MAXIMAL FUNCTION ESTIMATES OF NAOR AND TAO

STEVEN HEILMAN

ABSTRACT. We review some high dimensional maximal function estimates from [NT].

1. INTRODUCTION

We discuss high dimensional maximal function estimates. We begin with a few examples.
Let B = [—1,1]" € R” be the cube. For 1 < p < oo, consider the maximal function on

L,(R™) associated to the cube:
1
M f(z) := sup [F(y)] dy.

r>0 |TB| rB+x
It is known that M maps L,(R") boundedly to L,(R"), and that [[M||, gz @) < 6

FiGURE 1. Functions ﬁlrgﬂ, used in the definition of M f(x)

for 3/2 < p < co. However, the weak type (1,1) norm of M satisfies || M||, gn) 1, _@n) =

c(logn)' /1% Now, let 1 < ¢ < oo and let B C R be the unit ball in the £ norm, i.c.
B ={z eR": |[z|[, <1}. Then |[M|[; &n)_p, @) < ¢ for 1 <p < oo. The property that
differentiates the cube from the other ¢, balls is volume-normalized surface area. Suppose
B := rB with r defined so that vol(B) = 1. Then the surface area of B is of order y/n.
However, the surface area of the unit cube is of order n, and this large surface area defeats the
method used for the other ¢, balls. Note that the ¢; ball is not uniformly convex, so uniform
convexity does not appear to play a role in these estimates. Also, it is unclear if the constant
3/2 that appears above gives the limit of what can be proven, or if it is merely an artifact
of the method that is used. To get the constant 3/2, one proves dimension independent
estimates for the dyadic maximal function for all 1 < p, and then transfers the result to the
full maximal function, at the cost of increasing p to 3/2 < p [BJ.

Date: March 20, 2012.



Since M is an averaging operator, we see that [[M]|, _,, < 1. Suppose we had an
inequality of the form [{x: M f(x) > t}| < (¢/t)||f||;- Then the Marcinkiewicz interpolation
theorem would immediately imply [[M]|[, ,; < c- ¢, where ¢, does not depend on n. So,
to get an infinite family of L, inequalities that are independent of n, it suffices to prove a
weak type (1, 1) inequality that is independent of n. It is for this reason that we look for
dimension independent weak type (1, 1) inequalities. However, note that this task appears
quite difficult.

Remark 1.1. To apply the interpolation theorem, it actually suffices to prove that M is
of restricted weak type (1,1). Though this task may at first seem easier to accomplish, in
practice it does not seem any easier than simply proving the weak type estimate.

There are only a few nontrivial dimension independent weak type (1, 1) inequalities that
exist. For example, if T} is a heat diffusion semigroup (similar to a T} defined in class), then
we have the Dunford-Hopf-Schwarz abstract maximal inequality

1N 1
TiSup o Tif(x)dt > A Sx||f||1

N>0 0

As a consequence of this, one can prove a dimension independent maximal inequality for
the Poisson semigroup, and also dimension independent Littlewood Paley estimates. For
f:R* = R define Py(z) := ¢, /(1 + ||z|[3)™TD/2, where ¢, is defined so that [P = 1. Let
P,(x) =t"Pi(x/t), and let P,f(z) := f x Py(x). Then [S2], [ST]

[Isup Py f{[1.00 < e[ £l -
t>0

Moreover, for s > 1,s € Z,L > 0,

(Z‘PL2j+S*f—PL2JS*f‘2> SCp,SHpr'

=

! P

We now begin to discuss the weak type (1,1) inequalities for the maximal function in
general metric spaces. The approach of [NT] uses a combination of harmonic analysis and
martingale techniques, similar to other methods that we have used in the course for com-
pletely different inequalities. The combination of harmonic analysis and martingales is not
new [S1]. However, the addition of random partitions, the exact implementation of the
martingales, and the generality of this result are quite novel.

We would like to generalize some of the above results to general metric measure spaces.
However, before we even begin, we need to define what it means for a metric space to have
dimension n. Such conditions should express some compatibility between the metric and
the measure. In the end, the goal is to find geometric conditions, that only involve the
metric and the measure, that allow one to prove these estimates. In doing so, we expect to
understand the geometry of general metric spaces better.

We begin with some notation and definitions

Notation 1.2. For A, B > 0, A < B means that there exists C' > 0 such that A < C - B.
Also, A < B means A < B and B < A.



Definition 1.3. A metric measure space (X,d,u) is a separable metric space (X, d)
together with a Radon measure pu. Let B(z,r) := {y € X: d(x,y) < r}, and assume that
0 < u(B(z,r)) < oo for all r > 0.

Definition 1.4. Let p > 1, and let f: X — C. The weak L, norm of f is given by
1110 = sup - [ue: 1f(@)] > D'

Note that t*u(|f] > t) < [|fI”, so |[fll, < [If]|,- For an operator M and for p > 1,

we define the weak (p,p) operator norm [[M]|[,,, . of M as the smallest real number
0 <|[|M]|,, s < oo such that the following inequality holds
M ] 00 < NIMI] o 1], -

Definition 1.5. Let f: X — C be locally integrable. The Hardy-Littlewood maximal
function is defined as

1
M) = sp — s /B @)

Let R C (0,00) be a set. Define the maximal operator Mg by the formula

= 8su —1
Maf(e) = sup i | 15wl duty)

Below, we will especially consider R = 2% = {27: j € Z} and R = (0, 1].

It turns out that a general metric space has no chance of satisfying a reasonable weak type
(1,1) bound. We therefore need some assumptions on the space that are mild enough to
cover several cases, but specific enough so that it is possible to prove something. Formulating
such conditions actually remains a challenge, as we will see. The following conditions impose
some natural compatibility between the metric and the measure.

Definition 1.6. The space (X,d, u) is called Ahlfors David n-regular if: for all z € X
and for all r > 0,

" < u(Bla,r)) < Cr",
That is, p scales like renormalized Lebesgue measure in Euclidean space. Also, replacing u
by ¢ p does not change the weak (1, 1) norm of an operator M, so for the purpose of proving

such an inequality, we may similarly rescale a measure satisfying u(B(z,7)) > (1/c)r™ so
that the lower bound (B, z,r) > ™ holds.

Definition 1.7. The space (X, d, ) is called n-microdoubling with constant K if: for
all z € X and all » > 0,

p(B(x, (L+1/n)r)) < K- p(B(x, 7))

Note that an Ahlfors David n-regular space (with constant C') is n-microdoubling (with
constant eC').

Definition 1.8. The space (X, du) is called strong n-microdoubling with constant K
if: for all z € X, for all » > 0, and for all y € B(x,r)

w(B(y, (1 +1/n)r)) < K- u(B(x,1)).
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Remark 1.9. Perhaps some control on the derivative in r of u(B(z,r)) would lead to
stronger estimates. Such a derivative bound would serve as the analogue of a bound on
volume normalized surface area, which we discussed above.

Remark 1.10. Notice also that the above conditions are all scale invariant. That is, given
¢, d > 0 we may replace the metric d with ¢-d, and we may replace the measure p with ¢ - pu,
and then Definitions , and are unchanged. Moreover, the weak (p,p) operator
norm is unchanged by these scalings. It is an important feature of our definitions that they
remain scale invariant.

From harmonic analysis class, we know that a Vitali covering argument gives the following
bound in Euclidean space, which worsens as n increases

||M||L1(Z§)HL1,00(5§L) < 5%

This covering argument can be sharpened to give the bound nlogn for any norm on R™ [SS].
However, one cannot improve these bounds by covering arguments alone. Something more is
necessary. For example, note that the heat diffusion semigroup on R" is given by T} f(z) =

fohy = f*((4mt)~"/2e~WI2/4) (2), and the level sets of h; are Euclidean balls. So, one can
compare the averages over Euclidean balls to the average f*h;, and then apply the Dunford-
Hopf-Schwarz maximal inequality with a loss of a factor of n, so that || M| |L1(£3)—>L1,m(€2}) <n.
However, even in the Euclidean case, this is the best known weak type bound.

Theorem 1.11. (Theorem 1.1, Localization, [NT]) Let n > 1 and K > 5. Let (X,d, u) be
a metric measure space satisfying the n-microdoubling condition from Definition[1.7]. Fiz a
nonempty bounded R C (0,00), and let p > 1. Then

log log K\ /7
||MRHLP(X)—>LI,’OO(X) S K+ (1 + 1+ loon T logn) ) Srgg ’lMRﬂ[’"vW]"LP(X)—>LP,OO(X) . (1)

By splitting the interval [r, nr] into m pieces of the form [rn//™ rnU+Y/™] one can deduce

the following.

Theorem 1.12. (Corollary 1.2, [NT|) Let n > 1 and K > 5. Let (X,d,pu) be a metric
measure space satisfying the strong n-microdoubling condition from Definition|1.8 Then

HMulﬁl,oo Sk nlogn,

||M2Z’|1—>1,oo Sk logn.

2. A VARIANT OF DOOB’S MAXIMAL INEQUALITY
In this section, we begin with the following.
Assumption 1. (X,d, u) is a metric measure space with pu(X) < oo.

Recall the classical Doob maximal inequality. This inequality is often proven using stop-
ping times. We present a more analytic proof. The key point is that, since we are dealing
with a sequence of partitions that refine each other, we are in the setting of an ultrametric

space, so we get a constant of 1 in a weak-type inequality:.
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Theorem 2.1. (Doob Mazimal inequality) Let Fo C F; C ---Fyn be an increasing
sequence of (finitely generated) o-algebras (i.e. a sequence of finer and finer partitions). Let

f: X =R, f>0. Then
[[sup [E(f|F)] {100 < £l -
k>0

Using this, and that HSUszo \E(f]fk)woo < |fllo, we get, for 1 < p < oo,

0’

p
| sup [ECf[F)[ [, < —Ifl], -
k>0 p

Proof. Let t > 0 and let A := {x: sup,>q [E(f|F%)(x)| > t}. For each x € X, choose
k = Ek(x) so that

E(f|Fu(a)(@)| > t. (*)
Let Pj(x) denote the element of F; such that x € Pj(x). Then A C UzeaPiw)(x). Let
z,y € A. If Pi(z) N Pi(y) # 0, then either P;(z) C Pi(y) or Pi(y) C Pj(x), by the nesting
property of the o-algebras. So, there exists A’ C A such that the following union is disjoint:
UsearPuge(z) 2 A. From (+), since E(f|Fi) (@) = (L n(Pugoy () Joy 171 > 1

WA) < (P (@) Z/ \flé—Hle-
ze Al zeA' Pi(a)(x

Here we have used disjointness of the Py, () for x € A’. So, the weak type (1, 1) inequality
is complete.

Now, let g(z) = f(2)1f(2)|>t/2, and denote M(f) = sup>q |E(f|Fx)|. Then Mf <
Mg+t/2,s0 {x: Mf(x) >t} C {Mg(z) > t/2}, and from above,

p(z: Mf(x) / |1 L p15e/23dpa

Therefore, (achieving a slightly different constant than above)

[y = ["peuars = o
0
> 2
ﬁ/ ptp_l—/ Flgp>e/2ydpdt —, Doob
0 t X

2|f1
:2/ f/ pt?~2dtdp , Fubini
x Jo

2P / Jm
X

We now give a modification of Doob’s inequality that we will need later on. In some sense,
this is a stopping time argument, but we will not emphasize this below.

Theorem 2.2. (Modified Doob Inequality) [NT|. Let Fo C F; C --- Fy be an increasing
sequence of (finitely generated) o-algebras, and let 1 < p < co. For each k € N let My, be a

sublinear operator defined on L,(X) + Loo(X). (So, for all functions f,g in the domain of
5
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My, and for all ¢ € R, the following holds pointwise: |My(f + g)| < |[Mi(f)| + |My(g)| and
|My.(ef)| = |c| - |Myif|.) Assume that

fe Lp(X) = |[Mif]l, 00 < AllfIl, (2)
f € Loo(X) = |[Mi [l < BI[E(|/]1F)]cc- (3)

Suppose also that the following localization property holds
f - Lp(X) + LOO(X) (I’ﬂd Ek S ]:k = 1EkMk+1f = Mk—l-l(]-Ekf) (4)

Then, for all f € L,(X),
190D [ M llpo < (24) + @B £11,, -

Proof. By replacing a given f by f/t for ¢t > 0, it suffices to show
Fe L,(x) = p (swplanf| > 1) < (@2 + 287) [ 177 5)

Let f € L,(X)N Loo(X). By Jensen’s inequality, [E(|f]|Fx)]? < E(|f|"|Fk), so Doob (Thm.
says
1

p (supBAF1170) 2 5 ) < e (supBASP 170 = o) < 0 [ 197

So, to get , it suffices to show

u() = ({swplanf > 1} L1172 = 5 b) <ear fie @

Observe

N 1

C ) _

D U{Ifl> 1and s B(11117) < 5} )
k=0 =7
Now, define
Av=x\ | E(|f||f»)>i and Q) = E(\fy|f)>i NA
k= e iV=355 (0 k= k = 5g k-

Note that A, € Fi_1, and the sets ), € F;, are disjoint, since €2, occurs when the k"
conditional expectation is the first one to exceed 1/2B. Now, the definitions of our sets,
and show that

D C [J{taMef| > 1} = (J{IMe(1a, )] > 1} (8)

Applying (3) and the definition of €, we have
IMi(flapalloo < BIE(fI Laneul Fi)lloo = BIE(f]1Fk)1ana;llee. < B/2B = 1/2

So, writing f1a, = fla,\q, + fla,, we have the following inclusion, less measure zero sets

{IMi(fLa)l > 1} CH{IMR(FLapna,) > 172} U{IM(f1o,)] > 1/2} = {[My(f1a,)] > 1/2(}9)
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We can finally prove @ and thereby finish the proof. Applying , @D, , and disjoint-
ness of the ),

N

N
<3 n(anrio)) > 112 < ey [ 1ip < ar [isr

= k=0

3. THE RANDOM PARTITION LEMMA

During the last class, Professor Naor proved the following lemma (more or less). We only
briefly discuss how this version of the lemma differs from the one presented in class.

Let (X,d, ) be a metric measure space with bounded diameter. For a partition P of X
and = € X, we denote P(x) as the unique element of P containing . We say that a sequence
{Pr}r>0 of partitions of X is a partition tree if the following conditions hold:

e Py is the trivial partition {X}

e For every x € X and k € Z>q we have diam(Py(z)) < diam(X)/2"

e For every k € Z>g, the partition Pi4q is a refinement of the partition Py, i.e. for
every x € X we have Pyy1(x) C Pr(x)

Definition 3.1. For § > 0, a probability distribution over partition trees { Py }x>¢ is said to
be -padded if, for every x € X and every k € Z>o,
P [B(z, B diam(X)/2") C Py(z)] > 1/2.

Theorem 3.2. (Lemma 3.1, [NT|) Let n > 1, K > 5. Let (X,d, i) be a separable bounded-
diameter metric measure space satisfying Definition . Then X admits a 1/(64nlog K)-
padded probability distribution over partition trees.

The Theorem differs from the one in class as follows. By rescaling the metric on X, we
may assume diam(X) = 1. Since X is bounded, pu(X) < oo, and we rescale u so that u
is a probability measure. Let x1, x5, 3,... be points chosen uniformly and independently
at random from X according to the measure p. For each k, let r;, be a random variable
uniformly distributed on [27%72 27%=1]. 'We assume that the r, are independent. Let P
denote the joint distribution of (z1,xs,..., ), (r1,79,...).

For every k € Zs( define a random variable ji: X — Z>oU {co} by

Ji(x) ==1nf{j € Z>o U {oo}: d(x,x;) < ry}.
For every k € Z>o and ¢4, ..., € Z>¢, define
P<£17 s 7£k’) = {._'L' € X: ]1(1’) - Ela ce 7]k(x) = gk}

Then Py = {P(ly,...,0lk): l1,..., 0, € Z>o} is a partition of X satisfying the nesting
property and diameter bound. That is, P(¢1,...,lk11) C P({q,...,¢), and

P(gl, e 7€k) Q B(ng, Tk) Q B(l’gk, 27k71).
Let 8 =1/(64nlog K), and fix £ € {1,...,k}. Arguing as in class, we eventually conclude

w(B(z,2772 — g27F)) B2~ (k=0)+3
MMLT“”ﬂ%m)

P [3y € Ble. /). le) # )] <1- (
7



Since ¢ < k and 3 < 1/25, we get 271+ 327F < (1 + 1/n)" (2772 — 327%). So, applying
Definition [1.7] (n + 1) times, we get

p(Bw, 277+ 5278)) < K™ (B, (2777 = 5277))).
Plugging this into the previous equation then allows us to continue the argument as presented
in class.
4. THE WEAK TYPE MAXIMAL INEQUALITY

We can now begin the proof of the Main Theorem [I.11}

FIGURE 2. The partitions P, and also the scales R

Proof. Write R C [0, D], D > 1, and fix f € L,(X) with (distance)-bounded support. As
before, by replacing f with f/t it suffices to prove

log log K /
NP (1+——— ) Q°*+ K? P

where C' > 0 is a universal constant and

Q = Sulg HMRO[’/‘,nT} | |Lp(X)—>Lp,<X,(X)' (10>
>

Step 1. Split Mg into thirds.
Let E be the support of f, and define

E' ={re X:d(z,E) < D}, E":={rx e X:d(z,F) <2D}.

Then F C E' C E” and diam(E") < 4D + diam(FE) < oo, by our assumptions on D and f.
By definition of R, Mgf is supported in E’, so Mgf also has (distance)-bounded support.
So, by enlarging the supports even more, the Theorem follows directly from the following

loglog K\ '/
||MR||LP(E’)—>Lp,oo(E”) S (1+m) Q+ K.

By rescaling the metric, we may assume that diam(E”) = 1. Given this rescaling, note that

1 1
Minaoof @) < swp ooy |11 < g [ W@)lanto)
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So, by Jensen’s inequality,
1
P
1M a0 ][, 5y < /E ) / NP du(y)du(e) = (111, -
That is, p(Mra.00)f > 1) <||f]],, s0
(Mpf > 1) = p(max{Mpno,1f, Mrna,00)f} > 1) < i Mproaf > 1) + (Mpag,ee) f > 1).
And for the purpose of bounding ||Mg||; (g1, (. We may assume that R C (0, 1].

We now apply Theorem Let {Px}r>0 be a random partition tree on E” that is -

padded with
1

b= Gnlog K
Let m be the largest integer such that 27 < 4. For k > 0 and ¢ € {1,2,3}, define
= RN [27GkOm 9=Brk=1H0m) and R i= U R;.
k>0
Then R = R' U R?U R3, so
w(Mpf >1) = p(max{Mp: f, M2 f, Mps f} > 1)
S pu(Mpif > 1) + p(Mp2 f > 1) + p(Mps f > 1).
We estimate each term of separately. Fix i € {1,2,3} and k& > 0, and define

k-1
E} = {ac € E": Mg f(x) > 1} \ U {ac EFE" MR;'_f(x) > 1}.
=0
So, E! is the first “time” that My exceeds 1. Thus, the sets E} are disjoint and

p(Mpif > 1) = p (iﬁ%’ Mp: [ > 1) = u(BL). (12)

k>0

Step 2. Applying the partition estimates (and applying randomness).
We now replace the E! with its randomization. Let

_ Z. B
Ek = {x € Ek: B (x, 2(3k+—1+1)m - P(3k+i+1)m(x) :

Observe, by Fubini and the definition of S-padded,
Bu(E) = // 1Eidpd'u - /EZ P [B (m, 9@k+itl)ym C Paktitvym(®) | du(z) > (2 k)
k

(13)
For g: E' — R, define the sublinear operator
]\4}_3}'C = 1E;2MR21EI
Combining and , then using disjointness and definition of E,Q and M, Ri
p(Mp:f > 1) <2B>  p(E;) = 2Ep (i}iﬁ Mp; f > 1) : (14)

k>0

Step 3. Randomized maximal functions, preparing for generalized Doob’s inequality.
9



Let r = 276Gk and let v < 1 + li)illgif be an integer such that 2™/Y < n. (Recall

27" =< f=1/(64nlog K).) Let g € L,(E’), t > 0. By the definitions of @, MRZ’ and R},

w(Mpig >1t) < p(Mpi g > t) = p(Mpajpamng > 1)
v—1

u=0

That is,
9 € Ly(E") = |IMp 9llz, e < 07PQ |9l ) - (15)

Let k > 0 and define Fj, := o(Py) to be the o-algebra generated by the partition Pj. Then
Fo CF1 CFp, C---. Weclaim: for every k > 0, if F' € F3pyiq1)m then

1FMR;’c (9) = MR;€+1(1F9)~ (16)
So, using the definition of M Ri, We claim: for almost every x € F’,
Lp(e) g (0)Mp (9)(z) =15 (2)Mp;  (1rg)(z). (17)

To check (I7), we may let = € Ej ., so that B(z,2-Gktitm) C Py, (2). Now,
since ' € Fsptit1)ym and P(gkrit1)m () is a basis element of the same o-field, we know that
Psk+it1ym(x) is either disjoint from F' or contained in F'. (Note the use of the ultrametric
condition here.) We consider each of the two cases separately. Recall that 27™ < g. If
Peritnym(z) C F, then for every r € Ry, r < 2-GkH-14dm 44

B(, 7‘) C Bz, 2" BFT2my C B(g, f27GkHIMY C Py viviyn(2) C F. (18)

The inclusion shows in particular that = € F, and also Mpg; (1rg) = MRZH(Q)’ SO
(17) holds. NOW in the case that Pgiqitym(x) N F = 0, then the containment B(z,r) C
Psk+itnym(x) for all 7 € Ry k1 shows that B(z,r) N F = ( for all r € Rj,,. In particular,
x ¢ F,and Mp:  (1pg) = 0, i.e. both sides of are zero. In conclusion, holds. So,

in some sense, ((16)) contains the ultrametric condition for the partition elements.
Step 4. Selection of F' (a covering of B(x,r) by partition elements).
Fix g € Lo (E’) and extend ¢ to a function on X that is zero outside of E’. Assume that

E(lg] | Fskritrym) | Loy = 1.

In particular, for all F' € F(34i41)m We have

[lsldn= [ lgldn<u(F 0 E) < i) (19)
F FNE'
Let r € R} and = € E'. Define

F = U{C € Piaktittym: CNB(z,r) # 0} € Faktittym.

Recall that Py is a partition of E”, E” = {x: d(z,E') < D}, R C (0,1] C (0,D], D > 1,
and r < 1. So B(z,r) C E”, i.e. r is small enough such that B(x,r) is covered by partition
elements in the definition of F', so
F 2 B(xz,r). (20)
10



Recall, that we assumed diam(E"”) = 1, and so by the definition of a partition tree, diamPy, <
2% 5o by the definition of F, and since r € R implies r > 2~ Gk+im

FCB(z,r+ sup diam(C)) C B(z,r + 2~ CHH+0m) € Bz (14+27™)r). (21
CEPBRtit1)m

Recalling that 27 < f =1/(64nlog K) < 1/n and = € F/,

1 @ 1 @ u(F)
(B r)) /B@,r) S By L= e

p(B(x, (1 +27)r)) _ p(B(z, (1 +1/n)r)) DeflLa
- u(B(z,r)) u(B(z,r)) B

Step 5. Applying the generalized Doob inequality.

We use Theorem for the increasing sequence of o-algebras {f(3k+i+1)m}k20 and the
sublinear operators {MR};}kZOa with A = v'/PQ (via (15)), with B = K (via ), with
X = E’ and with the localization property verified in . (Note that EZ C E', so M, Ri G s
supported in E’.) So, Theorem [2.2 ﬂ and the definition of v give

(22)

<

plsnp My f > 1) € (2207 +2'KC) PR

< (2? <1 + —lloili)gK) Q' + QPKP) / |fIP dp.

Finally, and complete our proof

log log K\ 1/
Mpf > < |14+ 22— K .
[W(Mpf > 1P < [( +1+10gn) Q+ K| |fll,x
O
5. PRoor oF COROLLARY [I.12l
Proof. Fix m € Zsq, f € L,(X), r,A > 0. Then
M(MRH[T:TW]f > )‘) = M(ogrjng%—l MRﬂ[Tnj/m,rn(j+1)/m]f > )‘)
; (M pefi/m ppGavm f > A) < '0<fjn<%i< 1H(MRm[ma/m G0 /m f > A).

So, using p = 1 in Theorem [1.11], for every m € Z~, we have

loglog K

HMR‘|L1(XHL1,OO(X) 5 K+m (1 + 1+ logn

) 'i‘ig‘|MRﬁ[nn1/mr]’|LP(XHLP,OO(X)' (23)

Let m > 2nlogn, so that n'/™ < 14 1/n (using log(n + 1) — logn = f:H(l/y)dy), and
for all » > 0,

MRﬁ[r,nl/mr}f <

L / Flde LK Ayt (24)
— po < : nf,
p(B(z, 7)) B(z,(1+1/n)r) Y

11



where A, is the averaging operator defined by

o 1
Af@) = s / Ml (25)

By Definition [I.8), [[A111/nf|[1 < K||f[|;. Combining this with and gives

[IM]], 1 00 Sk nlogn.

Now, let m < logn. Then n'/™ < 1, so setting R = 2%, we see that RN [r,n'/™r] contains
a bounded number of points. Therefore, shows that

‘ |‘]\42Z ’ ‘ 1—1,00 SK log n.

Similarly, by taking an even sparser sequence, one can get a smaller constant. 0
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