) > 0.
Assume also that, for M <m <K —1and K > 1,

27 np D < ay| < A lall; < =27 logp A x € BjU B,

— sign(rs) - (Lo (2) — L, () > 0 ™

We will conclude that holds for m = M, i.e.

2" 0o <ay| < Al < —2Y*logp A € B{U B;

— sign(en) - (14,(0) — 1, (&) > 0 ™

We repeat the calculations through . Redefine B;, B; so that

Bi =B

imin( 2np-9K 21 ) s Bj = Bj min( 2np-9K 21 ) (73)
’ vV—4logp’v/—2logn ’ v—4logp’/—2logn

IfM>0,Weusef0rm:M—1. ForanyMz(),weuseforMSmg\/E.

Let o, M with ||lz|| < —2M*2logp < —2Nm+210gp < —4logn, 2" npK < |xy| < n,
25



x € BiUB;. Let B:= (B;N B;)U[(B;UB;)\ (B;U Bj)]. Combining (70), (71)), [#8), (58),
. and the inclusion-exclusion principle, g # 0 only on the following sets

{y € R": |d(oy — pr, B)| < min(M, 1) - 2o / /T — 2},
Uni<m<|VE=T) {y e R": |d(oy — px,B)| < 2m277p-9(K—1)/, /1= p2,
loy — pzlly > min(m, 1) - /=274 log p/+/1 — p?},

(e R |dloy — pr, B)| <, oy — pall, > /2 log p/ /T 2},
{y € R": |d(oy — px, B)| < (om)"/*/\/1 = 2, l|loy — pzll, > v/—2logn//1— p*},
{y e R": |loy — pll, > (1+1/10)y/=3log(pn)/v/1 = p2}.

We then apply Lemma [5.2] to get

o / Z Hlyz t17t27 7"'70)a+y\/ 1 _a2)d7n(y)
Rn

t1 €[mi J:l 0) max(xl 0)] lENT: =1
to€[min(za, 0 ),max(z2, 0 0<16|<3
a€[0,p)

< min(M, 1) - 2% 9K 50000003

+n(=(1—p)*2
lVE-1] .

+ 50000073 Z ’r]p'g(K_l)(—(l — p)22m+1 log p + 1)2m2p(1—p)22mvmm(m,1)
m=M

VE=T|+1

_ L
MRS 0 4 1) p1 2 500000n

(74)

+ 500000n% (1p) /4 (=2(1 — v/2p)* log n + 1)yt =V2)’
+200(n + 2)!((—31og(np)) " /2 + 1) (o)
+ 1600(n + 2)! min(2np*% /\/—4log p, 2n/+/—21ogn ).
Applying to Lemma , using (52), n < p < 6_20(”+1)1012n3<"+2)!, and pK > nl/5,
2|2 < —2M*210g(p) A 27 0p K <|zy| <n A z € B;U B,
[Ed s g(p np "

1 (75)
= p_l |LTP(1A1 - 1A])(‘r) - LTP(le - ]‘Bj)( )l < _2M 77,0

10
Also, by ,

MK <oy < A |z)2 < —2M*2logp A z € B;U B;
1 e (76)
— pisign(e) - LT, (L, — 1,)(2) > 520",
So, combining (75)), forallé',j" € {1,...,k},7 # j/, Lemmal[3.1], (73), and by applying
the inclusion-exclusion principle, and ,

MK <y | <A |z < —2MF2logp A x € BjUBj = sign(x1)-(14,(x) —14,(z)) > 0.
(77)
Thus, the inductive step is completed.

Let K € N with —2logn < _glVEI¥ log p < —4logn. Then and say that
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2Knp™K <oy | < TA |z} < —2logn Az € BjUB; = sign(z1)-(14,(z)—14,(z)) > 0. (78)

Step 5. Another iterative estimate, now for larger values of x.

We perform another induction, though this time we hold K fixed and use the additional
ingredient (78). Let M, R € N with 0 < M < V'K, R > 0 such that p?&+0 > pl/5 We
will induct on M and R. We assume that, for 0 < m < M,

2 np R <y < A |z]2 < =272 logp A € BLU B;

| (79)
— Slgn(xl) ’ <1Az(x) - 1Aj (l’)) > 0.

We know that the case R = 0,0 < M < VK of holds by . We therefore assume
that R > 1. Assume also that, for M < m < VK,

27 np RN < oy < A ey < —272logp A @ € BjU B

. (80)
— sign(a1) - (14,(2) = 14,(x)) > 0.
We will conclude that holds for m = M, i.e.
2Minp U R < | < A a3 < =22 logp A x € BjU B] 81)
— sign(a1) - (1,(2) = 1, (x)) > 0.
Redefine B;, B; so that
Bi = Bi,min(mpgiigf)’ 7371703;”) , BJ - Bj,min<2’7p'9ii;f)7 7371]og77). (82>

If M >0, Weuseform:M—l. For any M > 0, WealsouseforM§m§ VK.
Let o, M with ||lz]|; < —2"*2logp < _gtvEr logp < —4logn, 2Y°np%% < |zy| < 7,
x € B;UB;. Let B:= (B;NB;)U[(B;UB;)\ (B;UBj)]. Combining (79), (80), [#8), (58),
, and the fact that —2logn < _glVEI® log p < —4logn, we conclude that g # 0 only on
the following sets:

{y € R™: |d(oy — pz, B)| < min(M, 1) - 27D ppFH8) 1 /T — g2},
Untem<vi) 1y € R™: [d(oy — px, B)| < 2™ npF R0 /{1 — p2,

loy — px|l, > min(m, 1) - \/=27+log p/+/1 — p?},
{y € R": |d(oy — px, B)| < (om)"/*/\/1 = p2, lloy — pll, > v/—2logn//1— p*},

{y eR": |loy — pxl, > (1+ 1/10)y/—3log(pn)//1 — p*}.
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We then apply Lemma [5.2] to get

sup ‘/ > Hlyz ((t1,22,0,...,0)a + yV1 = a?)dv,(y)
R™

t1 €[min(x1,0),max( m

t2€[min(x2,0),max(z2 OEEETQ =l
€0, p]
< min(M, 1) - 2M=D% 9 E+0 50000003
N s (83)
+ 500000”3 Z ,r]p.g(K-f—R—l)(_(l o p)22m+1 lOgP‘f‘ 1)2m p(l—p) om
m=M

+ 500000n° (p)/*(—2(1 — v/2p)? log n + 1)1~ V20)?
+200(n + 2)((—3log(1p)) "/ + 1) (o) ¥
+ 1600(n + 2)! min(2np K0 /\/—41og p, 2n/\/—21log ).

Applying (83) to Lemma 5.3 using (52)), n < p < 6*20(”“)1012”3(“2)!, and p?E+HE) > pl/5,
plying g (B2, n<p p 0
2|2 < —2M*21og(p) A M EFR) < || < Az € B; U B;

1 (84)
= p7 LTy (1a, = 14,)(@) = LT, (15, = 15,)(2)] < 152" R
Also, by (51)),
2M277p.9(K+R) <z < A Hng < _9M+2 logp A € B;UB,
(85)

. 1
= ptsign(a1) - LT, (1p, — 1p,)(2) > 52" np® 0.

So, combining (84)), foralld',j’ € {1,....k},7 # j/, Lemmal[3.1], (82), and by applying
the inclusion-exclusion principle, and ,

2Mnp ) <) < A a3 < —2MF2logp A @ € BjU B
— sign(e) - (La,(2) — 14, (1)) > 0.

Thus, the inductive step is completed. Let M = |vK|. Let R € N such that 5/ <
p?EFR) < pl/55=9 If no such R exists, then p?% < n'/% so p®K < n/1% and below
holds by combining and . Otherwise, R > 0, so and say that

2K/~ <oy | < 1A ||z]|2 < —2logn A x € B, U B} = sign(z1) - (1a,(z) — 14,(2)) > 0.
87

Since 771/5 < p.9(K+R) < ,'71/5p—.97 note that 771/10 < p.45(K+R) < 771/10p—.457 so for R é 2)’
we have 2K70/5=9 < 9K pa5K pa5R11/10 =9 p11/10 [f R — 1, and if K > 2, note that
9K /5 )9 < 2Kp2Kp25Kp457711/10p—9 < g1 If R = 0, K > 3 then 2K8/3)=9 <
2K p LK 35K p11/10 p=9  p11/10 Tf | < R+ K < 3, then (1/5)logn < 3logp and 2logp <
(1/5)logn, so (74) directly implies (88). More spemﬁcally, by (74), Lemmal[5.3}(57) and (62),
sign(z1) - (14, — 1a,)(z) > 0 for x € B' U B} with |z|7 < —2logn and npngg <lzy| <.

Now, pA8E+R) < pl/10 )= 45 ooy 9K n9 45K p 45K 9 <y ASK pd5(K+R) < 11/10,

In the latter case, follovvs7 and in the former cases, implies

0 <y < TA ||z|3 < —2logn A x € BjUBj; = sign(z1) - (14,(7) —14,(2)) > 0. (88)
28
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In all cases, holds. We can finally use to conclude the proof.
Step 6. Using Step 5 to get an estimate for large values of x.
Redefine B;, B; so that

Bi = BZ-727711/10/ /—2Togn Bj = BJ'Q’III/IO/ /=2Tog (89)
Let o: R® — R" be any rotation fixing the z;-axis. Let z with [|z|3 < —4log(np) <

—8logn and n?Y/20pl/2 < |z,| < (np)1/4 Let B := (B;N B;)U[(B;UB;)\ (B;UBj)]. Suppose
x € B; U B; also. Combining (88 ., and ( . g # 0 only on the following sets:

{y e R": [d(oy — pz, B)| < "'/ /\/1 = p},
{y e R": [d(oy — pz, B)| < (pm)"*//1 = p* oy — pzlly = /—2logn/\/1 — p?},
{y eR": |loy — pzll, > (1+1/10)y/=3log(pn)/v/1 - p?}.

We then apply Lemma [5.2] to get

sup ’ > Hlyz ((t1, 82,0, . .., 0)a + yv/T — @2)dya(y)

t1€[min(x1,0),max( x R (EN: i=1
to€[min(z2,0),max(z 0<16|<3
a€(0,p]

< 500000n°y'/1* 4 500000n° (o) (=2(1 — 2p)° log 1 + 1)y~
+200(n + 2)!((=3log(np)) "/ + 1) (pn)** + 1600(n + 2)!12n"/10 /\/~21og n.

90
Applying to Lemma , using and n < p < 6_20(”+1)1012"3(n+2)!, o
lz]l; < —4log(np) A 1*/2p!? < fan| < (np)/* A @ € B;U B
—s 5 LT (1, — 1a) () — LTy(1p, — 15)) ()| < 1_107721/20,01/2. (91)
Also, by ,
P20t < | < (o)t A a5 — 4log(np) A @ € B;U B .
92

) 1
= pisign(n) - LT, (1p, = 1n,)(x) > o/ p!/2

So, combining (91)), (92)) for all ,j e{l,...,k},7 # j', Lemma[3.1] (89), and by applying
the m(:lusmn exclusmn principle, and ( .,
22 < | < (np)l/4 Al < —4log(np) A« € BjU B;
g Sign(ml) ’ <1Az<x> - 1Aj (l’)) > 0.

So, and say that
V20! < a| Alz]); < —4log(np) A x € BiUB) = sign(w1)-(1a, () —1a, () > 0. (94)
Finally, we use (94) in place of and repeat the computations through to get
np < || A |y < —4log(np) A @ € B{U B} = sign(z1) - (1a,(z) — 14,(z)) > 0. (95)

In conclusion, follows from and (46)), letting B} := B] and B/ := B,
Step 7. Completing the proof.

(93)
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For completeness, we derive . Redefine B;, B; so that

B, = Bi,27721/20pl/2/\/m’ Bj = BJ,QWQI/QOPI/Q/\/TMP)' (96)
Let o: R® — R" be any rotation fixing the z;-axis. Let z with ||z|3 < —4log(np) <

—8logn and np < |z1| < (77,0)1/3. Let B := (B; N B;) U [(B; U Bj) \ (B; U Bj)]. Suppose
x € B; U B; also. Combining (94 , and . g # 0 only on the following sets:

{y e R": |d(oy — pz, B)| < 77””%”%/@%
{y € R": |d(oy — px, B)| < ()" //1 = 2, |loy — pxll, > /~2logn/+/1 — p?},
{y eR": |loy — pll, > (1+1/10)y/=3log(pn)/v/1 = p2}.

We then apply Lemma [5.2] to get

L0, ‘ Z H‘yl t17t27 7---70)05+yv 1 _062)d’}/n<y>

tlé[mln (21,0),max( ac R™ leN": =1
t2€[min(x2,0),max(x2 0<4|<3
€0, p}

< 500000n°7*1/20p1/? + 500000n° (pn) /*(—2(1 — 2p)* log n + 1)y 27
+200(n + 2)!((=31og(np)) " V"2 + 1) (pn)*? +1600(n + 2)127°/° /2 //~4log(np).
07

12,3 .
Applying to Lemma , using and 1 < p < e~ 20+

2|5 < —4log(np) A np < |z1| < (np)** A 2 € B; U B, .
1 98

= p ' |LT,(14, — 14,)(z) — LT,(1p, — 15,)(z)| < 0"

Also, by ,

np < || < (np)/* A ||z||s < —4log(np) A x € B;UB;
(99)

. 1
— p~sign(@n) - LT,(1s, = 13,)(2) > 7500

So, combining (98), (99) for all ¢, 6 {1,...k},7 # j/, Lemmal3.1], (96), and by applying
the inclusion- exclusmn principle, and .,

np < lerl < (np)'7% A a2 < ~4log(np) A @ € BLUB; = sign(a1) - (Ly, () — La, (2)) > 0.

(100)
Then, (100)) and say that
np < || A ]l < —4log(np) A« € BjU B] = sign(x1) - (1a,(z) — 1a,(2)) > 0. (101)
Finally, follows from ((101)), completing the proof. O

7. PROOF OF THE MAIN THEOREM

We now combine the Lemmas of the previous sections, as described in Section [I The
main effort involves verifying the assumption of the Main Lemma Once this is done,

Lemma can be iterated infinitely many times to complete the proof.
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Theorem 7.1. Fiz k = 3, n > 2. Define Ax(y,) as in Definition and define 1, as
in 29). Let {C;}F, CR™ be a regular simplicial conical partition. Then there exists py =
po(n,k) > 0 such that, for all p € (0,p0), (1¢y,...,1le,) uniquely achieves the following
supremum, up to rotation

k
sup  p 'Y | ALTfidw = sup (i, fr):

(f1r fK)EAK () i—1 JR" (f1r fK)EAK(n)

Proof. Within the proof, we will assert that p > 0 satisfies several upper bounds, and then
at the end of the proof, we will define py as the minimum of these upper bounds. By Lemma
B.1] let {A;}F, be a partition of R” such that

¢p(1A17'--,1Ak) = sup wp(fh"'?fk)' (102)

(f17~--7fk)€Ak('Yn)

By (12)), write
2
p—IZ/ 14, LT, 4,dy, = Z > ‘/ 14V 0 hydry,,
]Rn

i=1 feN"

plft. (103)

Step 1. The partition {4;}* , is close to being simplicial.
For i € {1,...,k}, let z = fA zdy,(xz) € R™. Subtracting the || = 1 term from both

sides of - treatlng the remaining terms as error terms, and using that [|14,[|7,.,, <1
foralli=1,... k&,

k k
Y [ T, - Sl | < 3t (101)
i=1 Y R" i=1
Therefore,
«
ZH H .wO 1A17"'71Ak) > wﬂ<1A17"'71Ak) 3kp > wp(lBl7"'7lBk>_3kp
(104) Lemma 2.5|)
> do(lpy,. . 1g,) — 6kp "B sup (i, fi) — G

(f1s f)EAK(Tn)
Step 2. Applying a small rotation.
For i € {1,...,k}, let w; := [, wdy,(x). Let p > 0 such that 6kp < 1072, Then by
Lemma [2.§],
da({A}iy {Bi}iLy) < 6(6kp)", (105)

1/2
inf (Znaz, wz||£n> < 6(6kp)"/. (106)

c€S0(n)

Note that - follows from (105)) by Hilbert space duality and since the set of functions
{z;}?_, are contained in the orthonormal basis {hg\/_ Foenn of La(7y).
Let x=(x1,...,2,) € R" let 4,5 € {1,...,k}, ¢ # j, and write the following equality of
L- functions
La(2) = La(z) = Y coho(z) V0L, (107)

LeNn
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Let ¢ = (¢4,...,¢,) € N". By applying an orthogonal change of coordinates to {A,}*
may assume that ¢, = 0 when |¢| = 1, {; = 0. By (9) and (0], write

pLT,(La, = L) (@) = > eoll] o () Ve (108)
LeN™
Since dy({Ap}E_y, {B,}E_)) < 6(6kp)/5, there exists {B)}¥_; a regular simplicial conical

partition, such that (Z’;Zl |14, — 1Bg||%2(%))1/2 < 6(6kp)'/8. In particular, by Hilbert space
duality,

p=1 W'

‘ / o(1a,(@) = 1a,(2) — (L (2) — Ly (@) dya(2)|| < 6(6kp)"", (109)
n 6727,

‘ / 2(Leauae(x) = Lpropne (@))dm(@)|| < 6(6kp)"/8. (110)

Since k = 3, and since Zp J A, zdyn(z) = [g. xdy,(x) = 0, there exists a 2-dimensional

plane II C R™ such that 0 € II and such that, for all p € {1,...,k}, pr zdy,(x) € IL

Without loss of generality, II contains the z; and z5 axes.
Let {lev ';:1 be a regular simplicial conical partition such that

N 1/2
(Z 115, — 1BgHQL2(wn)> < 10(6kp) /7, (111)
p=1
such that for fixed ¢ # j, 1,7 € {1,...,k} and for some X € R,
[ 204 = L@t =X [ ain@) - 1oy (112)
and such that
/ 21 momy )dn() € L (113)

Such {By}%_, exists by (109), letting p > 0 such that p < (10000k)~®, so that

[ #m @) - @)@ =3vB/ava).

&

| [ oo epania)] - / ol = V/avA)
So, by the triangle inequality applied to , and (| - 2
/ ol () — L, @)d(@)| > 3VE/ (V) — 107 > 173 (114)
/ #nn @) (@) > VB/(4ym) — 1072 > 1/3. (115)

Specifically, we first apply a rotation to {B” }k_1 such that - holds. Then, by (110] - we
then apply another rotation that fixes the x; axis, so that (113) holds. By (]109|) (L1op, (114)

and (| ., each of these two rotations can be chosen so that a given unit vector is moved in
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R™ a distance not more than 12(6kp)'/®. And since we are rotating three polygonal cones
with two facets each, (111]) holds.
Using ((111)) and the triangle inequality,

k
D14, = 1ayllZae))"* < 20(6kp)" /. (116)
p=1

Also, using that ¢, = 0 for |[¢| = 1,4, = 0, implies that B; N B; C {z € R": x; = 0},
and we may assume that B C {x € R": z; > 0}.

Let n; € R™ denote the interior unit normal of B; such that n; is normal to (0B;) \ B,
and let n’; € R™ denote the interior unit normal of B} such that n’; is normal to (0B}) \ B;.
Then, define B;, B; such that

B;:=BjU{z € R": 21 > 0 A (nj, z/ |lz|,) > —4p*/**/\/=31og p},
Bj:=BjU{r € R": z1 <OA(n],z/ ||z]],) > —4p*1/% /=3 1og p}.

Since B; U B; is symmetric with respect to reflection across B; N B; = B; N Bj, equation
(112) implies that there is a A > 0 such that

[ w04 = L@t = A [ alla@) - 1n@hdn@.  113)

n

(117)

Step 3. An estimate for small z.
Combining (6)), (9), and (L18), there exists |b;] < 50(6kp)'/'¢ (by Hilbert space duality,

eqrefthree7.93 and ([117))) such that

p LT, (1a, = 1a))(x) = p ' LT, (1, — 1p,)(x) — by = > be|t| p" " hy(z) VAL (119)

LeENT: |£]>2
Choose p; so that 0 < p < p; implies 100K/ 5°°° _ m(m+n—1)"pm2m"3™(— log p*)™/? <
p~1/80/20. Recall that the number of ¢ € N" such that |¢| = m is equal to % <
(m+n—1)". Note that, |b| < 100k'/¥6p/16 for all £ € N*, |¢| > 2, by Hilbert space duality.
Let z € R™ with ||z]|> < —log p*. By (119), Lemma ,
‘p_lLTp(lAi - 1A])(x) - p_lLTp(lBi - 1Bg)($) - ZL‘1b1|

< 100k1/8p17/16 Z 1| p|£|—2 |he(z))| NI

CeN™: |¢]>2
< 100k1/8 17/16 g |Z|—2 g n 3‘£| - 1 . Zi (120)
<0050 ST e 2 8 T ma{ 1, i)

LeN”: |0)>2 i=1

< 100k1/8p17/16 Z m(m +n— 1)npm—2mn3m(_ 10g p3)m/2 < p21/20/20'
m=2
From Lemma [£.2 and (9), for # = (z1,...,2,), with B; N B; C {z € R": 2y = 0},
r € B;UB; A |z]|} < —log p® = p~tsign(zy) - LT, (15, — 1g,)(z) > (1/10) |a1|. (121)
Then ((120) and (121]) show that

21| > p?Y A ||2]|} < —log p® A w € BiUB; = p~tsign(axy)- LT, (14, —14;)(7) > 0. (122)
33



By (102)), Lemma [3.1} and by applying (122) for all ¢, 5" € {1,...,k}, ¢ # j/, along with

the inclusion-exclusion principle,
21| > p?Y A z)3 < —logp® A x € BJU B} = sign(z1) - (14,(z) — 14,()) > 0. (123)
From ([123)),

v € BUB) A ld(x, (OB) U @B))| > 0?2 A [lall? < ~log p*

= sign(x1) - (1a,(z) — 1a,(x)) > 0. (124)

Step 4. Applying the Main Lemma.
Recall that there exists a 2-dimensional plane II C R™ such that 0 € II and such that, for
allpe {1,...,k}, pr xdy,(x) € II. Define

S := span { / (Ipy(a) = gy (@) zdmn(2), /R (L) — Loy (2)drae)
’/n(lBé- () = 1<B;UB;>6($))wdvn(x)}.

Note that S is a 2-dimensional plane and 0 € S. By (112)), [.(15/(z) — g (2))dyn(x) € 1L

Moreover, since { Bj, B}, (B; U B})°} is a regular simplicial conical partition,

si(e). [ s, [ ).
B (BJUB))e

S = span /
B

From (113]), S and II are 2-dimensional planes that both contain the linearly independent
vectors f(BguB;)c zdyn(z) and [p,(1p: (#)—1p(2))xdyn(x). We therefore conclude that S = II.

In particular,

’ ’
i J

| sdn(@) €Ny e (i) (125)
B,
Let py = min(pl,10_2/6k,6_20(”+1)1012n3("+2>!). Using (124), (112) and (125)), we can it-

eratively apply Lemma [6.1| an infinite number of times. In particular, any time we know
the conclusion (49)), we use in the assumption . That is, we first apply Lemma
with 7 = p?/2°. In this case, since n = p?'/2, implies (48]), implies , and
(118)) implies . Now, using the conclusion of Lemma e can then apply Lemma
with n = p'*2/20. Once again, using the conclusion of Lemma , we can apply
Lemmal6.1] with 1 = p>t21/2°_ and so on. Repeating this process infinitely many times shows
that there exists a regular simplicial conical partition {C;}*_; which is equal to {4;}F_,. O

The Main Theorem now follows from Theorem [7.1] and the Fundamental Theorem of
Calculus.

Theorem 7.2 (Main Theorem). Let n > 2,k = 3. There exists py = po(n, k) > 0 such

that Conjecture |1| holds for p € (0,p9). Moreover, up to orthogonal transformation, the

reqular simplicial conical partition uniquely achieves the mazimum of in Congecture .
34



Proof. Choose py via Theorem and let 0 < p < po. Let {B;}%_, C R" be a regular
simplicial conical partition. By Theorem [7.1] and the fact that A%(~,) C Ag(y,),

Y,(1p,,...,1p,) = sup Yo(fi, .o fr) (126)

(f15 1) €AY (vn)

Let (fi,..., fr) € AYv). By (@2), S8, fun fiTo fidvn = k(1/k?) = 1/k. By the Fundamen-
tal Theorem of Calculus and ({126]),

d Pld & 1 1
ZAH szpfzd’Yn :/ {%Z an szozfzd’Yn:| dOé_'_E :A wa<f17"'>fk’)d04+E
=1 0 =1

P 1 PTd & 1
S/[; ¢a<1Bla'~~71Bk)da+E :A {E;/n 1BiTa1Bid’7n:| da'}_E

k
= Z/ 1BZTplBdeVn
i=1 YR”

O

By using the invariance principle of [I2, Theorem 1.10,Theorem 3.6,Theorem 7.1, Theorem
7.4] which transfers results from partitions of Euclidean space to low-influence discrete func-
tions, Theorem implies a weak form of the Plurality is Stablest Conjecture. While the
following result is quite far from Conjecture [2] and might not be of immediate use to com-
plexity theory, it is included to indicate a possible application of Theorem [7.2] Essentially,
if we modify the exact application of the invariance principle that is used in [12, Theorem
7.1], then Conjecture [2 follows. However, by avoiding [12, Theorem 7.1], we must make very
restrictive assumptions on the function f in Conjecture . Nevertheless, [12, Theorem 7.4]
shows that the class of functions f described in Corollary is nonempty.

Note that the most straightforward application of Theorem only gives vacuous cases
of Conjecture , in which 0 < p < po(n, k). In particular, since Theorem requires
0 < p < po(n, k), by we must take € < 3kp to get a nontrivial statement in Conjecture .
In this case, the invariance principle [12, Theorem 3.6] gives 7 with log 7 = —C(log(¢))?(1/¢),
so that 7 becomes a function of p. Since we provide a p with inverse exponential dependence
on n, then 7 also has inverse exponential dependence on n. Thus, no function f can satisfy
the assumptions of Conjecture [2]in this case. To avoid this issue, we modify Conjecture |2| as
follows.

Corollary 7.3 (Weak Form of Plurality is Stablest). Let po(n, k) be given by Theorem[7.4
Fixrn > 2, k = 3, and Let N := logloglogloglog(n) > 1. Let 0 < p < po(N,k) < 1/2,

-----

-----

/Rn<g’Tpg>d%_kin Z (f(0),T,f(0))| <e.

Then part (a) of Congecture @ holds. From [12][Theorem 7.4], this class of f is nontrivial.

Unfortunately, the proof of Theorem fails for small negative p, as we now show.
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Theorem 7.4. Fiz k = 3, n > 2. Define A(v,) as in Definition and define 1, as
in 29). Let {B;}f_, C R" be a regular simplicial conical partition. Then there evists
p2 = pa(n, k) > 0 such that, for p € (—p2,0), (1p,,...,1p,) does not achieve the following
supremum.

sup  po Z FLT fdy = sup - (fi ).

(f1rsf)EAD (7n) (f15efR)EAY ()

Proof. Let e; = (1,0,...,0), e = (0,1,0,...,0). Fixi,5 € {1,...,k},i # j. Let 0: R* —
R™ denote reflection across B; N B;. Since B; = o(B;), by (31]), it suffices to find 4, €
{1,...,k} and x € B; such that p~'LT,1p,(x) < p~'LT,1p,(x). By replacing {B;}i_, with
{rB;}} | for 7: R® — R" a rotation, we may assume that span{z;}*_, = span{e,es}.
Moreover, we may assume B; N B; C {x € R": 21 = 0} and B; C {z € R": 2y > 0}. Let

= (v/3/2)er + (1/2)es, 7 := —(1/2)e1 + (V/3/2)es. Fix x € B; with (x,7) > 0 also fixed.
From (36)) and the fact that p < 0, there exists ¢ = ¢({x,y)) > 0 such that

<x, LV 1 - 1Bj><x>> — (e + O 7). (127)

For z € R" with (z,y) = 0, we have, as in Lemma [5.2] and Lemma [4.1]

L (3010 = 1)t /=P

=2 / > (11— y?)d’yn(w‘ < 200(n + )!((p|z]l,)" + 1)e =15,
B(0,pllzll)

So, a derivative bound as in the proof of shows

/n <Xn;(1 — ) (g, — 1p)(zp + yM)dvn(y)) ’

1=

(128)
< pl@, §)200(n + 2)! + 200(n + D)Y((p |]|,)" + 1)e 711,
Then,

=
DI

pLT,(15, — 15,)(z) = — (&, VT, (15, — 15,)(2)) — AT (15, — 15,)(2))

= (2, T,(V(1p, — 1p,))(2)) P 5 (Z(l —y2)(1p, — 1p,)(zp + y\/1 — pQ))dvn(y)

(129)
So, choose p < (¢/8)(200(n + 2)!)~!, then choose (z,y) sufficiently large, and then combine

(127),(128) and to get

c
p_lLTp(lgi —1p,)(z) < —<x,@1.

=1
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8. OPEN PROBLEMS

There are two problems that are left open in this work. First, Conjecture [1| remains
entirely open for k£ > 4 partition elements. Some of the results of this work hold for the
case k > 4, and some do not. The first variation in Lemma holds for all £ > 4. Strictly
speaking, the argument of Lemma may not hold for p < 0 since it is not clear whether
or not the functional is convex. Also, the technical error estimate from Lemma
holds. One of the main issues for the case k > 4 is that Lemma [2.5]is no longer available.
Moreover, the stability estimate in Lemma [2.8 would be needed for £ > 4. The following
conjecture summarizes the main technical issue in proving an analogue of Lemma [2.5] for
k=4, n = 3. If we could have a stability estimate for Conjecture [3| below, resembling the
estimate of Lemma [2.8] then in principle the proof of the Main Lemma, Lemma [6.1] would
go through, and therefore Theorem would hold for k£ > 4 as well. Before we state the

conjecture, recall Definition , and .

Conjecture 3. Let k =4, n = 3. Suppose {A;}5_| CR" satisfies
Yo(lay, .-, 1a,) = sup Yol f1s-- - ).

(f15S1)EAY (7n)
Then {A;}_, is a simplicial conical partition.

This result is known to be true if we replace A(v,) with Ay(v,), by [14, Lemma 3.3].
However, the volume constraint of A%(,) causes difficulties for the methods of [14} [16].

The second problem that remains open is Conjecture (1| for p < 0 or for p positive and
much larger than 0. We have already discussed the issues for p < 0 in Theorem [7.4], where
it is shown that our proof strategy surprisingly fails for p < 0. For p with, e.g. p € (1/2,1),
the error bounds that we use in the proof of Theorem seem to break down, especially
when we apply Lemma , Lemma , and . There is nothing special about our choice
of 1/2 here, other than that it is a positive number that is sufficiently far from 0. So, it
seems that our method is not applicable for p € (1/2,1). For example, Lemma has an
error term which is estimated by Lemma [5.2l However, the error estimate of Lemma [5.2
grows exponentially in n. And to compensate for this error, we need to choose p to decrease
exponentially in n. Even before we apply the Main Lemma , there is also a loss in ((120)),
where we essentially need a very specific L, bound on the Gaussian heat kernel (or Mehler
kernel). We used the rather crude method of bounding each Hermite polynomial separately
in Lemma [5.1, and then summing up these polynomials. In principle, both of these losses
could be avoided with dimension independent error estimates in Lemmas |5.3| and Lemma
(.2l However, this seems to be a difficult task.

However, since the case p € (1/2,1) relates to geometric multi-bubble problems, whereas
the case of small p seems to concern entirely different geometric information, it is unclear
whether or not a single method could simultaneously solve or interpolate between different
values of p in Conjecture [I}

Finally, a new open problem has emerged subsequent to this work. It turns out that if we
modify the measure restriction in Conjecture[I]in any way, then the analogue of Conjecture
is false [I1]. To be precise, in the statement of Conjecture |1} let (ay,...,a;) with 0 < a; <1
for all i = 1,...,k, and such that Zle a; = 1. Assume that (a,...,ax) # (1/k,..., 1/k).
Then, the partition {A;}¥, € R™ which optimizes the noise stability subject to the
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constraint v, (A4;) = a; for alli = 1,. ..k is not any translation of a regular simplicial conical
partition. In fact, the optimal partition {A;}* , has essentially no elementary description
using simplices. See [I1, Theorem 2.6] for a precise statement. So, for example, the following
question is open.

Question 1. Let p > 0, k = 3, n = 2, and let (a1, as, a3) € (0,1)® with Zle a; = 1. What is
the partition {A;}?_; maximizing the noise stability (3] subject to the constraint y2(4;) = a;
forall e =1,2,37
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9. APPENDIX: DIFFERENTIATION OF THE ORNSTEIN UHLENBECK SEMIGROUP

We prove @ and . Let p € (—1,1) and let f: R" — R. In the following calculations,
we use integration by parts freely, and we use differentiation in the distributional sense.
We first calculate derivatives of T, f(z) with respect to z € R™, and then we calculate the
derivative of T, f(x) with respect to p.

./ fxp+y/1—p?)ldv.(y
/8f xp+yy/1— p?

0z;

/8 pr—l—yvl— d'yn

axz

ﬁ

—/f(fvp+y\/1—,02)a .
1 —p
= —%ﬁ/yif(wwry\/l—ipz)d%(y)- (130)

o p 4

a—x?Tpf(fE) = =) o |
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\/1— 0z

0> 8
/ 901 flzp+y 02))yidyn(y)

flxp+yv/1 = p?)]yidyn(y)

Yidry (y

1—p?
1=r")5 [ Ay (y)]
1 —yi + 1)dn(y)
1 52[)2 /(3/? — D f(zp+yv/1—p?)dm(y). (131)
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RECVIEL) % (2, VT, f(2)) — AT, f(x)).
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