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The Propeller Problem

Consider the following problem.
Let A1,A2,A3 partition the
plane.

For i ∈ {1, 2, 3}, let

zi :=

∫
Ai

xe−(x2
1 +x2

2 )/2 dx1dx2

2π

=

(∫
Ai

x1e−(x2
1 +x2

2 )/2 dx1dx2
2π∫

Ai
x2e−(x2

1 +x2
2 )/2 dx1dx2

2π

)

The direction of zi ∈ R2 points
to “where the mass is.”

The length of zi says “how much
mass is there” and “how far the
mass is from the origin.”
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Among all partitions, maximize

||z1||22 + ||z2||22 + ||z3||22

Which partition “pushes away”
the moment vectors from the
origin the most?

z1

z2

z3

Figure : Propeller Partition in R2,
with moment vectors.
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The Propeller Conjecture

In Rk−1 if we allow k ≥ 3 pieces, what is the best?

Conjecture [Khot and Naor, ’09,’11]: The planar propeller × Rk−3.

Figure : The Propeller Partition in R3
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Kernel Clustering: An Example

A, n× n matrix, “correlation data.” B, k × k matrix, “hypothesis.”

Partition is variable.
E.g. n = 9, k = 3. Partition {1, 2, 3, 4, 5, 6, 7, 8, 9} into 3 sets.



a11 a12 a13 a14 a15 a16 a17 a18 a19

a21 a22 a23 a24 a25 a26 a27 a28 a29

a31 a32 a33 a34 a35 a36 a37 a38 a39

a41 a42 a43 a44 a45 a46 a47 a48 a49

a51 a52 a53 a54 a55 a56 a57 a58 a59

a61 a62 a63 a64 a65 a66 a67 a68 a69

a71 a72 a73 a74 a75 a76 a77 a78 a79

a81 a82 a83 a84 a85 a86 a87 a88 a89

a91 a92 a93 a94 a95 a96 a97 a98 a99


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A, n× n matrix, “correlation data.” B, k × k matrix, “hypothesis.”

Partition is variable.
E.g. n = 9, k = 3. Partition {1, 2, 3, 4, 5, 6, 7, 8, 9} into 3 sets.

a11 a12 a13 a14 a15 a16 a17 a18 a19

a21 a22 a23 a24 a25 a26 a27 a28 a29
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

7−→

 a11
∑6

j=2 a1j
∑9

j=7 a1j∑6
i=2 ai1

∑6
i,j=2 aij

∑6
i=2

∑9
j=7 aij∑9

i=7 ai1
∑9

i=7

∑6
j=2 aij

∑9
i,j=7 aij



7−→

 b11a11 b12
∑6

j=2 a1j b13
∑9

j=7 a1j

b21
∑6

i=2 ai1 b22
∑6

i,j=2 aij b23
∑6

i=2

∑9
j=7 aij

b31
∑9

i=7 ai1 b32
∑9

i=7

∑6
j=2 aij b33

∑9
i,j=7 aij


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A Second Example

A, n× n matrix, “correlation data.” B, k × k matrix, “hypothesis.”

Partition is variable.
E.g. n = 9, k = 3. Partition {1, 2, 3, 4, 5, 6, 7, 8, 9} into 3 sets.

a11 a12 a13 a14 a15 a16 a17 a18 a19

a21 a22 a23 a24 a25 a26 a27 a28 a29

a31 a32 a33 a34 a35 a36 a37 a38 a39

a41 a42 a43 a44 a45 a46 a47 a48 a49

a51 a52 a53 a54 a55 a56 a57 a58 a59

a61 a62 a63 a64 a65 a66 a67 a68 a69

a71 a72 a73 a74 a75 a76 a77 a78 a79

a81 a82 a83 a84 a85 a86 a87 a88 a89

a91 a92 a93 a94 a95 a96 a97 a98 a99



7−→


∑2

i,j=1 aij
∑2

i=1

∑6
j=3 aij

∑2
i=1

∑9
j=7 aij∑6

i=3

∑2
j=1 aij

∑6
i,j=3 aij

∑6
i=3

∑9
j=7 aij∑9

i=7

∑2
j=1 aij

∑9
i=7

∑6
j=3 aij

∑9
i,j=7 aij



7−→

 b11
∑2

i,j=1 aij b12
∑2

i=1

∑6
j=3 aij b13

∑2
i=1

∑9
j=7 aij

b21
∑6

i=3

∑2
j=1 aij b22

∑6
i,j=3 aij b23

∑6
i=3

∑9
j=7 aij

b31
∑9

i=7

∑2
j=1 aij b32

∑9
i=7

∑6
j=3 aij b33

∑9
i,j=7 aij


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A Third Example

A, n× n matrix, “correlation data.” B, k × k matrix, “hypothesis.”

Partition is variable.
E.g. n = 9, k = 3. Partition {1, 2, 3, 4, 5, 6, 7, 8, 9} into 3 sets.

a11 a12 a13 a14 a15 a16 a17 a18 a19

a21 a22 a23 a24 a25 a26 a27 a28 a29

a31 a32 a33 a34 a35 a36 a37 a38 a39

a41 a42 a43 a44 a45 a46 a47 a48 a49

a51 a52 a53 a54 a55 a56 a57 a58 a59

a61 a62 a63 a64 a65 a66 a67 a68 a69

a71 a72 a73 a74 a75 a76 a77 a78 a79

a81 a82 a83 a84 a85 a86 a87 a88 a89

a91 a92 a93 a94 a95 a96 a97 a98 a99


Form the pairs of the 3 sets.
{1, 3} × {1, 3}, {1, 3} × {2, 4, 5, 6}, {2, 4, 5, 6} × {1, 3}, ...
These product sets partition A.

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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The Kernel Clustering Problem

Maximize
k∑

i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq


over all partitions {S1, . . . ,Sk} of {1, . . . , n}.

A = {apq}np,q=1, symmetric positive semidefinite ,
∑n

p,q=1 apq = 0.

B = {bij}ki ,j=1 symmetric positive semidefinite.

Introduced by [Song, Smola, Gretton and Borgwardt, ’07]

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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A special case: MAXCUT

Maximize
2∑

i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq

 (∗)

over all partitions {S1,S2} of {1, . . . , n}.

Let B =

(
1 −1
−1 1

)
.

Let G = (V ,E ) be a graph, V = {1, . . . , n}, without loops. Let
V = S1 ∪ S2 be a partition. Let A be the Laplacian of G , so that

aij =


degree(i) if i = j

−1 if i 6= j and (i , j) ∈ E

0 if i 6= j and (i , j) /∈ E

A is positive semidefinite, and
∑n

i ,j=1 aij = 0.

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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A special case: MAXCUT

Maximize
2∑

i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq

 (∗)

over all partitions {S1,S2} of {1, . . . , n}. Let B =

(
1 −1
−1 1

)
.

Let G = (V ,E ) be a graph, V = {1, . . . , n}, without loops. Let
V = S1 ∪ S2 be a partition.
For i ∈ {1, . . . , n}, let εi = 1 if i ∈ S1. Let εi = −1 if i ∈ S2. Then

2∑
i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq

 =
n∑

i ,j=1

aijεiεj = · · · = 4 |E (S1, S2)|

So, maximizing (∗) computes 4MaxCut(G ).
Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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A simpler case: B is the identity

Maximize
k∑

i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq


over all partitions {S1, . . . ,Sk} of {1, . . . , n}.

Let B =

1 0 0
0 1 0
0 0 1

, or B = k × k identity matrix.

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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A simpler case: B is the identity

Maximize the intra-cluster correlations:
k∑

i=1

∑
(p,q)∈Si×Si

apq

over all partitions {S1, . . . ,Sk} of {1, . . . , n}.

Let B =

1 0 0
0 1 0
0 0 1

, or B = k × k identity matrix.

This is the simplest nontrivial B and we still don’t fully understand
it. We now understand the case k = 4. (The cases k = 2, 3 were
treated in [Khot and Naor, ’09].)

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3



Introduction
Motivation

The Propeller Problem in R3

Kernel Clustering Problems
Specific Examples
Equivalent Formulations of the Theorem

A simpler case: B is the identity

Maximize the intra-cluster correlations:
k∑

i=1

∑
(p,q)∈Si×Si

apq

over all partitions {S1, . . . ,Sk} of {1, . . . , n}.

Let B =

1 0 0
0 1 0
0 0 1

, or B = k × k identity matrix.

This is the simplest nontrivial B and we still don’t fully understand
it. We now understand the case k = 4. (The cases k = 2, 3 were
treated in [Khot and Naor, ’09].)

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3



Introduction
Motivation

The Propeller Problem in R3

Kernel Clustering Problems
Specific Examples
Equivalent Formulations of the Theorem

Geometric Formulation

Theorem (Main theorem; geometric formulation)

Let {A1, . . . ,Ak} be a partition of R3. Let
zi :=

∫
Ai

xe−(x2
1 +x2

2 +x2
3 )/2 dx

(2π)3/2 ∈ R3. Then

k∑
i=1

‖zi‖2
2 ≤

9

8π

This bound cannot be improved.

To get equality, let {P1,P2,P3}
be the partition of R2 into 120◦ sectors centered at the origin. Let
Ai = Pi × R for i ∈ {1, 2, 3} and Ai = ∅ for i ∈ {4, . . . , k}.

The following were shown to be equivalent to this Theorem in
[Khot and Naor, ’09,’11]

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3
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‖zi‖2
2 ≤

9

8π

This bound cannot be improved. To get equality, let {P1,P2,P3}
be the partition of R2 into 120◦ sectors centered at the origin. Let
Ai = Pi × R for i ∈ {1, 2, 3} and Ai = ∅ for i ∈ {4, . . . , k}.

The following were shown to be equivalent to this Theorem in
[Khot and Naor, ’09,’11]
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Complexity Theoretic Formulation

Maximize
4∑

i ,j=1

bij

 ∑
(p,q)∈Si×Sj

apq

 (∗)

over all partitions {S1, . . . ,S4} of {1, . . . , n}.

Theorem (Main theorem; complexity theoretic formulation)

Let O be the following optimization problem. The input is an
n × n symmetric positive semidefinite matrix A = {apq} with∑n

p,q=1 apq = 0, and also a 4× 4 symmetric positive semidefinite

matrix B = {bij} with bii = 1 and
∑4

i ,j=1 bij = 0. The goal is to
maximize in polynomial time the quantity (∗). Then the UGC
hardness threshold of O equals 2π

3 .
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Probabilistic Formulation

Theorem (Main theorem; probabilistic formulation)

Let (g1, g2, g3, g4) ∈ R4 be a mean zero Gaussian vector (with
arbitrary covariance matrix). Then

∣∣∣∣E [ max
i∈{1,2,3,4}

gi

]∣∣∣∣ ≤ 3

2
√

2π

√√√√ 4∑
i=1

E
[
g 2
i

]

This bound cannot be improved.
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Analytic Formulation

Theorem (Main theorem; analytic formulation)

Let {aij} be an n × n positive semidefinite matrix with∑n
i ,j=1 aij = 0. For every {v1, v2, v3, v4} ⊆ S3 with

∑4
i=1 vi = 0,

max
x1,...,xn∈Sn−1

n∑
i ,j=1

aij〈xi , xj〉 ≤
2π

3
max

y1,...,yn∈{v1,v2,v3,v4}

n∑
i ,j=1

aij〈yi , yj〉

This bound cannot be improved.
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Usual SDP Rounding

How to relate the complexity theoretic form to the
geometric form?

x1x2

ε1ε2

Figure : ε1 = +1, ε2 = −1. (Used e.g. in MAXCUT analysis [Goemans
and Williamson ’95] [Khot, Kindler, Mossel, O’Donnell, ’07])

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3



Introduction
Motivation

The Propeller Problem in R3

Kernel Clustering Problems
Specific Examples
Equivalent Formulations of the Theorem

Usual SDP Rounding

How to relate the complexity theoretic form to the
geometric form?

x1x2

ε1ε2

Figure : ε1 = +1, ε2 = −1. (Used e.g. in MAXCUT analysis [Goemans
and Williamson ’95] [Khot, Kindler, Mossel, O’Donnell, ’07])

Steven Heilman, Aukosh Jagannath and Assaf Naor The Propeller Conjecture in R3



Introduction
Motivation

The Propeller Problem in R3

Kernel Clustering Problems
Specific Examples
Equivalent Formulations of the Theorem

More general SDP rounding: Depiction of Algorithm

x1

x2 x3

y1

y2

y3

Figure : y1 = y2 and y3 6= y2. (Used in [Khot and Naor, ’09, ’11])

Let A1, . . . ,Ak be optimal partition of Rk−1. (Maximize the sum
of squared Gaussian moments.) Let G be a (k − 1)× n matrix of
iid Gaussians. Let xi ∈ Sn−1. Define σ : {1, . . . , n} → {1, . . . , k}
so that σ(i) = p where Gxi ∈ Ap. The partition of Rk−1 gives a
(random) partition of {1, . . . , n} into k pieces.
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Figure : y1 = y2 and y3 6= y2. (Used in [Khot and Naor, ’09, ’11])

Can bound expected value of algorithm’s output using the
Propeller Problem.
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Reduction to the sphere

Figure : Analyzing a partition.

Intersect partition
of R3 with the
sphere.

Get explicit formula
for moment vector∫
A xdS(x).

Replace edges with
rubber bands.
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Rubber band configurations

An optimal partition is stable under deformation of the rubber
bands. That is, if we move their ”rest” lengths to be tangent to a
vertex, then the sum of these tangent vectors (i.e. the sum of the
forces) is zero. So an unstable configuration is not optimal.

Figure : Unstable rubber band configurations
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Numerical Computation

How to analyze the objective function:

Figure : The sum of the squared moments of the partition of R3
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Numerical Computation

Red regions are treated rigorously, using elementary computations
and analogies with rubber bands. The rest uses a brute force
epsilon net traversal, with derivative estimates.

Figure : The sum of the squared moments of the partition of R3
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Conclusions

• We better understand the UGC approximation threshold of the
following problem: Maximize

4∑
i=1

∑
(p,q)∈Si×Si

apq

over all partitions {S1, . . . ,S4} of {1, . . . , n}.

• However, it would be nice to have a shorter,
non-computer-assisted proof.

• Higher dimensions (R4 with k = 5, ...) are still open.
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An Example of Similar Phenomena: K. Ball’s Cube Slicing

Figure : Two Slices of the Cube. The right one has largest area, for the
n-dimensional cube, and hyperplane slices. Solution uses classical Fourier
analysis. Reduces problem to a tricky real variable optimization problem.
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Review of Khot and Naor, ’09,’11

Theorem (Grothendieck Inequality, ’53)

There exists K > 0 such that, for aij ∈ R,

max
x1,...,xn,y1,...,yn∈`2
||xi ||=||yi ||=1

n∑
i ,j=1

aij〈xi , yj〉 ≤ K · max
ε1,...,εn,δ1,...,δn∈{±1}

n∑
i ,j=1

aijεiδj

Left side is an SDP, right side is an integer program.

It seemed for a while that projecting onto a random line (after
“preprocessing”) was the best thing to do. Now we know that this
is not the best. (1.676 ≤ K ≤ π

2 log(1+
√

2)
− η, [Braverman,

Makarychev, Makarychev, Naor ’11])
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Review of Khot and Naor, ’09,’11

Theorem (Positive Semidefinite Grothendieck Inequality, Rietz, ’74)

Let {aij}ni ,j=1 be symmetric positive semidefinite. Then

max
x1,...,xn∈Sn−1

n∑
i ,j=1

aij〈xi , xj〉 ≤
π

2
· max
ε1,...,εn∈{±1}

n∑
i ,j=1

aijεiεj

The constant π/2 is the smallest possible.
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Review of Khot and Naor, ’09,’11

Theorem (Generalized Positive Semidefinite Grothendieck
Inequality, Khot and Naor, ’11)

Let {aij}ni ,j=1 be real symmetric positive semidefinite. Let

ν1, . . . , νk ∈ Rk , 2 ≤ k ≤ n. Let B = {bij} = {〈νi , νj〉}. Then

max
x1,...,xn∈Sn−1

n∑
i ,j=1

aij〈xi , xj〉 ≤
1

C (B)
· max
σ : {1,...,n}→{1,...,k}

n∑
i ,j=1

aij〈νσ(i), νσ(j)〉

Let dγn(x) := 1
(2π)n/2 e−(x2

1 +···+x2
n )/2dx. The sharp constant is

C (B) := sup
(f1,...,fk ) :
fi∈L2(γn)

fi≥0,
∑

fi=1

k∑
i ,j=1

bij

〈∫
Rn

xfi (x)dγn(x),

∫
Rn

xfj(x)dγn(x)

〉
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How is the Propeller Problem different from classical
isoperimetric problems?

In classical isoperimetry, you can zoom in on singularities. Then
you can restrict what kinds of singularities occur.

In this problem, it seems unnatural to do this argument.
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Why is the Propeller Problem Difficult?

What usually works:
Symmetrization

Figure : Symmetrization for
Isoperimetry in R2. Symmetrization
works when exactly one local
maximum/minimum exists.

However, we have at least 2 local
maxima. So symmetrization
seems difficult to use directly.

Figure : Objective Function
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