LECTURE NOTES ON DVORETZKY’S THEOREM

STEVEN HEILMAN

ABSTRACT. We present the first half of the paper [S]. In particular, the results
below, unless otherwise stated, should be attributed to G. Schechtman. Below,
P and E denote probability and expectation, respectively. We try to make
explicit the measure space in question by adding an appropriate subscript to
P, E whenever necessary.

1. INTRODUCTION

Our goal is to prove the following theorem (Theorem 3 from [S]), which proves
Dvoretzky’s Theorem (Thm. with the best known e dependence:

Theorem 3 ¢ > 0 such that Vn € N;Ve > 0, every n-dimensional normed
linear space X admits a subspace Y C X such that d(Y,/5) < 1 +¢, and k& >

ce

Tog(i/2))® log -

Let us sketch the proof. If M := [g,_, ||z||du(z) is large, then we can use (the
proof and conclusion of) Milman’s Dvoretzky theorem (Thm. to get a sphere
of large dimension. If M is small, then via our main Lemma (Lemma , the
assumptions of the Alon-Milman theorem (Thm. [1.10) are satisfied. That is, we
can find a cube of large dimension, which itself has a sphere of large dimension.
Thus, in either case, we have our desired result.

Note that the new ingredient in this proof is the application of the Alon-Milman
Theorem, which is enabled by the crucial Lemma [2:1] In the last class, Talagrand’s
proof [T] of this theorem was presented by Evan Chou and Lukas Koehler.

In Section 2] we prove Theorem [2.3]in more detail. Section [3]gives some prelimi-
naries. Unfortunately, we will use a result (Theorem which was not yet proven
in class. In the following lecture, Sean Li will prove this result, which is known as
Milman’s extension of Dvoretzky’s theorem, with best known constants.

Before we begin, we need to cite some relevant theorems and definitions.

Remark 1.1. Below, g1, 92, ... will always designate standard normal real valued
random variables on a probability space . (Eg; = 0,Eg? = 1, P(g; < t) =
fioo e=*/2dx /\/27). Also, r;(t) := signsin(27t), ¢ € [0,1] denote the Rademacher
functions. Moreover, ¢ will be a constant that is allowed to change from line to line.

Remark 1.2. In the proofs of Lemma[2.1] and Theorem we are going to use the
triangle inequality in the form w > ||i(@+b+a—1b)|| = |b]|. Let
and 8 be independent random variables, with symmetric distributions, so P(a <
—t) = P(a > t) for all t > 0. Integrating separately for § < 0 and 8 > 0 and taking
expected values shows that E ||aa + 8b|| > E||8b]|. That is, throwing out vectors
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only makes the expectation smaller. One can also see this result as a consequence
of the Contraction Principle.

Remark 1.3. In the proof of Theorem we need: (2 contains a subspace of

dimension at least k = m logm which is (14 ¢)-isomorphic to Euclidean space.
This was almost proven in class (actually it was assigned as an exercise).

Recall: we consider an embedding T': 5 — ¢™ defined by Tz := {{z,z;)}",,
{x;}, is an e-net of S*~1 of size m = L(%)kj That is, we “flatten” the sphere into
an approximating polytope. Finally, such an e-net exists by volume considerations
(which we proved in class), and taking logs shows logm = klog(3/¢), as desired.

Definition 1.4. Let X be a normed space. Define E(X) by

E(X) :=sup {EQ < Zgiu(ei)

Theorem 1.5. (Milman’s Dvoretzky Theorem) 3 a function c(¢) > 0 such

1
that, for all k < c(e)E(X)?, ¢k (if) X. Actually, one may take k < ce? E(X)?.

:neN,u:E?%X,HM:l)}.
X

That is, 3 a linear invertible T: /5 — Y C X with ||T||||T~!]| < (1 +¢).

Remark 1.6. Sean Li will prove this theorem independently of our work. We will
therefore use this result without further comment

Theorem 1.7. (Classical Dvoretzky) Let X be a normed space of dimension n.
1+¢)

There ezists a function c(g) > 0 such that, for all k < c(¢)logn, ¢4 (<—> X.
For an expression for ¢(¢), see Theorem Now, recall three results from class.

Lemma 1.8. (Johnson-Lindenstrauss Lemma) Let H be a Hilbert space. ¥
e €(0,1), 3 c(e) > 0 such that, Vn €N, if x1,...,2, € H, then 3 k < ¢(e)logn
and yi, ..., Yyn € L5 such that Vi, j

i = 2|l < Mlyi = willy < (L +e) [Jos — 2l -

Proof: (Rough Sketch) Using the probabilistic method on the orthogonal group,
find a random projection that does what we want. B

Lemma 1.9. (Dvoretzky-Rogers Lemma) Let ||-|| be a norm on RN with unit
ball K. Let £ C K be the John ellipsoid (i.e. the ellipsoid of mazimal volume in
K). Then 3 x1,...,ox € RN which are orthonormal with respect to {-,-)e, and

such that ||zg|| > 2= N/WN=4D =1 . . N —1.

Proof: (Rough Sketch) Inductively find new vectors of maximal norm, and pay
attention to the volume of the ellipsoids.

Theorem 1.10. (Alon-Milman, Talagrand) With the assumptions of Lemma
for any 0 < € < 1, 3 a subspace of {span{e;}?, ||||} of dimension k >
enc/ 198 L that is (1 + €)-isomorphic to £¥,. Here ¢ > 0 is a universal constant.

clog(l4e)
Remark 1.11. In class, we proved k > cn 108 17, (see ) Using the assumptions
and conclusion of Lemma we have M,, < 200L, and then using log(1 +¢) ~ ¢
gives Theorem [1.10
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2. PROOF OF MAIN THEOREM

With the preliminary results of the Appendix (Section [3) and the following
crucial Lemma the proof of Theorem will follow quickly. In the following
Lemma, we use the notation of [T] (in particular, the constants M and M,,).

Lemma 2.1. (Main Lemma), [S] Let ||-|| be a norm on RN containing the unit
Euclidean ball (so that ||-|| < ||-||,). Let {e;}?_; be an orthonormal sequence in RN
(with respect to ||-||5) satisfying ||e;|| > 1/4 for all i, and

< L+/logn (small roundness) (1)

n
Z giti

i=1

VnM = Eq

(Recall M = [gn_, ||a|| dp(a), with p normalized Haar measure). Then, for all
disjoint subsets o1,...,0 5 € {1,...,n} with |o;| = [/n] for all j, 3 a further
subset J C{1,...,|\/n]} of cardinality at least \/n/2, and there are {x;}c; with
T = Zier Xiei, ||zl =1, and

M, := Eyepoq er(t)xj < 200L (large cube-ness) (2)
jeJ

Remark 2.2. To summarize, we can rearrange and add together our n orthonormal
vectors to get \/n/2 vectors with small expected length.

Proof: Ideas: Gaussian concentration, the probabilistic method, and symmetry.
Corollary (applied to m = /n and using ||e;|| > 1/4) shows that

B Zgiei > Vlogn > Vviogn 3)
30v/2 50

1€0;

Define 7: (RYY, 1) = (R, [) by T({Abien,) = || Sicy, Aesll. Using the or-
thonormality of the e; (and that ||-|| < ||-||,), the map T is 1-Lipschitz. So, we can
apply and Lemma to get

1 1
P gl < ggViegn | <P LY. gieill = Ell Y gieill| > 155v/logn

1E€0; 1E0 1E0

1
< 26_2 10,00072 logn.

So, for n > 45’000“2, this probability is < 1/2, for every j. Let A; denote the event
{12 s, gieill > ma5VIogn}. Let A denote the following event: there exists at

least one subset J C {1,..., [v/n]} with [J] > |\/n]/2 and A; occurs for all j € J.
Then P(A) > 1/2, from Proposition Now, extend the probability space € to
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include independent Rademacher functions, apply our assumptions, and observe

v
L+/logn > E, ZZgiei , by (@)
j=1 i€o,
Lvn]
=E,E, Z Tj Z gi€i , by symmetry of the g;
j=1  i€oy,
v7] 1 Lvn]
> BBy (|| Y. m Y giei|[1a | > 7B | | Er Do Y gied|| || 1a
j=1 €0 j=1 €0

Here we used the definition of conditional expectation, and that P(A) > 1/2. In
conclusion, by the definition of A, if we choose w € A, then 3 J C {1,...,|+/n]}
with |J| > |/n/2] as above, so that A; holds for all j € J. That is, Z; =
Zz‘arj gi(w)e; satisfies ||Z;|| > 155v/10gn, and by the inequality above (and Remark
, there exists w € A such that

E, erd?j < 2L+/logn.
jeJ

So, taking x; := %,/ ||Z;|| completes the Lemma, since then

Vdiogn
Viogn’

E. || rjz;|| <2-100L
jeJ

which is , as desired. W

Theorem 2.3. (Dvoretzky, Best Constants), [S] 3 ¢,d > 0 such that for all
n €N and all 0 < e < d < 1, every n-dimensional normed space admits a subspace
Y with d(Y,05) < (1 +¢), and k > Toati7ayz logn.

Equivalently, every symmetric convez body in R™ admits a k-dimensional section
that contains an Fuclidean ball and is contained in 1 + € times that ball, where

k> 7(1%65/6))2 logn.

Proof: We may assume (by taking an appropriate linear transformation) that
X = (R™,]|||) and S™~! is the ellipsoid of maximal volume in K := By . By
Dvoretzky-Rogers (Lemma, 3 {e1,...,€e[n/2)} € R" orthonormal, with ||e;]| >
1/4,i=1,...,|n/2]. Since S"~! C K, ||-|| < ||||,- Define E :=E||>""_, giei|.
Applying Theorem (recall the definition of F(X) and E), 3 Y C X with
d(Y,05) < (1 +¢), and k > c£2E?. So, we have two cases:

Case 1 (large ball): e2E? > Toa(i7anz logn.

Case 2 (large cube): e?E? < Toati7ay= log n.

For Case 1, we have k > mlogn (by assumption), so the theorem is
proven. For Case 2, we apply Remark use the definition of E, and rewrite the
assumption for this case to get small roundness:

ln/2]

1
Eol| ) gieil| < B < ————\/logn (4)
P Velog 2
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We therefore apply Lemma with L = giving large cube-ness:

M,, /5 < 200L.

By Alon-Milman (Theorem , we can take m > ¢(n/2)'s¢" /2= D™ and 3
Y C X of dimension m with d(Y,¢2) < (1 +¢). Then by Remark Y contains
a subspace Z of dimension k& where Z CY C X and

1
Velog(1/e)’

I<;>Llo m > ¢ < ce lo n>>cglon
“log(1/z) 2™ 7 log L \log(e12(log 1)~1) %") T (log 12 &

for € small, where Z is (1+¢)2-isomorphic to £5 (and (1+¢)? < 14+3efor 0 < e < 1).
The final statement of the theorem follows since an n-dimensional ellipsoid has
a spherical section of dimension at least n/16 (we proved this in class). B

Remark 2.4. Concerning the computation of € near the end of the proof, we have

¢ ( : lo >> S T
n s n
log I \log(e2(log 1)-1) **") = (log 1) *®
1 c

& >
log(e~/2(log 1) 1) ~ log L
1 1
< log - > C'log(e /2 (log g)_l)
c
1 1
& -> <61/2(10g)1)
€ 5
1
o e V/OH2 > (log =)~!
£
& gl/C0-1/2 < —loge
For small C' = ¢/é > 0, the last inequality is only true for & small.

Acknowledgements: Thanks to Evan Chou and Assaf Naor for fixing an error in
the proof of Lemma [2.1] and thanks to Sean Li for helpful discussions.

3. APPENDIX: PRELIMINARY THINGS

Proposition 3.1. Let g be a standard normal real valued gaussian random vari-
able. We have the following estimates on the distribution function of ¢:

(a) Le /2> [ e " /2dx, for X > 0.

(b) gxe /2 < [T e ™ 2dx, for A > V2.
() JyTe ™ /2dw ~ e /2, as A = oo,
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Proof: Let A\ > 0, and observe

/OO o722 — /Oo 6*(y+>\)2/2dy , C.0.V.
A 0

> 2/2 —2xy/2 _—A%/2
:/ eV 2em 2= N2y,
0

o0
< e_’\2/2/ e‘Aydy , e v/2 <1
0

2y [—1 usoo
e N/2 | =M , using A > 0
A y=0

1
— — N2

)

which proves (a). Now, let A > /2 and observe

d

ax [(A_ A_S)e_wz}

_e—A2/2 + )\—26—>\2/2 _ )\—26—,\2/2 + 3)\—46—,\2/2 _ _(1 _ 3)\—4)6—,\2/2
Therefore, the Fundamental Theorem of Calculus gives
/:O e 24y > /}\00(1 - 33374)67$2/2d$ , by monotonicity
=\t = )\_3)6_/\2/2 , by differentiating the integral, ()

1 2
ﬁe*’\ /2 since A > v/2,50 (1/2)A"1 = A3 >0

Y

Actually, from the above sequence of inequalities ending at (x), we see that we
have proved (c) as well (using (a) too). .

Proposition 3.2. Let {g1,...,g,} be n standard real valued gaussians. Then

0, ¢c<v2,¢>0
P i < 1 — ’ ’
(i-%lﬁ%fnlgl Wogn) {1, ¢> V2
Proof:

(Jor] < A)™ , by definition of max

AR E

A \/27‘(‘

o0 1 n
1-2 —12/%13:)
A

N n
1
/ L e /le‘) , by definition of the g;

E
<

11 "
< (1 TX _)‘2/2) , by Proposition [3.I](b).
I

So, setting A = ¢v/logn we get
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1 2 n
P max g <] < ]__e—lognc/2)
(il"“’”gl > B ( V2 logn( )

1 n(e/2+1\"
=1|1- .
cv2m/logn n

Then, using the power series expansion of log (recall, —log(1 — z) = 2 + 22/2 +
23/3 + -+ for |x| < 1) shows that (for ¢, = o(n))

log(1 — ¢, /n)"™ = nlog(l — ¢, /n) = —cp + Oy /n).
So, for ¢ < /2, logP (maxl,__m lg:| < cv/log n) — —o00. And for ¢ > /2,
log P (maxl,_“,n lg:| < cv/log n) — 0, using Proposition a). &

Proposition 3.3. Let z1,...,z, be unit norm vectors in a normed space X. Let
g; be independent, P(e; = 1) = P(¢; = —1) = 1/2. Then for all ay,...,a, € R,

%(

Proof: We may assume symmetry and rearrangement that a1 = maxi<i<yp |a;].
n
Suppose ||la1z1 + Y ;5 eia;xi|| < ai;. Then

n
a1’y — E €iQi T
i=2

n

E €iAiTs

i=1

; < .
< 11;1%xn|az|) <1/2

n

a121 + a1°1 — a1T1 — E €i0;T;

i=2
n
Z ||2a1x1\| — [la1x1 + Zsiaixi
i=2
>aj , using ||x;]| =1 and our assumption.

Let D be the event {||>.1", &;a;z5|| <ai}, and let C be the event defined by
{II>°0 eiaizi]| > a1}. For {e;}"; C D, we have shown: there exists a unique

{ei}, = {e1,—€a,...,—en} associated to {g;}_; with {€;}"; C C. So P(C) >
P(D), i.e.
P ( Zsiaixi > a1> > P ( Zsiaixi < a1> .
i=1 i=1
Thus
> o )
1>P < Zlazazmz #* 11;1%xn|a1|>

n
E E4A;T4

=1

n
E €T
i=1

p< <m)+p<
2%( <m>

|
Remark 3.4. Letting x1 = x2, a1 = as = 1, and a; = 0 otherwise, we see that the
Proposition is sharp.

n
E E€iQ;T;
i=1

> a1> , by definition of a;
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Proposition 3.5. Let x4, ..., x, be vectors in a normed space with ||z;|| > 1/4 for

all 7. Let g1,..., gn be standard normal gaussian random variables on a probability
space €. Then

i Li

Vlogn) <9/3.

Proof:

gl
gpﬂ(

Py (max il ]| <

S PQ7E/L' (

+ Py <max lgi| <

i L

RV 10 n vV 10 n
g 2
N 10 < 1|<na<x |1h| ||.131||

)

10
max [gi mn)

2/1 1
E)ogn > , since 2] < 4 and g; is symmetric
x;

<1/2+40(1) <2/3 |, from Proposition [3.3] and Proposition [3.2}

i Li

n

Z T
s la:l x| |)——

i=1

In the penultimate equality, we first condition on g;, then integrate in 2. B

Corollary 3.6. With the assumptions of Proposition Eq (|22, gixil]) >
V1ogm/30

Definition 3.7. Let Y, Z be two Banach spaces (finite or infinite dimensional).
Suppose there exists a linear isomorphism T: Y — Z. Define the Banach-Mazur
distance d(Y, Z) as

d(Y,Z) = inf{||T||||T""||: T: Y - Z, a linear isomorphism}.
Note that dilating 7" has no effect on ||T||||T~|.

Lemma 3.8. (Gaussian Concentration) Let F': (R™,||-||,) — R be a Lipschitz
function with constant o. Then

2 2 _2
P(‘F(gl7ygn)_EF(gl,7gn)| >C)§2672C /7o .

Proof: Idea: Gaussian integration by parts.

By a mollifying argument, we may assume F € C'. Let H = (hy,...,hy)
be equal in distribution to G = (g1,...,gn). Define Gy := Gsinf + H cos 0,
6 € (0,7/2). Recall that the gaussian distribution is invariant under rotation
(VT —tg;+/th; 4 (1—t+t)"2g; = g;). So, Gy 4 G, d%Gg — GcosO—Hsinf 2 i
and Gy, d%G@ are independent, since they are jointly normal with zero covariance.

That is (Gy, d%Gg) L (G,H). Let Eg,Ep, E denote expectation with respect to G,
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H, and both G and H, respectively. For a convex function ¢

Eco(F(G) —EnF(H)) <EGEx¢(F(G) — F(H)) , by Jensen’s

—E¢ </07r/2 jeF(Gg)(w) = E¢ </07r/2 <VRnF(G9), ;GGQ> d9>
—E¢ (/Om ig <VRnF(G9) 9G9> d0>

2/”/2 E¢ v F(Gy) iG df , Jensen, Fubini
T Jo 9 R™ 0 "o 0 ’ )

=E¢ (g (Vre F(Q), H)) , by equality of joint distributions.

IN

Let A € R and set ¢(t) = e*. From basic properties of gaussians (ag; + bga 4
(a®+b?)1/2gy, and [, “dv fR “tdy(z) = '’/2) we have

Ec exp(A(F(G) — EgF(H))) < Eexp (xg > gf,m)hi>
i=1 v

= Eexp )\g (z: (gfi (G))2> i hy | =Egexp (A”: Zn: (gi (G))2>

i=1

<exp(A\?m%0?/8) , since ||VF||, < o.

This is our desired moment estimate, which gives our result via Markov’s in-
equality. Let A = 4C/n%02 > 0 and observe

P(|F(G) —EF(H)| > C) = P(MNF(OEFE)] 5 AC)
< e NCRAF(G)EF(D| < 9o ACRAF(G)-EF(D)  yging MFl < A | o=AF

2 2 2 2, 2 2 2, 2 2 2, 2 2
< 26—)\06)\ 4o’ /8 26_4C /nco 620 /nco 26_2C /nco )
|

Proposition 3.9. Let {Aj};?:l be independent events on a probability space )
with P(A;) > 1/2 and k even. Define A as the event

NN =N
—

k
Stz w2 = {2

Then P(A) > 1/2.

Proof: The idea here is to compare the case P(A;) > 1/2 to the case P(4;) =
1/2. To do this, we need to extend the probability space 2. By extending €,
let {y; ?:1 be independent random variables that are uniform on [0, 1]. Deﬁne
B, :={y; < P(A;)}. By the uniformity of the y;,

d

Ip; = 1y,<pa;) =1 y; H([0,P(A)]) La;.
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So, by independencel]of the y; and A; (which implies independence of the Ly, <P(a,)

and the A;),
Sip 3 1, )
We therefore conclude that ’ ’
P((#B;) = k/2) = P((#4;) = k/2).
Now, define C; := {y; < 1/2}. Since P(A;) > 1/2, C; C B;. So,
{(#C)) = k/2} S{(#Bj) = k/2}. (+)

Since P(C;) = 1/2 for all j, and the C; are independent, P{(#C;) > k/2} > 1/2.
One can see this, for example, by writing

Q= Jctn---nck) =Dy,
4 14

where this disjoint union runs over all multi-indices ¢ with ¢ = (¢1,...,¢), and ¢;
is either the complement operator (Cfi = C¢), or the identity (Cfi = C;). Note
that P(Dy) = (1/2)*. Define |/| as the number of ¢; which are identity operators.

Note that D, C {(#C;) > k/2} if and only if |¢| > k/2. Now, by symmetry,
for every Dy = C*n---N Cﬁ’“ with |¢] > k/2, there exists a unique ¢’ defined by
Dy = CPen---NCe, which satisfies [¢/] < k/2. This association £ <+ ¢ therefore
partitions Q (less sets with |¢| = k/2) into two disjoint sets of equal measure:
Uy, |g‘>k/2Dg and Uy, ‘g|<k/2D5. Therefore,

P((#C;) > k/2) = P(Uyp. |g>k/2De)

1
= §P(Ue: i0)zk/2De) + P(Ug. oj=k/2De) > 1/2.

Combining (%), (x*), and (1), we get P(A) > 1/2, as desired. B

()
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1Suppose a 4 c, b 4 d, and a, b, c,d are independent. Then a + b 4 c+d.
Pla+b< ) =UycoPla<A—7,b<7)
=U,eqP(a <A =7)P(b<~) , by independence
=UyeP(c < A=7)P(d <~) , by equality of distributions
=UyeqP(c <A —7~,d <~) , by independence
=Plc+d< )
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