STABLE GAUSSIAN MINIMAL BUBBLES
STEVEN HEILMAN

ABSTRACT. It is shown that 3 disjoint sets with fixed Gaussian volumes that partition R™
with nearly minimum total Gaussian surface area must be close to adjacent 120 degree
sectors, when n > 2. These same results hold for any number m < n+1 of sets partitioning
R™, conditional on the solution of a finite-dimensional optimization problem (similar to the
endpoint case of the Plurality is Stablest Problem, or the Propeller Conjecture of Khot and
Naor). When m > 3, the minimal Gaussian surface area is achieved by the cones over
a regular simplex. We therefore strengthen the Milman-Neeman Gaussian multi bubble
theorem to a “stability” statement. Consequently, we obtain the first known dimension-
independent bounds for the Plurality is Stablest Conjecture for three candidates for a small
amount of noise (and for m > 3 candidates, conditional on the solution of a finite-dimensional
optimization problem). In particular, we classify all stable local minima of the Gaussian
surface area of m sets. We focus exclusively on volume-preserving variations of the sets,
avoiding the use of matrix-valued partial differential inequalities. Lastly, we remove the
convexity assumption from our previous result on the minimum Gaussian surface area of a
symmetric set of fixed Gaussian volume.

1. INTRODUCTION

This paper is a continuation of [Heil§]. There we showed that 3 disjoint sets with fixed
Gaussian volumes that partition R"*! with minimum total Gaussian surface area must be
adjacent 120 degree sectors, when n + 1 > 2, assuming an extra technical condition. Under
the same technical assumption, we also showed that 4 disjoint sets with fixed Gaussian
volumes that partition R"™! with minimum total Gaussian surface area must cones over a
regular simplex when n + 1 > 3. The analogous statement for any number m of sets in R™*!
with n 4+ 1 > m — 1 was proven in [MNI18b], unconditionally. We refer to [Heil8] for some
discussion and motivation for this problem. The present paper simplifies and improves the
result of [MNI8b] in various ways.

When the Gaussian measure is replaced with Lebesgue measure, the main result of this
paper (Theorem below) is not known even for two sets. Some recent results [CLMI16,
CLMI7] have shown that 2 disjoint sets in R? with fixed Lebesgue measures with nearly
minimum total surface area must be close to a Euclidean “double bubble,” whose boundary
consists of three spherical caps meeting at 120 degree angles. The analogous statement for
three or more sets seems to be quite difficult. Even for two sets in R? (using Lebesgue measure
instead of the Gaussian measure), this same statement seems difficult. On the other hand,
our results (for the Gaussian measure) hold for any number of m < n + 2 sets in R*™*. Tt is
rather crucial that these results and proofs work for all values of n + 1 simultaneously such
that n +1 > m — 1. That is, these results and proofs are dimension-independent. The case
m > n+ 2 seems nontrivial for technical reasons, but for applications we are only concerned
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with m —1 < n+1. Tt is rather crucial that the number of independent translations of R**!
(i.e. n+ 1) is greater than or equal to m — 1. When m — 1 > n + 1, this property no longer
holds, and a key part of the proof does not work. Also, the Gaussian results imply some
weak statements for other log-concave measures; see [MN18b, Theorem 10.7]. For two sets,
the main result of the present paper was proven in [BBJ16]. In fact, our methods synthesize
and elaborate upon [BBJ16, Heil8 IMNI8b|. However, unlike the papers [MN18a, [MNI8b,
we avoid the use of a matrix-valued differential inequality, and we instead focus only on
(Gaussian) volume-preserving transformations.

There are two applications of an improvement of the result of [MNI8b], both of which
are described in more detail in [IM12]. The present work seems to give the first nontrivial
results toward the general conjecture stated in [IM12], thereby achieving the first dimension-
independent applications of the conjecture of [IM12]. First, by a Central Limit Theorem, an
isoperimetric problem for the Gaussian measure can be (essentially) equivalently stated as
an inequality for discrete functions. Such an inequality is called the “plurality is stablest”
conjecture from social choice theory. This problem [IM12] says that if votes are cast in an
election between m candidates, if every candidate has an equal chance of winning, and if no
one person has a large influence on the outcome of the election, then taking the plurality is
the most noise-stable way to determine the winner of the election. That is, plurality is the
voting method where the outcome is least likely to change due to independent, uniformly
random changes to the votes. The latter conjecture is a generalization of the “majority is
stablest conjecture” proven in [MOO10)].

The second application of our results is sharp hardness for the MAX-m-CUT problem
[KKMOO07, IM12]. The MAX-m-CUT problem asks for the partition of the vertices of an
undirected graph into m disjoint sets that maximizes the number of edges going between the
m sets. This problem is NP-hard, so one cannot solve it in any reasonable time for a large
graph, e.g. with 10* vertices and 10° edges. However, one can find a partition of the vertices
achieving a positive fraction of the maximum number of cut edges in polynomial time [F.J95].
In the case m = 2, this fraction is approximately .87856. And assuming the Unique Games
Conjecture [Kho02, IKMS18], the constant .87856 is the best possible [KKMOO7]. In the case
m > 2, the analogous result is the conjecture [IM12] that the present paper addresses (for a
certain range of parameters).

We now state the problems of interest more formally.

We ask for the minimum total Gaussian surface area of m disjoint volumes in R"*! whose
union is all of R**1. The case m = 1 is then vacuous. The case m = 2 results in two half
spaces. That is, a set  C R"*! lying on one side of a hyperplane has the smallest Gaussian
surface area [,, v, (#)dx among all (measurable) sets of fixed Gaussian measure [, Yp41(x)dx
[SCT4]. Here, ¥V k > 1, we define

n+1
IWC(I) = (QW)_k/Qe_HxHQ/Qv <$7y> = szyu ||l‘||2 = <$,ZL‘>,
i=1
V= (xla <. 7xn+1)7y = (yh <. >yn+1) € Rn+17
1
/ Yo(z)dr == liminf =y, ({z e R"™: 2 ¢ Q A Jy € Q, ||z —y|| < €}).
onN
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If 00 is a C* manifold, then we can interpret [, vn(x)dz by locally parameterizing OS2,
then locally integrating the function 7, (x) by multiplying by the Jacobian determinant of
the parametrization.

Remark 1.1. Unless otherwise stated, all Euclidean sets in this work are assumed to be
Lebesgue measurable.

1.1. Review of the Gaussian Multi-Bubble Theorem. For an introduction to Gaussian
isoperimetry, see [Heil8, Section 1.1].
The following is our main problem of interest.

Problem 1.2 (Gaussian Multi-Bubble Problem, [Hut97, [HMRR02, ICCH™08]). Let

m > 3. Fizay,...,a, >0 such that 2211 a; = 1. Find measurable sets Qq, ..., C R*!
with U™, Q; = R and ~v,41 (%) = a; for all 1 < i < m that minimize
/ Yn(x)dx,
1<i<j<m ¥ (02)N(9)

subject to the above constraints.

0 Qy

120%
Q3
FIGURE 1. Optimal Sets for Conjecture [I.3]in the case m =3, n+1 = 2.

Conjecture 1.3 (Gaussian Multi-Bubble Conjecture [HMRR02, CCH™08, TM12]). Let
Q... Qn C R minimize Problem[1.3. Assume that m—1 <n+1. Let z;, ..., 2, € R"!
be the vertices of a reqular simplex in R™™! centered at the origin. Then 3 w € R such
that, for all 1 <1 < m,

Qi =w+ {x e R"™: (z,2) = max (z, z)}, Y1 () = a;. (1)
1<j<m
We sometimes refer to sets €4, ..., €, that minimize Problem as Gaussian minimal

bubbles. We refer to any sets satisfying as cones over a regular simplex.
Conjecture was proven for m = 3 in [MNI8a]. Conjecture was then proven for
m = 3,4 in [Heil8] assuming that the set of triple junction points of the optimal sets has
subexponential volume growth. And Conjecture was proven for any m > 3 in [MNI18b],
unconditionally.
Still, it would be desirable to strengthen the result of [MNI8b|, and show that nearly
minimizing sets are close to the simplicial cones described in Conjecture [1.3] This goal was

accomplished for m = 2 in [BBJ16] using a second variation argument, along the lines of
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the arguments used in [MNI8al [Heil8, IMN18b], but with an added penalty term. Below, we
adapt the argument of [BBJ16] to the case m = 3 unconditionally, and m > 3 conditional
on solving a finite-dimensional optimization problem (see Section [1.4] and below.)

As in [BBJI6], we add a “penalty” term to the surface area functional in Problem [1.2]
The penalty term is smaller when the sets are far from those predicted in Conjecture [I.3]
So, the surface area term and penalty term “oppose” each other, since they are each large
or different kinds of sets. If the effect of the penalty is small enough relative to the surface
area term, then the minimizers of Problems and will hopefully be the same. If so,
the penalty term indicates how far a set is from minimizing Problem

Problem 1.4 (Gaussian Multi-Bubble Problem, with Stability Term). Let m > 3.
Let ¢ > 0. Assume that m — 1 < n+ 1. Fizr ay,...,a, > 0 such that 2111 a; = 1. Let
w € R™ be defined by (). For all1 < i < m, let w® = w/a;. Find measurable sets
Q1,0 Q SR with UM, Q = R and ,41(S%) = a; for all 1 < i < m that minimize

> [ @530 T a@l?
1<i<j<m v (02:)N(02;) i=1 Q;
subject to the above constraints.

The /7 /2 factor is added for purely aesthetic reasons in ensuing arguments.
Theorem 1.5 (Main Theorem). Let ,...,Q, minimize Problem[1.4 Let

. 1 2\—1
€= 100(m+ ||w]|*) .
If m < 4, then 4, ..., are cones over a reqular simplex.
If m > 5, then 4 € > 0 in Problem such that €y, ..., are cones over a reqular
simplex (and € can depend on ay, ..., a, and on m but not onn+1.)

Theorem then immediately implies the following improvement to Conjecture [1.3]

Theorem 1.6 (Main Corollary, Stable Version of Conjecture . Let Qq,...,€,, be
cones over a reqular simplex. If m > 3, assume that Conjecture holds. Define w € R+
asin (1)) Forall1 <i<m, letw" := w/a;. Let ..., QL such that v,11(S%) = Ynr1(€%)
for all1 < i <m and U™,Q; =R, Then

Z PYn(aQ;) > Z Vn(aQi) +e€ Z
=1 =1 =1

Moreover, if m < 4, € can be chosen to be

9 2

l;x—m%%ﬂme

/Xx—W%%H@Mx
o

2\ —
e 1= —=(m+ [lwl[")".

If m > 5, then 3 € > 0 such that the above inequality holds (and € can depend on ay, ..., an
and on m but not onn+1.)

Example 1.7. In the case m = 3, Y7, || [, (¢ — @) yp41(x)dz|* is maximized by the sets
described in Conjecture [KNQO9]. So, the term on the right tells us how far away the

sets are from the optimal ones. For example, the right side can be lower bounded using an
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elementary rearrangement argument [Heild, Lemma 2.8|, implying following estimate (with
a non-optimal exponent) for w = 0 in Theorem [1.6] i.e. 7,+1(Q;) =1/3 forall 1 <7 <3:

3

Z%(m;)zZ%(aﬂi)Ho—m inf (Z%H(RQZ-\Q;)+vn+1<Q;\RQi))4-

i=1 i=1 R potafions L NI

When m > 3, the quantity ", || [;, (x — @")yn41(2x)dz||* should be maximized by the
sets described in Conjecture but this is still an open problem [IM12]. See Problem
in Section [L.4

1.2. Noise Stability. For applications in computer science and voting theory [KKMOQT,
IM12], a generalization of Conjecture is most relevant, where the Gaussian surface area
of a set is replaced with a quantity referred to as noise stability with parameter p € (—1,1).
In the limit as p — 17, the Gaussian surface area can be recovered from noise stability. An
analyst might refer to noise stability as (Gaussian) heat content.

Let f: R™™ — [0,1] be measurable and let p € (—1,1), define the Ornstein-Uhlenbeck
operator with correlation p applied to f by

T,f(x) = A f(xp+yvV/1— p?)ynsrdy
" ) (2)
_ lly—pz]|

_ (1 . 02)_(n+1)/2(277)_(n+1)/2 f(y)e 2(1—p2) dy, YV € R™tL

Rn+1

T, is a parametrization of the Ornstein-Uhlenbeck operator. T, is not a semigroup, but it
satisfies 1), 1), = T}, ,, for all p;, ps € (0,1). We have chosen this definition since the usual
Ornstein-Uhlenbeck operator is only defined for p € [0, 1].

Definition 1.8 (Noise Stability). Let Q@ C R*". Let p € (—1,1). We define the noise
stability of the set €2 with correlation p to be

—lle)?~ HyII +20(@.9)
[ @ a@ha s @ @ oa - gyemre [ R gy,
Rn+1

Equivalently, if X = (X1,...,X,41),Y = (Y1,...,Yy1) € R* are (n + 1)-dimensional
jointly Gaussian distributed random vectors with EX;Y; = p-1(,—;) for alli,j € {1,...,n+1},
then

/ Lo(2) T Lo(2) v (2)dz = P((X,Y) € Q x Q).
Rn+1
Problem [1.2] can then be generalized as follows.

Problem 1.9 (Standard Simplex Problem, [IM12]). Let m > 3. Fizay,...,ay, > 0 such
that >0 a; = 1. Fizp € (0,1). Find measurable sets Qy, ... Q,, C R with U, Q; = R™H!
and Yn11(€%) = a; for all 1 < i < m that mazimize

> [ @ Ll @

i—1 R7L+1

subject to the above constraints.

Conjecture is generalized to the following.
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Conjecture 1.10 (Standard Simplex Conjecture [IM12]). Let Q,...Q,, C R" maz-
1mize Problem . Assume that m —1 <n+1. Fiz p € (0,1). Let z1,..., 2z, € R"™ be the
vertices of a reqular simplex in R™"™1 centered at the origin. Then 3 w € R™! such that, for
all1 <i<m,
Qi =w+ {xr € R"™: (1, 2) = max (z,z)}.
1<j<m
It is well known that, as p — 17, the noise stability (when normalized appropriately)

converges to Gaussian surface area. That is, if 02 is a C*° manifold, then [Kanlll Lemma
3.1] [Led96l Proposition 8.5] [DMNI17]

i 2 @ = [ @] = [ s

p—1- cos~1(p)
Consequently, Conjecture reduces to Conjecture 1.3 when p — 17. And we can use this
relation together with Theorem [L.6 to obtain the first known dimension-independent bounds
for Conjecture when p is close to 1.

Corollary 1.11 (Weak Plurality is Stablest/Standard Simplex Conjecture for
Small Noise). Let y,...,Q,, be cones over a regular simplex. Let w € R™™ be defined by
[@). For all1l <i<m, let w" :=w/a;. Assume thatm —1 <n+1. Let Q,,... Q. such
that Yni1(Q) = Va1 () for all 1 <i <m and U™, Q) = R"™. Then for all 1/2 < p < 1,

Z/Rnﬂ Lor (2) T, 10 (2) g1 (2)dr < Z/R 2)T,1q,(2) Vi1 (2)dz + o(\/1 — p?)

n+1

2 2

- )7n+1( )dl’

/}x—w%%ﬂqu

If m < 4, then we can choose € := s (m + | wl? ) . Ifm > 5, then 3 ¢ > 0 such that the
above inequality holds (and € can depend on ay, ..., ay, and on m but not onn+1.)

Remark 1.12. The error term o(1/1 — p?) can be written explicitly as

=11 e
/ / Nij( Nij(z), Nij($)>%+1(ﬂf)d$dm
n o,

1—1 je{1,..., m} e

where

ij(2) = P +y\/1 = p?)ynt1(y)dy, v,z € R™!

v
=l I P
1— p2 Rn+1
Example 1.13. For illustrative purposes, we consider just the case m = 3 and 7,,41(€;) =
1/3 for all 1 <14 < 3. Using Example Corollary can then be written as

m m

Z /Rnﬂ Lor (2) T, 10 (2) g1 (2)dr < Z /Rn+1 Lo, (2)T)lg, () Ynt1(z)dz 4+ o(v/1 — p?)

=1 =1

—10710,/1 — \/7 inf Z Vo1 (B2 \ ) + s (4 \ RQi)>4

rotations
R: RnHlRetl  d=1

(@]



The only previous bounds for m > 3 in Problem [1.9seem to be the author’s [Heil4] result
for m = 3 and p small (depending on the ambient dimension n + 1), and the estimates of
[DMNT17, 7] that bound the ambient dimension n+1 at which the nearly optimal sets become
computable.

Unfortunately, Conjecture [L.10]is false whenever (a1, ..., ay) # (1/m,...,1/m) [HMNI1G).
Therefore, any proof of Conjecture when (a,...,a,) = (1/m,...,1/m) must somehow
make special use of this assumption. Almost paradoxically, the proof of Conjecture by
[IMN18b] and the proof of the more general Theorem in this work are oblivious to the
choice of the measure restriction (as,...,a,). So, at present, it is unclear if the arguments
of [MN18al, [Heil8, MNI8D] can be extended to deal with all cases of Conjecture [1.10}

1.3. Plurality is Stablest Conjecture. The Standard Simplex Conjecture [IM12] stated
in Conjecture [1.10]is essentially equivalent to an inequality for functions on discrete product
spaces known as the Plurality is Stablest Conjecture. After making several definitions, we
state this conjecture in Conjecture below. When m = 2, Conjecture [1.14] is known as
the Majority is Stablest Theorem, proven in [MOOI0].

If g: {1,...,m}" - R and 1 <i < n, we denote

Ei(g)(w, . Wist,Wigt, - own) i=mT Y glwr,. . wn)

v<(JJ1, ey Wi, Wity - - - ,wn) S {1, c ,m}".

Inf;(g) := E[(g — Eig)°].
Let
A ={(y1, . Ym) ER™:yn+ - 4+y, =1, V1 <i<m,y >0}

If f:{1,...,m}" — A,, we denote the coordinates of f as f = (fi,...,fm). For any
w € Z", we denote ||w||, as the number of nonzero coordinates of w. The noise stability of

g:{1,...,m}"™ - R with parameter —1 < p < 1 is
S,g i=m™" Z g(Ww)E,g(6)
we{l,...,m}m
B o 1 — (m _ 1)P n—HU—w“o 1 — p ||U—°JH0
—ot Y g Y () o) g0,
we{l,...,m}m oe{l,....m}n

Equivalently, conditional on w, E,g(d) is defined so that for all 1 < ¢ < n, §; = w; with
probability %’, and 0; is equal to any of the other (m — 1) elements of {1,...,m} each

with probability %, and so that dy,...,0d, are independent.
The noise stability of f: {1,...,m}" — A,, with parameter —1 < p < 1 is

Spf =3 Sufi.
=1
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Let m > 2, k > 3. For each j € {1,...,m}, let ¢; = (0,...,0,1,0,...,0) € R™ be the ;"

unit coordinate vector. Define the plurality function PLUR,,,: {1,...,m}" — A,, for m
candidates and n voters such that for all w € {1,..., m}".

e; Af {ie{l,...om}rwi =4} > {i e {l,....m}: w; =1},
PLUR,, »(w) == Vre{l,....,m}\ {j}

L 3" e ,otherwise.

Conjecture 1.14 (Plurality is Stablest, Discrete Version). For any m > 2, p € [0, 1],
e > 0, there exists T > 0 such that if f: {1,...,m}" — A, satisfies Inf;(f;) < 7 for all
1<i<nandforall<j<m, and if Ef = %ZZLGM then

S,f < lim S,PLUR,,, +¢.
n—oo

Corollary also has an equivalent statement for functions on discrete product spaces.
However, the error term becomes rather unwieldy so we will not write down the discrete
version of Corollary In order to obtain such a result, one begins with a function
f:AL,...,m}™ — A,, and then applies the procedure of [IM12, Lemma 2.14, Lemma 2.15,
Theorem 7.1): express f as a multilinear polynomial of products of an orthonormal basis
of {1,...,m}, smooth the polynomial slightly by applying the discrete Ornstein-Uhlenbeck
operator, project its values (in R™) to the closest point in A,,, and then adjust the values
of the smoothed polynomial slightly so it takes values in the extreme points of A,,. So, the
sets ), ..., appearing in the error term from Corollary [I.11] would be

Q= {z e RV [|Qf(2) — el = opnin 1Q(z) —ejll}, VI<i<m,
je{l s
where @)y is the (slightly smoothed) multilinear polynomial defined by f; an additional small
error would appear in the inequality as well. We omit the details and refer instead to [IM12]

1.4. Propeller Conjecture. A variant of the following conjecture was stated in [KNQ9,
KN13]. See [KN09, KN13]where this problem is motivated by a kernel clustering problem
from machine learning and by generalized Grothendieck inequalities. Problem is more
closely related to the p — 0 case of Conjecture [1.10

Problem 1.15. Let m > 3. Fix al,...,am > 0 such that > ", a; = 1. Let w € R" be
defined by (| . Foralll <i< m let W :=w/a;. Find measurable sets Qy,...Q,, C R
with U™, Q; = R and v,41(%) = a; for all 1 <7 <m that mazimize

\f S NCELUPETR

subject to the above constraints.

Conjecture 1.16. Assume that m — 1 < n + 1. The sets Qi,...Q, C R mazimizing
Problem are simplicial cones over a regular simplex.

We have restricted Problem to m > 3 since the case m = 3 was solved already in
[KN09, [KN13]. As it is stated, this problem is not a finite-dimensional optimization problem.
However, a first variation argument (see (25)) or [KN09, Lemma 3.3]) implies that the optimal
sets in Problem have boundaries that are the union of a bounded number of simplices.

Therefore, Problem really is a finite-dimensional optimization problem.
8



1.5. Symmetric Sets. The following problem apparently appeared first in [BarO1]. See
[Heil7] for a discussion of its significance and relation to other problems; see also [BJ] for a
subsequent result that solves Problem for values of a close to 0 or 1 by modifying and
extending the techniques of [BBJ16].

Problem 1.17 (Symmetric Gaussian Problem, [Bar01]). Let 0 < a < 1. Find measur-
able Q C R™ with Q = —Q and v,41(Q) = a that minimizes

/BQ Yo (z)dz.

As discussed in [HeilT], if pp+1 = pni1(a) is the minimum value of Problem for fixed
n+ 1 and fixed 0 < a < 1, it is expected that p,11 = ppi2 = pnyg = - - - for sufficiently large
n+ 1, unless a = 1/2.

We point out an improvement to the main result of [Heil7] that removes the convexity
assumption there.

Theorem 1.18. Let 0 < a < 1. Assume that p,i1(a) = ppie(a) = puys(a) = -+ for
sufficiently large n + 1. Let € minimize Problem and let ¥ := 0Q. If

/ (AP = 1yya(a)de > 0,
>
or

JUAL = 1t 25p A, (e)de <0,
¥ YyeED

then, after rotating Q, 37 >0 and 30 < k <n so that ¥ = rS¥ x R"*,

In this Theorem, S* := {(z1,...,z511) € R¥*t: a? + ... 427, =1} and A = A, is the
second fundamental form of x € ¥ (see Section and (13).)

Thanks to a discussion with Frank Morgan, there is a very specific guess for the optimal
sets in Problem [1.17] That is, there exists a sequence of intervals - - - [az, az) U[az, a1) Uay, 1]
with ap = 1 such that [1/2,1] D U_;[an,an—_1] and such that, for every N > 1, and for
every a € [ay,ayn_1], the minimum value of Problem is achieved by the ball centered at
the origin in RY (for any n + 1).

1.6. Organization.

e A simplified proof of the Multi-Bubble Theorem (Conjecture is in Section .

e Theorem [1.18]is proven at the end of Section

e Ancillary results for the Main Theorem appear in ensuing sections, especially
Sections [ and

e The Main Theorem [1.5|is proven in Section 11 Theorem [I.6]is an immediate conse-
quence of Theorem [I.5]

e Corollary is proven in Section [12]

2. SIMPLIFIED PROOF OF MULTI-BUBBLE CONJECTURE

In this section, we combine parts of the arguments of [MNI18b| [Heil8] and [MR15], pro-
viding a simplified proof of Conjecture . Some of the material is repeated from [Heil§| in

order for this proof to be self-contained.
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Proof of Conjecture|[1.5. For brevity, we occasionally omit the arguments of functions and
vector fields.

Let Q4,...,9Q,, € R*! minimize Problem . For any 1 < i < j < m, denote ¥;; :=
(0%€2) N (0*Q2;) (see Definition and for any x € 3,5, let NV;; € R"™! be the normal vector
at x pointing from ; into ; with unit length, so that ||N;;|] = 1. Let X : R"* — R"! be
a vector field and V 1 <14 < j < m denote f;; := (X, N;;). For any s € (—1,1), and for any
1 < i <'m, we consider the sets perturbed according to the vector field X:

O = {z+ sX(x): z € Q).

Standard calculations (Lemma {4.2)) give the first and second derivatives with respect to s of
the Gaussian volumes and surface areas of these sets [Heil8, Lemma 3.2]. For example,

d s )
e (@) = /8 . (X, N (@)dz,  Vi<i<m.  (3)

v el ,m} J#i

If X is chosen to be volume-preserving, i.e. if %\SZO%H(QES)) =0 for all 1 <1i < m, then
the second derivative of Gaussian surface area satisfies |[HeilS8, Lemma 3.10] (Lemma
with € = 0)

dQSO Z /<>’Vn Z /fzy Lij fijyn(z)dx

1<i<j<m 1<i<j<m

+ Z / <[vl/ijfij + qij fi) i + [V fin + airfin] fin
1<i<j<k<m v 9"BijNO*X;kN0* Xy
+ [V fri + kasz]fm> Yn(x)d.
(4)
Here

Lij =A—{(z,V)+ |A|IP+1, Ly:=A—{(z,V), VI<i<j<m, (5)

where A is the Laplacian (sum of second derivatives) on the surface ¥;;, V is the gradient
on ¥;;, A = A, is the matrix of first order partial derivatives of the unit exterior normal

vector N(z) (see (13)), |A||* is the sum of the squares of entries of A at z € ¥;;, v;; is the
unit exterior normal to 0%;; and g;; := [(V.,, Vkj, Nij) + (Vo Vi, Ni)]/V/3, so that

Gitdntau=0, Yl<i<j<k<m, (6)

since N;; = —Nj; by Definition of N;;.
We now state two Lemmas. Assuming these Lemmas, we prove Conjecture [L.3] thereby
simplifying the proof of [MNI18b].

Lemma 2.1 (Dimension Reduction). Suppose Q, ..., C R"™ minimize Problem .
Then there exists 0 < £ < m — 1 and there exist ..., Q! C R’ such that, after rotating
Q,...,Q,,, we have

Q; = Q) x R4,
10



Moreover ¢ can be chosen to be the dimension of the span of

([ X whp@dee. [ 3 @Nygulis) ermoer).

U e, m} ™ je(l,...,m}:
J#1 j#m
Lemma 2.2 (Flatness). For all 1 < i < m, 08; consists of a union of relatively open
subsets of hyperplanes.

We now complete the proof of Conjecture By Lemma , L;; simplifies to just
A — (z,V) + 1. For every connected component C' of Qy,...,Q,,, let X be the vector field
that is equal to the exterior unit normal vector field of C' on 0*C and X = 0 on every other
connected component of Qy,...,$,, that does not intersect C. (Such a vector field exists
by Lemma ) Let U be the linear span of all such vector fields X¢, as C' ranges over the

connected components of Qy,...,Q,,. Note that d & |s 0 21<2<J<m f2<s> Yn(x)dr < 0 for all

nonzero X € U by (4] ., since the second term of . is zero for all X E U. If there are more
than m connected components of 24, ...,,,, then we can form a nontr1v1al linear combina-

tion of these vector fields to get nonzero (fi;)1<i<j<m such that £ |S OfynH(Q( ) = 0 for all
1 <i < m-—1 (and also for i = m since U™ ,€); = R"™!) and CZQ |s=0 Zl<i<j<m Js© m(z)de <
<i<j< e

0. This contradicts that Qy,...,€,, minimize Problem [I.2 So, there must be exactly m
connected components of €2q,...,8,,. The regularity condition, Lemma then concludes
the proof. We know that each of €2q,...,8,, is connected with flat boundary pieces, the
sets Q1,...,€,, meet in threes at 120 degree angles, and they meet in fours like the cone
over the three-dimensional regular simplex. In the case m = 3, there are only three possible
configurations for the sets (up to rotation). And for general m, there are only finitely many
possible configurations of the sets (up to rotation). So, we can conclude the proof by either
(i) checking the Gaussian surface area of each such case directly, (ii) using the matrix-valued
partial differential inequality and maximal principle argument of [MNI18b], or (iii) appealing
directly to the result of [MNI8b]. O

Remark 2.3. The last paragraph of the above proof actually classifies all stable local minima
of > 1cicicm fz Yn(x)dz. Such stable local minima must satisfy:
e V1< § m, §2; has exactly one connected component.
o V1 < i< m,0) is the union of at most m — 1 relatively open subsets of hyperplanes.
e Assumption holds (i.e. the regularity result stated there holds).

For a fixed m, there are then only finitely many stable local minima of the Gaussian surface
area, up to rotations.

Remark 2.4. This statement is still insufficient to prove the stronger Theorem [I.6] A priori,
there could be a sequence of sets with nearly minimal Gaussian perimeter that only become
close to the minimal sets at a very slow rate.

Proof of Lemma[2.1. For any v € R"™ define

/a . (v, Nij)ym(r)de, . . ., /8*% Z (v, ij>’yn(:c)d:c).

jefd,.. ,m} J#1 Je{l,...m}: j#m

Then T: R*™! — R™ is linear. By the rank-nullity theorem, the dimension of the kernel of

T plus the dimension of the image of T"is n + 1. Since the sum of the indices of T'(v) is zero
11



for any v € R™"! (since N;; = —N;; V 1 < i < j < m by Definition , the dimension ¢ of
the image of T" is at most m — 1.

Let v in the kernel of 7. For any 1 < i < j <m, let f;; := ¢(v, N;;). Let X := ¢v be the
chosen vector field. Since {2y, ... Qm minimize Problem [I.2]

_d280 Z /(S)7n

1<i<j<m

From Lemmas [4.§] (with ¢ = w = 0),[4.10} [5.5] [4.7] and then letting ¢ increase monotonically
to 1 (as in Lemma [5.5)),

0< Z / JijLij fign(z)da (7)

1<i<j<m

When v € R*! is a constant and X := v is a constant vector field, a calculation shows that
IMR15, BBJ16] [Heil7, Lemma 4.2], Lemma [3.5| with ¢ = 0,

Lij(v,Nij) = (v,Nyz),  V1<i<j<m. (8)

That is, ((v, Nij))1<i<j<m is an eigenfunction of (L;;)1<i<j<m with eigenvalue 1 (see Remark

6.1]). So, says
0< Z _/2 2 () dx.
i

1<i<j<m
The last quantity must then be zero. In summary, for any v in the kernel of T, V 1 <1 <
Jj <m, fij(x) = (v,N;;(z)) =0 for all z € ¥;;. That is, 30 < ¢ < m — 1 as stated in the
conclusion of Theorem [2.1], since the image of T is the span of

/ (v, N1j)vn(x)d /89 Z (v, Nppj)yn (2 )dx) eER™: v e R”+1}

8 E{l ..... m je{l,...,m}:
1751 j#m

O

Proof of Lemma[2.3. Assume for now that n+1 > m—1so that n—¢+1 > n—(m—1)+1> 0
in Theorem Then after rotating €24, ...,€,, we have

Let {aij}1<icj<m be constants guaranteed to exist by Lemma [6.2 Let f;; := oy for all
1 <i < 7 <m. Define now a new function g¢;; := x,11fi;. Since f;; is only a function of the
variables x1, ..., z,, we have (Vf, V(z,41)) = 0. So, for any 1 < i < j < m, the product
rule for L;; (Remark gives
(5 5 2
Lisgis @ @i Lis iy + Lot + (VL. V (@051)) = 2 Ligfis — Fornrs 2 Al g,
Here £;; := A — (z,V). By (3) and Fubini’s Theorem, if we first integrate with respect

to xp41, we see that (g”)ngjgm is automatically Gaussian volume-preserving, so that .

is zero for all 1 < i < j < m. Then the second-variation condition (Lemmas with
12



e =w = 0) applies, and we get by

LSS Lomitr== 3 [ st 41 e

1<i<j<m 1<i<j<m

+Z/a

1<i<j<k<m

2 2 2 2
Lnt1 <aijqij + gk + O‘ki%’) Yn(2)dz.
*3 08 I kﬁB*Zki

After integrating in x, 1 and applying Fubini’s Theorem, this becomes

T Y /7 Z/ 2 AIP (o)

1<i<j<m 1<i<j<m

+ Z / < ;i + agkq]k + akﬂkz) Vn( )d
*E/ mB*E’ ﬂa*z’

1<i<j<k<m

By summing over all circular permutations of (c;j)1<i<j<m, the last term becomes zero by
@. So, there exists (a;)1<i<j<m such that the last term is nonpositive. That is, there exists
nonzero (aij>1§i<j§m such that

LSS /7 s = 32 [ a1 e

1<i<j<m 1<i<j<m

So, in the case n + 1 > m — 1, we must have ||A|| = 0 identically, for all 1 <i < 7 < m.
Since the minimum value of Problem can only decrease as n + 1 increases, we also have
|Al| = 0 in the remaining case n +1=m — 1.

O

2.1. Symmetric Sets. It seems appropriate to now prove Theorem [1.18

Proof of Theorem[1.18 Let Q@ C R™*! minimize Problem [1.17} Let ¥ := 9. The second
inequality of the Theorem was already shown in [Heil7]. So, it suffices to show the first
inequality. It further suffices by the argument of [Heil7, Corollary 6.2] to show that 6 < 2
where

B o Js, FLfyn(2)d
0 =02) = P ?2 [Py (z)dz

f a C°° compactly
supported function

We therefore argue by contradiction. Assume § > 2. From [Heil7, Lemma 5.1|, there is a
nonzero compactly supported Dirichlet eigenfunction f of L such that Lf = §f and such
that f(z) = f(—=z) for all z € X. By the assumption of Theorem [1.18] we may assume that
Q= xR and f does not depend on z,,;. Consider the function g(x) := (2., — 1) f(x).
This function also satisfies g(z) = g(—x) for all z € R"*!. By Fubini’s Theorem, this
function automatically preserves the Gaussian volume of €, i.e.

/(xi+1 — 1) fom(r)dz = /($72z+1 — D)vi(@ns1) Jn-1(z1, ..., 2p)day - - - dx,, = 0.
b R

b
13



As in the above proof, since f does not depend on 41, (Vf, V(22 ; — 1)) =0, and by the
product rule for L (Remark we have

Lg @ (22, — DLf + fLG2,, 1) + (V£ V(2 — 1)

— (2, —)Lf+f2-22 )2 (524

From Lemmas (with e = w = 0) and
d2
Tl [ m@de= [ ~rLpu@de =6 -2) [ P <o
§ () s s

This inequality violates the minimality of €2, achieving a contradiction, and completing the
proof. ([l

3. PRELIMINARIES AND NOTATION

We say that ¥ C R™"! is an n-dimensional C* manifold with boundary if ¥ can be locally
written as the graph of a C* function on a relatively open subset of {(z1,...,2,) € R": x, >
0}. For any (n + 1)-dimensional C* manifold Q C R™™ with boundary, we denote

CE(QR™) = {f: Q = R f e C°(QR™), £(00Q) = 0, o)

dr >0, f(2N(B(0,r))°) =0}.
We also denote C§°(2) := C3°(€;R). We let div denote the divergence of a vector field in
R"™!. For any r > 0 and for any z € R"™ we let B(z,r) := {y € R*™: |z —y| < r}

be the closed Euclidean ball of radius r centered at x € R™t!. Here 00f) refers to the
(n — 1)-dimensional boundary of €.

Definition 3.1 (Reduced Boundary). A measurable set 2 C R""! has locally finite
surface area if, for any r > 0,

sup{/ﬂdiV(X(x))dx: X € C(B(0,7),R™™), sup || X(2)| < 1} < 00.

reRn+1L

Equivalently, €2 has locally finite surface area if V1 is a vector-valued Radon measure such
that, for any € R**!, the total variation

IVial (B )= s 39O
artitions .
Crrt o of Ba1) =1
m>1

is finite [CLI2]. If Q C R™"! has locally finite surface area, we define the reduced boundary
0*Q of Q to be the set of points x € R"*! such that

Via(B(z,r))

N(z) := — lim
= I Va0 (B )
exists, and it is exactly one element of S™ := {z € R"*!: ||z|| = 1}.
Lemma 3.2 (Existence). There exist measurable Qy, ..., Q, C R"™ minimizing Problem

)

Lemma 3.3 (Regularity). Let Q, ..., minimize Problem [I.] Then Assumption
holds.
14



Proof. We need to verify that the sets €2y,...,,, satisfy the assumptions of the regularity
results of [Dav09, Dav10] for m = 2, 3, [Whi95] announced for any m > 2, proved in [CES1T].
In this proof, we let P denote the surface area of a set, and we let P, denote the Gaussian
surface area of a set. Fix x € 0Qy for some i € {1,...,m} and fix 0 < r < 1. Since
Q1, ..., minimize problem , for every disjoint Fy,...,F,, € R""! with locally finite
perimeter such that F;AQ; C By, (x) it holds that

>0 < ZP )+ O (FAQ) (10

for some constant C' depending on ||z||. If we choose F} := QU B,.(x) and F; := Q; \ B,(x)
for all 2 < i < m, we get

ZP ) < P,(Q4 UB,(x ))+ZP7(Qi\Br($))+C%+1(Br(l’))-

On the other hand, arguing as in [Magl2, Lemma 12.22],
Py (U By (x)) + Py (S N By (x)) < Py () + Py (Br ().
P,(Q; U B(x)) + Py(Q; N By (x)) < P,(%) + Py(B,(2)°).  V2<i<m.
The previous three inequalities give

P,(4 N B, (z +ZPQUB Z )) + Cpir (Br(2)) < CF".

=2
The left-hand side can be estimated by

P.(Q4 N B, (x +ZP O, U B, (2 ))Zce_”“CQZnéP(QiﬂBr(x)).

=2 i=1

Therefore we obtain

i P( N By (2)) < Cyr™ (11)

for some constant Cy = Cy(||z]|). Note that for every y € B,.(z) and 0 < r < 1 we have

‘efanQ/z _ eIl < oy

for some constant C. Therefore, and imply that for all sets Fy,...,F, C R*!
with locally finite perimeter such that F;AQ; C B,.(z) and 0 < r < 1 it holds that

ZPQ N B, ( <ZPFOB( )) + CrmtL

=1

for some constant C' depending on ||z||. O

Let ¥; C R? denote three half-lines meeting at a single point with 120-degree angles
between them. Let 7" C R?® be the one-dimensional boundary of a regular tetrahedron
centered at the origin, and let T, C R? be the cone generated by 77, so that Tp = {rz €
R*:r>0,2e€T}

15



Assumption 3.4. The sets €Q;,...€Q,, C R"*! satisfy the following conditions. First,
um Q= R ST 4,00 () = 1. Also, ¥ := U%,09; can be written as the disjoint
union M,, U M,,_1 U M,_o U M,,_3 where 0 < a < 1 and

(i) M, is a locally finite union of embedded C'* n-dimensional manifolds.
(ii) M,,— is a locally finite union of embedded C'* (n — 1)-dimensional manifolds, near
which M is locally diffeomorphic to Y; x R™*~1,
(iii) M,_s is a locally finite union of embedded C* (n — 2)-dimensional manifolds, near
which M is locally diffeomorphic to Tp x R™"~2,
(iv) M, _3 is relatively closed, (n — 3)-rectifiable, with locally finite (n — 3)-dimensional
Hausdorff measure.

Below, when ¥;; = (0"Q;) N (0*Q;) for some 1 < i < j < m, we denote 0*%;; =
M, —5 N (99;) N (89;), where M, is defined in Assumption [3.4]

3.1. Submanifold Curvature. Here we cover some basic definitions from differential ge-

ometry of submanifolds of Euclidean space.

Let V denote the standard Euclidean connection, so that if X,V € C{°(R™ R,
it Y = (Yq,...,Y,11), and if uy,...,u,y1 is the standard basis of R"™! then VxYV :=
SN X(Yi)ui. Let N be the outward pointing unit normal vector of an n-dimensional
orientable hypersurface ¥ C R"*!. For any vector x € ¥, we write x = 27 + 2%, so that
2 := (2, N)N is the normal component of x, and =7 is the tangential component of z € .

Let ey, ..., e, be a (local) orthonormal frame of ¥ C R™!. That is, for a fixed x € ¥, there
exists a neighborhood U of x such that eq,...,e, is an orthonormal basis for the tangent
space of 3, for every point in U [Lee03] Proposition 11.17].

Define the mean curvature of X by

H :=div(N) = i(VeiN, e;). (12)

i=1
Define the second fundamental form A = (a;;)1<; <, of ¥ so that
A5 = (Veiej,N), V1 SZ,] Sn (13)

Compatibility of the Riemannian metric says a;; = (Ve,e;, N) = —(e;, Ve, N) +€;(N,e;) =
—(e;, Ve, N), ¥V 1 <1i,j <n. So, multiplying by e; and summing this equality over j gives

n

VeiN = — ZCLZ‘]B]‘, V1 S 1 S n. (14)
j=1
Using (VyN,N) =0,
HEOS (WoNe) @ -3 a. (15)
i=1 i=1

When ¥ := 01 itself has a boundary that is a C*° (n — 1)-dimensional manifold, we let v

denote the unit normal of 0% pointing exterior to X.
16



3.2. Colding-Minicozzi Theory for Mean Curvature Flow. A key aspect of the Cold-
ing-Minicozzi theory is the study of eigenfunctions of the differential operator L, defined for
any C'*° function f: ¥ — R by

Lf=Af— (V) +f+|A]’f. (16)

Lf=Af—{(z,V[). (17)

Note that there is a factor of 2 difference between our definition of L and the definition of L
in [CM12]. Here ey, ..., e, is a (local) orthonormal frame for an orientable C*° n-dimensional

hypersurface ¥ C R™*! with *Y = 0, A := >""" | V., V., be the Laplacian associated to
¥, V= 3" eV, is the gradient associated to ¥, A = A, is the second fundamental
form of ¥ at x, and ||A,||* is the sum of the squares of the entries of the matrix A,. Let
div, := > " | V., (-,€;) be the (tangential) divergence of a vector field on 3. Note that L is
an Ornstein-Uhlenbeck-type operator. In particular, if 3 is a hyperplane, then A, = 0 for
all x € 2, so L is exactly the usual Ornstein-Uhlenbeck operator, plus the identity map.

Lemma 3.5 (Linear Eigenfunction of L, [MR15, BBJ16] [Heil7, Lemma 4.2]). Let ¥ C
R be an orientable C™ n-dimensional hypersurface. Let X € R, z € R"™!. Suppose

H(z) = (z,N) + X —e(z, 2), Voel. (18)
Let v € R""L. Then

L(v,N) = (v, N) — (v, z) + (v, N)(z, N). (19)
Proof. Let 1 < i <n. Then

Ve, (v,N) = (v,V,N) ! Za” v, e;). (20)

Fix x € X. Choosmg the frame such that VZ .6; = 0 at z for every 1 < j, k < n, we then
have V., e; = ai; N at = by (13), so using also Codazm s equation,

Ve, Ve (v, N) Zvezaw v, €5) Zaij@,Vel-ej)

j=1

=- Z Ve, aii(v, €5) — Zaijaij<va N).
j=1 J=1

(21)

Therefore,
AX(
Zvezvel Ny B8 () T H) — A (0. ).

So far, we have not used any of our assumptions. Using now (18]}, and that A is symmetric,

(v, VH) - Z(w, e;)ai; (v, e;) — EZ@,Q‘)(%Z) (x,V{v, N)) — (v, 2T)

ij=1
Since z = 2T + 2V, 2T = 2 — (2, N)N. So, in summary,
A<U7N> = <l’,V<’U,N>> - ||A||2 <U7N> - E(U,Z> + 5<Ua N><Za N>

We conclude by . O
17



Remark 3.6. Let f,g € C~(X). Using (16), we get the following product rule for L.

L(fg) = fAg+gAf +2(Vf,Vg) — f(z,Vg) — g(z, V) + [|AI]* fg + fg
= fLg+gLf+2(Vf,Vg).

4. FIRST AND SECOND VARIATION

We will apply the calculus of variations to solve Problem [I.4] Here we present the rudi-
ments of the calculus of variations.

Some of the results in this section are well known to experts in the calculus of variations,
and many of these results were re-proven in [BBJ16], or adapted from [HMRR02].

Let Q C R™™! be an (n+1)-dimensional C? submanifold with reduced boundary ¥ := 9*Q.
Let N: ¥ — S™ be the unit exterior normal to . Let X: R"™ — R"*! be a vector field.

Let div denote the divergence of a vector field. We write X in its components as X =
(X1, ..., Xng1), so that divX = S "2 X, Let W: R*™ x (—1,1) — R™™! such that

=1 81’2
U(z,0) =z, —U(x,8) = X(¥(x,8), VareR"™ sec(-1,1). (22)
For any s € (—1,1), let Q) := ¥(Q,s). Note that Q0 = Q. Let ¥¢) = 9*Q®) Vv
s € (—1,1).

Definition 4.1. We call {Q(s)}se(q;) as defined above a variation of ) C R"*'. We also
call {E(S)}se(_lﬁl) a variation of ¥ = 0*Q.

Equations and below are proven in e.g. [Heil8, Lemma 3.2]
Lemma 4.2 (First Variation). Let X € C{°(R"™ R"™). Let f(x) = (X (z), N(z)) for
any v € X. Then

@) = [ (o (23)

d
Fleo [ lada = [ (#@) = (V@ f@mle)da + [ (Ko (@)

*3

Let z := [, xyny1(x)de. Let w € R™™ and define W := w/ [, Yni1(x)dx. Then

Heoyf31 [ @=Trna@anl? = (v -mi@haan @9

Proof. We only prove (25)). Let JU(z,s) := |det(D¥(z, s))| be the Jacobian determinant of
U VzeR"™ Vse(—1,1). Then [CS07, Equation (2.28)] says

d
£|SZOJ\I/(JU, s) = divX(z), Ve (26)
18



So, the Chain Rule, J¥(z,0) = 1 (which follows by (22)), and imply

2

1d

__|s:0

2ds

= /Q ((z —w, X(x)) + (z —w,r —w)(div(X(z)) — (X(z), x>)>7n+1(x)dx

2_1d|
T 2ds"

| @ = n(ads
Qs)

/Q(\If(x, s) —w)JV(z, $)Yni1(V(z, s))dx

= /QdiV(X(x)(z — W, T — W) Ypt1(x))de = /(X(a:), N(z))(z — w,x — W)Yy (x)dx.

2
(27)
In the last line, we used the divergence theorem. We conclude by writing 7,1 = (27r)_1/ 2.
O

Definition 4.3. We let X € CP(R"™ R"™) and for any 1 < i < j < m, we denote
fij(x) == (X (x), N;j(x)) for all z € ¥;;. Recall that NN;; is the unit normal vector pointing
from €2; into €2;, and H;; := div(V;;) is the mean curvature of N;;. And v;; is the unit normal
to 0*X;; pointing exterior to ¥;;.

FIGURE 2. Notation for sets and normal vectors.

The following Lemma is a modification of [Heil8, Lemma 3.5].

Lemma 4.4 (First Variation for Minimizers). Suppose Q1,...,$,, minimize Problem
. Forall1 <i < m, let 29 := [, zy,41(x)de € R"™, let w € R™ and let w9 =
w/ [o Yns1(x)de, (0 .= z(i)/fﬂ_ Yoi1(z)dz. ThenV 1 <i<j<m, 3\, €R such that

)\ij = Hlj(x) — <I,N1J<l’>> + €<$,Z(i) — Z(j)> + 8(11},@(1) — @(]) +§(j) — E(l)>,
0:)\l]+)\j]€+)\l€’“ V1 §Z<] <k§msuchthat ZWHEMOEM#@

OZVij+ij+Vki, V1§z<j<k§msuchthat EUHEJ,CHEM#(Z)
19
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Proof. From Lemma[3.3] Assumption [3.4/holds. From and (27)), if X € Cg°(R™*!, R"H1)

o X [t d:m\f S0 7 s @)

1<i<j<m
Z / Hi; — (Nij, >)fzg’7n( )
1<i<j<m
+ Z / <X> Vij + Vi + I/m)’)/n(ﬂf)daf
1<i<j<k<m ¥ (0*Zi)N(0*Xj5)N(0* Xi)

m

ey, D / (@ =@, 2D —w) fijyn () d.

=1 je{l,..,m}: j#£i

We can then choose X to be supported in the neighborhood of two or three points to deduce

the above. The final assertion follows by Lemma 3.3} i.e. Assumption[3.4{ii). We also rewrite
the last term as (using NV;; = —Nj; by Definition {4 -

Y

DS /x— ) fipm(2)da

i=1 je{l,..,m}: j#i

Z / fi( ')>+<w’<%ﬂl<ﬂi>‘%Hlmi))“’

L) L)
— + Vo (x)d.
@ @) )@

O

For any 1 < i< j <m,let f: C(S;;) — R and define
Lijf(x) == Af(x) = (2, V(@) + | 4] f(2) + f(z), Ve (29)
Liif(x):=Af(z) — (x,Vf(x)), VoeX (30)

The Lemma below can be compared with the corresponding [HMRRO02, Proposition 3.3]
and [BBJ16, Proposition 3.

Lemma 4.5 (Second Variation for Minimizers). Let X € CJ°(R™™ R"). Suppose

Q4,...,Q,, minimize Problem . Define 29 := [ avyni1(z)dz. Let (Nij)i<icj<m from
20



1) . Then

I D IRECUSENED wily IS e

1<i<j<m

Z / fU l]fm')/n )dx+>\zgj ‘s 0 . fij(ﬂl?)’yn(af)da:

(s)
1<i<j<m E"

+%|so/(9*2(><X Vij)n(T dx) —1-5(2\/_” Z / x — WD) fij i1 (z)dz||?

Je{l,...,m}: j#i
—1—2 Z / fii (X, 2L W)y (z)dz

i= 1]6{1 ..... m}: j#£i

T Z Z / T — —w)(div(X) — <$aX>)fiﬂn(iE)d9€>-

i=1 je{l,m}: j#i

(31)

Proof. Let ¥ be an n-dimensional C'* hypersurface with boundary. We let ' denote %|5:0.
From Lemma .2l we have

Tolemo [ a(@de = [ () - (V@0 S

+ [ (@) = V@)@ + Tlo [ (X

*3(s)

From (22), 2’ = X = XN+ X7 = N+ XT. Also, H' = —Af — || A|* f, N' = =V, [CM12,
A3, A 4] (the latter calculations require writing E( in the form {x + sN(z) + O,(s*): = €

¥}). So
(H— (N,2)) = —Af — |A|* f — (N, N+ XT) — (o, v ) @ Ly,

In summary,

d2
— 5 ls= w(x)de = — Lfy,(x)dx
b [ lade == [ fLpu

+ [ (@) = V@D hiehnds] + o [ (Kl

*¥i(s)
Summing over all 1 <i < j < m, and applying

dQS 0 Z /<S)’Vn Z / fijLij fij (@) dx

1<i<j<m ij 1<i<j<m
d
oy [ Usaha@dsl + Ll [ (Xug)alde.

Finally, adding the terms from Lemma [10.2| completes the proof. 0

Below, we need the following combinatorial Lemma, the case m = 3 being treated in

[HMRRO2l Proposition 3.3].
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Lemma 4.6. Let m > 3. Let
Dy = {(zhiziem €RG)VI<ig j<m, ay=—ay, > ;=0

DQ = {(Iij)lgi;éjgm S R(ZL) V1 <1 7&] < m, Xy = —Tji,
Let x € Dy and let y € Dy. Then Zl§i<j§m xi;Yi; = 0.

It is well-known that compactly supported variations such that %L::o% H(Qgs)) = 0 for

all 1 < ¢ < m can be modified such that %’5207n+1(958)) =0forall 1 <¢ < m and for
all £ > 1 while preserving the second variation. Such an application of the implicit function
theorem appears e.g. in [HMRR02|, Proposition 3.3] or [BdC84, Lemma 2.4]. This argument
can be extended to noncompact variations [BBJ16, Lemma 1].

The Lemma below can be compared with the corresponding result [HMRR02, Lemma 3.2]
and [MNI8a, Lemmas 4.12 and 5.2].

Lemma 4.7 (Extension Lemma for Existence of Volume-Preserving Variations).
Forany 1 <i<j<m,let fi; € C§°(X;;) satisfy

Vi<i< j <k< m, V& Zij N ij N Z/m fZJ(CL’) + fjk(I) + ka(ZL‘) = 0. (32)
Then there exists a vector field X € C(R"™ R™™) such that
If additionally

V1<i<m, Z fijyn(x)dx =0, (34)
Ge{l,..,m}: j#i Y Zii
then X can also be chosen to be volume preserving:
V1 <1< m, Vs e (_578)7 /7714-1(92(8)) = 771-1—1(92)

Proof. By assumption, 3 a vector field Z: R**! — R"*! such that

Then Z can be extended to all of Ui<;cj<m2ij by e.g. Whitney Extension. Let I be a
subset of {(4,7): 1 < i < 7 < m} of size m — 1. For all (i,5) € I, let g;;: ¥;; — R be
compactly supported, nonnegative, C*° functions and let g;; be any smooth extension of g;;
to R™"! that is supported in a neighborhood of the interior %;;, disjoint from all X, with

(¢, 4') # (i,7). Similarly, let N;; be any smooth extension of N;; to R**!. Consider the map

U: R x (—1,1) x (=1,1)™1 — R**™! defined by
\I/(x,s, {tij}(i,j)eI) =X —I— SZ —I— Z tijgijNiﬁ VS € (—1, ].), {tij}(i,j)el S (—1, 1)m—1.
(i,j)el
And consider the vector-valued function

(s:{tij}i,5)er) (ss{tij}egyer)
Vs, {tij}uger) = (’Vn+1(91 Py L g (T >)'
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Then V: R™ — R™, and the image of V' is at most (m — 1)-dimensional, since the sum of
the entries of V' is equal to 1. Consider the equation V' = constant. Then the Jacobian of V
has maximal rank. So, by the Implicit Function Theorem, for every (i, j) € I, there exists a
function ¢;;: (—1,1) — R such that V (s, {tw( )}ijyer) = constant for all s € (—1,1). Since
the Jacobian of V has maximal rank and ($34) holds, it follows from the chain rule that ¢;;(0)

0 for all (i,j) € I. So, if we let X be the vector field for W(z,s) := W(z, s, {ti;(s )}(”
satisfying . Then holds for X.

Lemma 4.8 (Volume-Preserving Second Variation for Mlmmlzers) Let Cy,...,Q,

manimize Problem- V1<i<yg<m,letfi; € CX;) satisfy (32) and . Let
X be the vector field gquaranteed to exist from Lemma m Forall 1 <4 § m, let 209 =

fQ_ TYpy1(x)dz. Then

T X [ dx+e\f2|| fo = TP @)

D\_/ Il

1<i<j<m
= 3 [ albiaty e et o | Ot
1<i<j<m B*Eij

FVEY Y / (2~ ) fiy s (2)de]”

=1 je{l,..m}: j#i

Proof. Assumptionholds by Lemma . From Lemma holds. Since the volumes
are preserved, for any 1 <14 < m, we have ), , L= [y fij(@)ym(z)dz = 0. Combining
Lemmas F5 and F6 shows that the middle term from Lemma F5 vanishes. O

Remark 4.9. V1 <i<j<k<m,andV x € (0*%;;) N (0*L;x) N (0"Xk;), define
Qij(x) = [(Vuijkj, Nkj> + (VVMVM, Nm>]/\/§

Note that ¢;; + ¢jx + qr; = 0 since N;; = —N;; by Definition and ¢;; = ¢j;.
Compared to [HMRRO02], note that we have the opposite sign convention for the second
fundamental form and for v;;.

Lemma 4.10 ([HMRR02, Lemma 3.6]). V 1 <i < j < m, let f;; € C5°(Z;) satisfy (32).

Then
d
dsso Z <>Xy”7” z)dz
1<i<g<m
- Z / (X, Vx(vij + v + Vi) yn(2)d
1<i<j<k<m ¥ 0" BiiN0* Xk NO* Ly,
= Z /a BB ([Vyijfz‘j + qij fisl fiy + [V, ik + @i fir) Fie
1<i<j<k<m ik ki

+ [Vu;ﬂflm + (]szkz}fm)’}/n(l’)dm

Applying the above Lemma, we get
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Lemma 4.11. If for all 1 <i < j < k < m we have f;; € C§°(X;;) satisfying and
Vo, fig + @ijfig = Vo, fie + Gefie = Vi fri + Qi fri Vi<i<j<k<m,
then

d
=0 > /E @(X,Vijwn(x)dxzo.

1<i<j<m
5. SECOND VARIATION AS A QUADRATIC FORM

Definition 5.1 (Admissible Functions). Define F be the set of functions (fi;)i<i<j<m
such that

e V1<i<yj<m, fi: ¥ = R, fzij 5 (x)dz < oo and fzij IV i1 Y (2)dz < o0.
[ Vl S 7 < j < k S m, \V/I I~ Zij N Ejk N Zki, fz](x) + fjk(l') + fkl<l’> = O
The second condition is well-defined by e.g. a (local) Sobolev Trace inequality [FP13].

Definition 5.2 (Quadratic Form Associated to Second Variations). For any F' =
(fii)i<icj<m, G = (ij)1<i<j<m € F, define the following quantities if they exist:

Q(F,Q) = Z —/E”gz‘jLijfiijn<x>dx+ Z /a*

1<i<j<m 1<i<j<k<m ¥ 0" 2 N0"EkN0" By (35)

<[vyijfij + Gij fij9i + Vo, fie + Gnfirlgin + [V fri + Qkifki]gkz)%(x)

6= Y | s (30)

1<i<j<m
Using ([29)), define L: Ui<icj<m C3°(2i5) = Ui<icj<mC5o(2:5) by
L((fijh<i<j<m) = (Lij fijh<i<j<m- (37)
Using also define
L((fijh<icjem) = (Lijfij)i<i<j<m- (38)
Lemma 5.3 (Integration by Parts). Let F,G € F N C§°(Ur<icj<mij). Then
ARG = 3 [ (985,50~ g 1A + Dl (o)

1<i<j<m

+ Z / (95 1159i5 + Qi fir gk + ri frigril v (x)d.
8*Z}”ﬁ8*2jkﬁ8*2ki

1<i<j<k<m
In particular, Q(F,G) = Q(G, F), so that Q) is symmetric.

Proof. From the divergence theorem for an n-dimensional C'* orientable hypersurface ¥ with
C* boundary, if f,g: ¥ — R, then

[engmain®@ [ (a7 =@V = [ div @9t
= [ (i@iv @V DI = (V1. 90) ae = [ (91003000 = [ (V1.Vg1 ()i

As usual, v denotes the exterior pointing unit normal to 9¥. Substituting into the definition

of Q(F,G) and using and completes the proof. O
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Lemma 5.4 ([BBJ16, Lemma 1]). Let Q, ..., Q, satisfy Assumption[3.4 Then there exists

a sequence of C functionsm < my < ---: UM, 0*Q; — [0, 1] supported in M, UM, 1 UM, -
(using the notation of Assumption such that
Ve U070, lim nu(:c) =1,

uU—00
1<i<j<m

lim Z/ (1= 1)* + V(1= ) [P}y ) =

Proof. By Assumption [3.4, U™, 09; \ (M, U M,_; U M,_») has zero (n — 2)-dimensional
Hausdorff measure, so the assertion follows e.g. by [BBJ16, Lemma 1]. O

Lemma 5.5 (Non-Compact Variations). Let ..., satisfy Assumption . Let

F.G e F. Assume that
> / | Lij fi]” (@) da < o0.

1<i<j<m
Assume V1 <i<j<k<m,Vaxe (08, N(0*E) N (0*E), the following holds at x.
Vo, fig + @ijfiy = Vo, fie + Gefie = Vi fei + Qi fri- (39)

Then Q(F, F) and Q(F,G) are well-defined real numbers. Moreover,
QU F)=—(LFF), QI G)=—(LFG).

Also, 3 a sequence ¢y, ¢z, ... € CF(X) with 0 < ¢1 < ¢ < -+ < 1 on R™™ converging
pointwise to 1 such that

Proof. Let ¥ := Uj<;cj<cmij. Let ¢ € C§°(X) with 0 < gb <1, ¢=1when |z| <r,¢=0
when ||z]| > r +2 and |[V¢| <1 on X. From Lemma

QF0) Qo0 = 3 [ (f5(76.a0) +04(76. V) )ra(a)d

1<i<j<m

So, as r — 00, |Q(¢F, G) — Q(F, ¢G)| converges to 0 by the Dominated Convergence Theo-
rem and the Cauchy- Schvvarz inequality, using F, G € F and Definition By the assump-

tion on F, Q(F, gbG) Zl<l<]<m fzij bGi; Lij fijyn(x)dz. So, as r — oo, Q(F, Q)
converges to (—LF,G). Therefore, as r — oo, Q(¢F,G) also converges to (—LF,G). The
second assertion follows from the ﬁrst, since |Q(oF, ¢G) — Q(F, ¢*G)| converges to zero as
r — oo as well. O

6. CURVATURE BOUNDS
Below we denote > := U1§i<j§m2ij'

Remark 6.1. Let v € R™™'. Forall 1 < i < j < mlet fi;: ¥;; — R be defined by
fij == (v, N;;). Then for all 1 < i < j <m, L;;fi; = fi; by Lemma and Lemma .
Also, the term in Lemma [4.10]is zero, since X := v is the constant vector field in this case,

i.e. holds.
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Lemma 6.2. Let A be the set of solutions of the middle equation of . Then A is a vector
space of dimension equal to m — 1. Also, A has an orthonormal basis (with respect to (-, -)
defined in Lemma@) consisting of vectors all of whose components are nonzero.

Proof. From Lemma [£.6, A has dimension equal to m — 1. Consider the sets described in
Conjecture . These sets satisfy H;;j(x) = 0 for every x € ¥;;, and they also satisfy all
equations from , for any y € R™'. We can then treat N;; as being constant functions
of y, so that \;;(y) = —(y, N;;) for all 1 < i < j < m is a solution of the equations .
By considering any y € R™!, linear algebra also implies then that A has dimension at least
m—1, since the only y € R™! such that (y, N;;) =0forall 1 <i < j <misy=0. Finally,
choosing an orthonormal basis of y’s of R™~! so that each basis element is not perpendicular
to N;; for all 1 <14 < 7 < m, then we have m — 1 nonvanishing solutions of . 0

For any hypersurface ¥ C R"™! (possibly with boundary), we define
§=6(%) = — inf Q(G, ). (40)

GeFNCE(): (G,G)=1

By the definition of 4,

Lemma 6.3 (Existence of Fundamental Tone). Assume ¢ := §(X) < co. Then there
exists F' € F such that
QUF,F)= _min  Q(G,G). (12)

GeF: (G,G)=1

If ' € F satisfies , then the following hold. F' is an eigenfunction of L so that
LF =F.
Moreover, V1 <i<j<k<m,Vazec (0%;)N(0"L;x) N (0*Ly), the following holds at x.
Vo, fis + aijfis = Vo, fir + G fie = Vo, fis + @i fij-

Proof. First note that the set of functions G specified in is nonempty by Lemma

Fix x in the interior of 3. Let ¥; C Y5 C --- be a sequence of compact C* hypersurfaces
(with boundary) such that Up2,3; = X. For each k > 1, let F}, be a Dirichlet eigenfunc-
tion of L on Xy such that LF), = 6(3;)Fj, and such that Fj does not change sign on any
connected component of 3. By multiplying by a constant, we may assume Fj(z) = 1 for
all k > 1. Since §(X) increases to §(X) < oo as k — oo by (40, the Harnack inequality
implies that there exists ¢ = ¢(Xy, (%)) such that 1 < sup,cp Fr(y) < cinfyep Fi(y) < c
for some neighborhood B of z. Elliptic theory then gives uniform C?° bounds for the func-
tions Fi, Fy, ... on each compact subset of 3. So, by Arzela-Ascoli there exists a uniformly
convergent subsequence of Fi, Fy, ... which converges to a solution LF = §(3)F on ¥ with
F(z) = 1 such that F' does not change sign on any connected component of ¥.. The Harnack
inequality then implies F' is nonzero on any connected component of 3.

Let G € F. For any t € R, define

(t) = Q(F +tG, F +1tG)
T (F+1G,F +1G)
26
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By definition of F, we have ¢(t) > 0V ¢ € R. Therefore, ¢(0) = 0. By Lemma [5.3]
QF,G) =Q(G, F), so

Q(F, F)+2tQ(F, Q) + t?Q(G, G)

c(t) = (F,F) +2t(F,G) + 12(G, G)

_Q(F7F>7

(F, F)Q(F, Q) — Q(F, F)(F, G)
(F, F)?

0=/2(0) =

Therefore, for any G € F,

QFF)

. < m. Choosing G smooth and localized away from C then implies that
Ty F= —0F on Y;; for every 1 < i < j < m, away from their boundaries. Fix
1 <i < j <k < m. Choose the vector field X (where g,, := (X, N,,) forall 1 <p < g <m)
now such that g;; = —g;x = 1 and gy; = 0 at some z € (9*%;;) N (0*L;;) N (0*Xy;), and such
that X is supported in a neighborhood of z. Then the definition of Q(F,G) implies that
Vo, fii + @i fis = Vo, fik + @i fie- (This argument is valid as long as the sign of fi;, fik, fri
are not all the same at x. It cannot occur that all three of these numbers have the same sign,
since they must sum to zero at z, and by the definition of F', these three functions cannot
all have the same sign in a neighborhood of z, by the limiting definition of F'.)

O

A rearrangement argument implies the following decay for the Gaussian surface area of
optimal sets far from the origin.

Lemma 6.4 ([MNI8a, Lemma 4.3]). Let Q,...,Q, minimize Problem[1.3 Then for all
r>vn+1+|uw

Z (B N {z € R”": |z —w|| > r}) <3my,({z e R™™: ||z|| =1}).

1<i<j<m

Also, for all u € R™ with |jul| = 1, and for all r > 1+ |jw||,

S (S N {e € R [z — w,u)| > r}) < 2meCHD2,

1<i<j<m

Proof. We prove both statements simultaneously. Let H(w,r) denote either the ball {z €
R™: ||z — w|| < r} or the slab {z € R"™: [(z —w,u)| < r}. Let a,r > 0. Without loss
of generality, assume that

7n+1(Ql N H(wv T>C) < 7n+1(92 N H(w> T)C) <---< 7n+1(Qm N H(wv r)c)'

Let r = by < by < --- < by, such that for all 1 <@ < m, 7,11 (%N H(w, 7)) = Ypa1 (H(w, b;) \
H(w,b;_1)). For any 1 <i < m, define
Qi = (U \ H(w,r) U (H(w, b)) \ H(w,bi 1)), Sy = (0°Q) N (9°Qy).
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Then ~,1(€%) = %H(ﬁ-) for all 1 <i < m. Also, since Q,...,$,, minimize Problem ,

1<iz:<m% ! \/72H/ 0 )y (z)d ||
S \/72”/ W)y g1 () de*.

1<i<j<m

Using /537 || o, (& = B0 s (@)dz]2 = /F S | fo (& = B9y ()dal|? < 0 and

rearranging gives

> S n{z e R 2| > r}) Zmaﬂ(w, bi_1) UOH (w,b;))

1<i<j<m

In the case that H(w, b;) is a ball for each 1 < i < m, this quantity is bounded by 2m~, ({z €
R ||z — w|| = r}), using also r > v/n + 1+ ||w]||. In the case that H(w,b;) is a slab for
each 1 < ¢ < m, this quantity is bounded by 2m~,({z € R"™: |z; — |Jw|||| = r}), using
also r > 1+ ||w]|. In the O

Lemma 6.5. Let Q C R Let z := [, 2v,11(x)dz. Then
2l < <=
z|| € —.
\2rm

Proof. By duality of the £ norm, let w € R""! with |jw|| = 1 such that

P (@)dz|| = ([ ey @)dz,w) = [ (@00 (@)de.
Q Q Q

Then
o 1
/Q:mnﬂ(m)dm < /{mER”+1: o) (, Wy ypi1(z)de = /0 x1v(21)dry = E
O
Lemma 6.6. Let ), ..., Q, minimize Problem[I.4. Then 6 < co.
Proof. Consider a Dirichlet eigenfunction supported in a large ball. By Lemma [6.3]
LF =JF.
Moreover, V1 <i < j <k <m,Vz e (0°5;) N (0"%;r) N (0"Lk;), the following holds at .
Vo, fig + i fij = Vo, fik + Gefix = Vo, fij + @i fij- (43)

Let ¢ from Lemma [2.2] Suppose ¢ < m — 1, so that, after rotation we may assume
that ©Q; = Q) x R for all 1 < ¢ < m. Assume for the sake of contradiction that § can be

arbitrarily large. By replacing F' with F(--+ ,x,11) + F(-++ , —2,41), we may assume that
F(-+ ,xpy1)=F(-+,—x,.1). Then G := z,,,1 F contradicts the minimality of Q4,...,Q,,
since

)
Lijgij ! ITH-lL’LJfZ] + fw['z]xn-&-l + <Vf V($n+1)> - xn—l—lejfm fzyxn-‘rl

Here £L;; :== A — (2, V). By (3) and Fubini’s Theorem, if we first integrate with respect to

Tpi1, We see that (gw)ngjgm is automatically Gaussmn volume-preserving, so that | . is
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zero for all 1 <4 < j < m. Then the second variation condition from Lemma applies,
and we get

d230< Z /(S Yn(T dx_}_e\/»z:“ Q()m_ )7n+1( )dxH)
1<i<j<m
d
= 3 [ Falbiaty =20 e+ e /8 X))

1<i<j<m
+ 5\/_2 I Z / r = fzj7n+1( )da||?.

=1 je{l,..m}: j#i

The middle term is zero by Lemma and (43]). The e term is bounded by Hz — 20) ||
and the last term is bounded by th auchy Schwarz inequality as

SC M N S L BTy Ry e

1<i,5<m

R

The term on the left is bounded by Lemma [6.4] In summary,

d52 |s=0 <1<;<m/ Yulz dx+5\/72H () T )y (@ )dx|]2>
Z / ﬂ/n <5 —€ Hz(i) — z(j)H — /Eij Hx — w(i)HQ’Yn-f-ﬂl”)dx).

1<i<j<m

So, in the case ¢ < m — 1, we cannot have arbitrarily large ¢, since this would contradict
the minimality of €2y,...,$,, for Problem (The two right-most terms are bounded by

Lemmas and [6.5])

In the case £ = m — 1, there exists v € R"™!, such that (v, N) + F is volume preserving,
ie. holds for all 1 <4 < m. Then Lemma together with Lemma m gives

d 2 s=0 ( Z / '771 dl‘—l-&\/»ZH (S) [)3— )771-&-1( )dZEH )
1<i<j<m

= 2 / — fisLijfig = fig{v, Nigh — (X, 0) + (X, 290 = 20) —|Jol* + {2, 0)?

1<i<j<m

- 2/ (Hij — (z, Nig)) fiz(x, v)vn () dx +/ (Hij — (@, Ni))[fijyn(z)dz)

Z / JZZ _Z()>+<w’w()_w(ﬂ)+z(3)_z >>[fzj7n() ]/
+€\/_ZHZ/ (g + {0, ))& — ) P
i=1  j#i
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Applying (28)), and using D i<icj<m Nij fzi]’ [fij¥n(z)dz] = 0 by Lemma ,

d 2 s= O( Z ’Vn d$+5\/7121:‘| i x_ )7n+1( )d:l?” )

1<i<j<m 1

Z / — fisLijfis = Fig{v, Nig) — (X, 0) + (X, 29 = 20) —||o]|* + (2, 0)?

2 Uy N o @)+, / fun(a)e]
+N—ZHZ/ (g + (o, Ng)) (& — )
=1 j#i
Z / — fiiLifis = Fig (v, Nig) = (X, 0) + (X, 20 = 29) — |lo||* + (2, v)?
-2 / (= o N o0+ VEYIY [ (f toN) o=
Xij =1  j#i

Using again and several applications of the Cauchy-Schwarz inequality, the first term is

0 f7;, while the remaining terms are all bounded by products of (37, ;<. fEU fj%(g;)dx)l/27
(X i<icj<m fzi](v, NijY?yn(z)dz)Y? and other finite terms (repeating the bounds from the

case £ < m — 1.) So, it is once again impossible that 6 can be made arbitrarily large. That
is, we have found a contradiction in either case. We conclude that § < oco. O

Lemma 6.7. Let 20 = z, 2 = v, 2®" = 0, and let Q) 2 as in Section |Z| Then

d

ds 2<s)+x<s)

= 3 (b Sl No) = 60 ol e [ o

1<i<j<m ij

_ 2)\1‘]'/2“ fij(x, v) v (z)dx + )\Z'j/ [fijn(z)dz])

V() dz

Proof. Let ¥ be an n-dimensional C™ hypersurface with boundary. We let / denote 2 52 ls=0-

d

ds Jsor a0 n(@)dz = /E<s) [(H(z) = (N(2), 2+ 29) f(2) = (z+ 29, 2] (2 + 2))da

+ / (X + z )Yz + ) dz.
0*%(s)
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Taking another derivative,

gaben [ ntadds = [ (HG0) = (800,24 2O ) = (o 4 0190

/

)n(7)dx
+ /E[(H — (&, N)) f(x) = (2, 2) Py, (x)d

[ = @M@ = @+ Tl [ X e+ 2

From 22), 2/ = X = XN+ XT = fN+XT. Also, H = —Af—||A|> f, N' = =V [, [CM12,
A.3, A4] (the latter calculations require writing 2(5 in the form {z + sN(z) + O,(s?): z €

x}). So

(H— (N, 2+ 20 = —Af — A2 f — (N, N+ X7 + 29— (2. v @ _Lf — (0, N,

((x+29), 20"y = (X +v,0) = (X,0) + |Jv]|*.
In summary,
il [ ntodts = [ (= £17 = F0.N) = (X0 = ol )(alda
n / [(H — (2, N) £ () — (0P (2)da
+ /E(H — (z, N)) f'(z) + % $=0 /(9@(5) (X + v, V)y,(x)dx
x(s)” v z)dx v,V
[ e @t [ (X oo

Summing over all 1 <i <7 < m,

d —le=0 Y /(S Yolw)dw = Y / — fiiLfij — fij(v, Nij) — (X, v)

1<i<j<m 1<i<j<m

— |lv? >7n(1?)d13 +/E ((Hij — (z, Nig)) fij — (x,0)) () de

ij

R A e A SR AT

o5

> / ~ 5Ly = Flo,No) = (X0} = ol Yoo+ [ (o, 0f2(a)da

1<i<j<m i

i / (Hij — (2, Nij)) £ (2, 0) 9 () dae

d
s [ (= o NS+ Hy — (o Nga@de + oo [ 00+ ) (a)ds
ij S 8*21(.;)
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= 3 (A Sl M) = G0 ol e [ e

1<i<j<m ij

- 2/E (Hij — (x, Nig)) fi(x, v)vn(2)dx Jr/Z (Hij — (x, Nig) [ fijyn(v)dz]

ij i

d
+ %'s:() /8*2(}) (X + v, v)m(2)d.

The following curvature bound is adapted from [MR15, Lemma 5.1].
Lemma 6.8. Let Qy,...,Q, minimize Problem[1.2 ThenV ¢ € C3*(X),

S [ s 3 [ (006 9ol e
1<i<j<m 1<i<j<m

Proof. Let G := {ay;}1<i<j<m be a solution to the system of middle equations of ([28)). Let
¢ € C°(R™™). By the definition of 4,

That is, by Lemma

3 / 02, (— [Vl + B (JAI? + 1))y (x)da

1<i<j<m

+ Z / ¢ <qijaz'2j + ijaik + Qkiaii>%($)
0*%; 08* Jkﬁa*E,m-

1<i<j<k<m
§ 2
1<i<j<m

Summing these quantities over all permutations of {1,...,m}, i.e. permuting {o; }1<i<j<m,
the middle term vanishes by Remark [4.9] and we get

Z / —||V¢|| +¢2(||A|| + 1)yn(z)dz < 0 Z /(;5%

1<i<j<m 1<i<j<m

Rearranging completes the proof.

O

Lemma 6.9 ([Zhul6l Lemma 6.2]). Let Qi,...,Q,, minimize Problem . If [.(6)?
IV0||*)n(z)dz < 0o and if ¢ is bounded, then

/Ecbz(HAH2 + 1) yn(z)de < /Z(HV@H2 + (6 = 1)¢")ya () da.
Proof. Apply Lemma [6.8, Lemma and Fatou’s Lemma. O

The following Lemmas follow from Lemma [6.9]
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Lemma 6.10. Let €, ..., Q, minimize Problem[1.3. Then

S [ 1P < oo

1<i<j<m

Consequently, for any v € R" by (14 .

S I M < o

1<z<j<m

Proof. Use Lemma , and Lemma - O

7. DIMENSION REDUCTION

Recall that for all 1 <17 < m,

2@ = / Y1 (7)dr € R (44)
Q

Theorem 7.1 (Dimension Reduction for Gaussian Minimal Bubbles). Suppose
Q... Q€ R™ minimize Problem M with € = 7=(m + |w||*)"'. There exists 0 <
¢ <m —1 and there exist Qy, ..., Q. CR" such that, after rotating Q1, ..., L, we have

Q= Q) x R

Moreover € can be chosen to be the dimension of the span of

/* (v, Nij)yn(z)dx /BQ Z (U, Ninj)vn (2 )dx) ER™: v e Rn+1}

Ul 6{1 ..... m : m je{l,...,m}:
J#Fm

Proof. For any v € R"!, define

T(v) = (/ S (o Ny, . / S o N a(a)de).
N jerr ) £ Qm jcrq,..m}: j#m
Then T': R"™! — R™ is linear. By the rank-nullity theorem, the dimension of the kernel of
T plus the dimension of the image of 7" is n+ 1. Since the sum of the indices of T'(v) is zero
for any v € R™™! (since N;; = —N;; V 1 <i < j < m by Definition , the dimension ¢ of
the image of T" is at most m — 1.
Let v in the kernel of 7. For any 1 < i < j <m, let f;; := ¢(v, N;;). Let X := ¢v be the

chosen vector field. Since €, ..., Q,, minimize Problem [I.4]
0% gk [0 e S I T
1<i<j<m

From Lemmas E, -, -7 . 7}, and then letting ¢ increase monotonically to 1 (as in Lemma
p.5),

1< Y / FilLigfy = (X, 20 — 200}y, (2)da

1<i<j<m

RC NI D L LT SRNEIE

=1 je{l,..,m}: j#i
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Since T'(v) = 0, {v,2%) = 0 for all 1 <4 < m by Lemma (7.2 n So,

0< Z /fzj %JflJ'Yn dl"i‘g\/_ZH Z / r—w fl]’VnH( )dxHZ'

1<i<j<m =1 je{l,..m}: j#i
By Lemma [3.5]
05 T [ A efln s = 2 ~ef50 - ), Ny(oya
1<i<j<m

+ g\/_z || Z / T — W' fzy’yn—&-l( )dIHQ

=1 je{l,..,m}: j#i
Using again T'(v) = 0, we get

0< Z / —fi—¢ z(i)—z(j),an(x)dx

1<i<j<m
CH NI VR NCL LV SANETER
i=1  je{l,..,m}: j#i
For each 1 <4 < m, by duality of the £, norm, 3 w® € R"*! with ||w®|| = 1 such that

| Z /2 (x —w(i))ﬁj%ﬂ(x)dxﬂ = Z / T —T0 fzﬂnﬂ( )da:,w(i)>

je{l,..,m}: j#i V=i 16{1 am}:
— Z / T — W >fz]’yn+1( )d

So, we apply the Cauchy-Schwarz inequality to the last term to get

0= 3 < [ rtorte: (1-els0 0] - oV [ (o0, 00 ).

1<i<j<m

By Lemma and the second part of Lemma ife < m(m—i— |w|[*)~", then the last term is

positive. In summary, for any v in the kernel of T, V1<i<j<m, fij(x) = (v,N;(z)) =0
for all 2 € X;;. That is, 30 < £ < m — 1 as stated in the conclusion of Theorem [2.1], since
the image of T is the span of

{(/8 Z (v, Nij)vn(z /Bﬂm | (v ij)%($)d$> ER™: v e R”“}_

OJ
The Divergence Theorem implies the following

Lemma 7.2. Let Q C R" be a C™ manifold with boundary. Then

/ Y1 (T)de = — Ny (x)de. (45)
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8. FLATNESS
Recall the definition of 2 from (44)).

Lemma 8.1 (Flatness, Version 1). Suppose Qy,...Q,, C R"™ minimize Pmblem with
€= 10O(m + |lw|[*)~Y. Then for all1 <i < j <m, 2D — 2 is parallel to Ny;; moreover if
20 — 20) £ 0, then 25 18 a union of relatively open subsets of hyperplanes.

Proof of Lemma[8.1. Assume for now that n+1 > m—1so that n—¢+1 > n—(m—1)+1> 0
in Theorem Then after rotating €, ..., Q,,, we have

Let {oij}i<icj<m be constants guaranteed to exist by Lemma . Let fij := a; for all
1 <1 < j <m. Define now a new function g¢;; := x,11f;;. Since f;; is only a function of the
variables x1, ..., z,, we have (Vf, V(z,41)) = 0. So, for any 1 < i < j < m, the product
rule for L;; (Remark gives

()
Lijgij = Tny1Lijfij + fijLijTne + (VI V(Tnt1)) = Tog1Lij fij — fijTnsr (46)

Here £;; := A — (x,V). By (3)) and Fubini’s Theorem, if we first integrate with respect to
Tny1, We see that (gzj)1§l<3§m is automatically Gaussian volume-preserving, so that (3] is
zero for all 1 < ¢ < 5 < m. Then the second-variation condition applies, and we get, using

Lemma 1.8

T X [ dx+a\fz|| fo = TP @)

1<i<j<m

Z / gzg Lijgij — (X, Z()_Z(])>] n(z)dx

RC D SR NCELUTEREEE

i=1  je{l,..m}: j#i

Using the definition of g;; this simplifies to

T ol IETETSENED S I S TE

1<i<j<m

-y / (=220 | AP + e,y (X, 20 — 20 (2)da

1<i<j<m ij
2

—|—€\/27TZ Z / & — WD) 241y (2)da
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Or, after integrating with respect to z,41,

d? T — ‘
- Z _7® 2
e | Swmﬁ > / =T )]

1<i<j<m

= Y [ b A1 e (X, 20 - 2O) (oo

+a\/%i( > /E/“ om’j’yn(;p)dx>2.

=1 je{l,..m}: j#i ij

The quantity (X, z® — 20)) is the only term in the above expression that can possibly
depend on the tangential component of X (i.e. X — (X, N;;)N;;). This term can be changed
arbitrarily by adding a tangential component to X while leaving the other terms the same.
Therefore, for all 1 < i < j < m, we must have z() — 2U) parallel to N;;. So, if any 2 — 2(?)
is nonzero, N;; must be a constant multiple of 2 — 209 so that ¥;; is flat U

Remark 8.2. The above argument crucially relies on Theorem [7.1 Without Theorem [7.1],
the vector field X could not satisty the properties used above, while preserving the Gaussian
volumes of all of the sets.

Remark 8.3. It is possible to show that 2 — 20) £ 0 for all 1 <i < j < m in Lemma ,
albeit with a nonexplicit constant e.

To see this, suppose there exists a sequence €; > €5 > --- tending to zero such that,
without loss of generality, 2(!) — 2(2) % 0 for a minimizer of

T —
Zij i=1 i

1<i<j<m

Suppose the minimal sets are 2y , . .., ), 5. By Theorem|7.1] we may assume € 4, ..., Q2 C
R™~!. In fact, by Theorem [7.1} we may assume that Q1. ..., Q,x € R™2. We now argue
as in [BBJ16, Proposition 1]. By taking a subsequence (and relabeling the original sequence
as this subsequence), 3 Qy, ..., Q,, € R™ 2 such that lg,, converges to 1, as k — oo, for all
1 <4 <'m, in the local L;(7,,_2) sense. But this violates Conjecture[L.3] i.e. the (uniqueness
part of the) main result of [MNI8b]. The sets of minimal surface area cannot be described
as subsets of R™2,

In the cases m < 4, we can upgrade Remark in order to get an explicit bound on .
Cases of larger m seem increasingly difficult at present.

Lemma 8.4 (Flatness, Version 2). Suppose Q1, ..., C R minimize Pmblem with
e 1= gos(m+ |w][>)™. If1 < m <5, then for all 1 < i < m, 9 consists of a union of
relatively open subsets of hyperplanes.

Proof. From Lemma , there exists an (m — 1)-dimensional space of X such that for each
1 <i<j<m, (X,N;)=:q; is constant on 3;;. Let v € R"" and for any 1 <i < j<m
consider the functions
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More specifically, consider the second variation of this function from Lemma [4.8 This
quantity is equal to

L X R d:r+s\[2|| Lo =T einl?)

1<i<j<m

-y / s + (0, N Ly + (0, Ng)) — (X, 20 — 20Ny ()

1<i<j<m

bevmES Y |, =m0 @il

i=1  je{l,..,m}: j#i

+ Z / ([vvijfij + qij fijl i + (Vo fin + ainfinl fin
0*3; 08 E]km’)*ZM

1<i<j<k<m

+ [vukisz‘ + qszk,]fk,> Vn(l‘)dl‘.

From Lemma [3.5] L;;{v, Ni;) = (v, Ni;) — e{v, 20 — 200} 4 e(v, Ni;}{(Ny;, 29 — 20)) and by
Remark [6.1, V1 <i < j <k <m, V:UE(?*EUH(? Mk N O* Ly,

Vi (v, Nij) + Gij(v, Nij) = Vi, (v, Nji) + @i (v, Njg) = Vo, (v, Npi) + @rifv, Nii). (48)

Therefore, using also (5)), Vay; = 0 for all 1 < i < j <m, and fi; + fjx + fur = (X, Nij +
Nji + Nii) =0, since N;; + Ny, + Ni; = 0 by Lemma ,

T ol IETETERNED oI} ICEL S C D

1<i<j<m

Z / a;j + (v N”))<aw(HAH +1) + (v, Nyj) — &{v, ()_Z(j)>

1<i<j<m

+e{v, Ny (Nij, 20 — 200y — (X, 20 — z(j)>)%(m)dm

NS /x— ) i (@)

=1 je{l,..m}: j#i

+ Z / ([Qijaij]fij + [geae] fir + [Qki@ki]flm‘> Yn(2)dz.
1<i<j<k<m 0*3;;N0* X j,NO* s
(19)
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Integrating by parts, (which is justified by Lemmas and [6.10)),

Z / Q;j ((v, Nij) — (v, 20 — 20 4 (o, Nij) (Nyj, 20— z(j)>>fyn(a:)dx

1<i<j<m

[©)
© > /E%Lij@aNz’jWn(x)dx

1<i<j<m
= Y [ @) Nl + o, N 1A + o)
1<i<j<m / Zii
= Y / (az‘jvum@aNz‘j)+Oéjkvujk<vaNjk>+akivuki<vaNki>>%($)de
1<i<j<k<m 0*%;;N0* X j,N0* L
+ Y [ aye N (AL + Do
1<i<j<m ¥ Zij

Above we denoted div, as the (tangential) divergence on ¥;;. Subtracting the last term from
the first term, we get

Z / Oéijv,/ij <U, Nl]> + Oéjkv,/jk <?}, N]k> + akivy,ﬂ.@, Nk1>")/n($)dl’
1<i<j<k<m ¥ 07 %ijN0" 2j1N0" Ty
-- ) / s (0, Nig) |AIP + (o, 20 = 20) — (v, Nig) (N, 2 = 29) )y, (a)d.
1<i<j<m 7 i

Substituting back into (49)), and then canceling terms using ,
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bl T [t CEERE S L TETEY

1<i<j<m

= 3 [ (@ NP AR o i)t

1<i<j<m

DY / 0y (0,2 = 200) = (v, Nig) (Nig, 20 = 29) ) (2)da
1<i<j<m

+e Z /2 (a5 + (v, NZ]))<<U 2@ — 200y — (v, Nij) (N, 20 — 20))

1<i<j<m ij

+ (X, 29 — z(j)>)fyn(a:)dx

fevm Yl Y / (& = T) fyuns (2) ]

=1 je{l.m}: j#i

+ ) / (%’ i35 + Vi, (v, Nig)] + e[ firde + Vi, (0, Njw)
o*Y; 08 E]kﬂa ki

1<i<j<k<m

+ gl friqri + Vy,ﬂ.@, Nki>]>7n(x)dx

= Y [ (o 0N A 0 )i

1<i<j<m

+ e Z / (ayj + (v NZJ>)<(U 20— 50 )> — (v, Nij){(Nij, 20— z(j)>>fyn(x)d:v

1<i<j<m

-y / ey + (0, Ny)) (X, 20— 200), (2)d

1<z<j<m

Y Y /x— N i (@)de]?

i=1  je{l,..m}: j#i

+ Z / (Oé?jqz‘j + o0k + (Jéiz-qM) Yn(x)d.
o* b 08 E]kﬂa*zki

1<i<j<k<m
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From Lemma , (v — (v, Ny}, 20 — 20y =0 for all 1 <i < j < m. Since X = aN;; +v,
we then rewrite the middle term and get

(> /m dﬁg\[ > /(Sx— N (@) )

1<i<j<m

= 3 [ (s 0N 0 =+ A e

1<i<j<m

+ 5\/_2 H Z / T — f137n+1( )dxHQ

+ Z / <Oé?jq¢j + a?kqjk + aiiqki> Yn(x)dx.
0*3; 08* ka(’)*z;ﬂ-

1<i<j<k<m

For each 1 < i < m, by duality of the £, norm, 3 w® € R"*! with [|w®|| = 1 such that

DS R T RO /x— )i @), 00

JE{l,..om}: j#L T =Y JE{L,..om}: i

- / 2 —09), ) f 7011 (2)d

So, we apply the Cauchy-Schwarz inequality to the middle term to get

D S FEACURENED Sl I et >dx|r2)

1<i<j<m

- ¥ / (s + (o, Ng))?[1 = ¢ |20 — H—g\/_/ 2 — 0, w0y, (x)de |

1<i<j<m

+ 4] a3 ) yn(@)da

+ Z / (aquzj -+ Oé?-kq]'k + aikai)'yn(x)dx'
o0*%; ﬁa Ejkﬁa*zki

1<i<j<k<m

By Lemma and the second part of Lemma , if & < 355(m + |wl]|*)~", then the first
term is positive. So, it remains to find «;; values such that the last term is nonpositive.

In the case m = 3, there is nothing to prove. If (without loss of generality) z() — 2(2) =
0, then Theorem and Lemma imply that Q,...,9Q,, € R. On the other hand,
20 — 20) £ 0 forall 1 <i< j<m, then Lemma implies that each ¥;; is flat. So, in
either case there is nothing to prove.

We therefore consider m = 4. If (without loss of generality) ™) —2(2) = 0 and 23 — 21 =
0, then Theorem and Lemma imply that Q1,...,Q, C R. If, 20 — 20) % 0 for all
1 <i < j <m, then Lemma implies that each ¥;; is flat. So, the only remaining case to
consider is that (without loss of generality) () — 2 = 0 and (¥ — 209) £ 0 for every other
1 <i<j7<m. Lemma implies that each Y;; is flat for every 1 < i < j7 < m except
t =1,j = 2. Looking back at the definition of g;; before @, we see that most terms of the
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following sum are zero except for four of them:
2 2 2
§ / (%qzj + @Gk + %ﬂm)%(@dﬁ
1<i<j<k<m 8*Zijﬁ8*2jkﬁa*zki

2 2
= / (0423%3 + 0431Q31>’Yn($)dx
0*X12NO0*Xo3NO* X371

+ / (04346124 + Ozilqu)%(x)dx.
0*X12N0* Y04 NO* X 41

Moreover, since N;; = —Nj;, we have ga3 = —¢31 and gaa = —qa1 so that

2.

1<i<j<k<m

2 2 2
/ (%ﬂz’j + QGlik + Oékiqki> Vo(@)d
8*Ei]-08*2]-k08*2ki

<a33 - 0‘%1)4]23%(@65515 + /

0*X12N0* L24NO* Xg1

= / <a§4 - 04?11)Q24’Yn($>d$-
0*$12N0* La3M0* L1
SO7 ChOOSng (0771 such that Q5 = 1{2‘:3} — 1{j:3} or a;; = 1{2‘:4} — 1{]‘:4}, or any linear
combination of these two, the above quantity is zero.
In summary, there exists a 4-dimensional space of vector fields of the form X = v+ «;; V;;
(two dimensions of vectors v since Qy,...,Q,, € R? and two dimensions of the a;; terms

just described) such that

d? T — .
@ ™ _ (i) 2)
Sl X /Egj)vm)dws\ﬁ > /Qgsgx )i (2)de]?) <0,

1<i<j<m

if the Gaussian volumes of the sets are preserved by the vector field. Since this space is
4-dimensional, there must exist a nonzero vector field X such that

d? T — .
— = — % 2
el X /EE?%WHE\@ >l / o =T (@)da]) <0

1<i<j<m

and ;o7 () = 0 for all 1 < i < 3 (and also for i = 4 since U_,{; = R"*1) This
ds + i =1
violates the minimality of the sets, achieving a contradiction, and concluding the proof when
m = 4.
The case m = 5 seems more difficult since there are more possibilities for the sign of the
quadratic form in ozfj terms, so we do not attempt it here. 0

9. A GENERAL SECOND VARIATION FORMULA

The main technical ingredient to investigate noise stability is a general second variation
formula for quadratic integral functionals, Theorem below. We investigate this formula
in the next few sections.

Let Q C R™™! be a " manifold with boundary. Suppose € has reduced boundary X,
and let N: ¥ — S™ ! denote the unit exterior normal to ¥. Let X: R*™ — R"™! be a
vector field. Let div denote the divergence of a vector field. We write X in its components
as X = (X1,...,Xnp1), so that divX = Y7 9K, Let U@ R™! x (—1,1) — R"*! such
that ¥(z,0) = z and such that £|,_o¥(z, s) = X(¥(z,s)) for all z € R"™ s € (—1,1). For
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any s € (—1,1), let Q) = ¥(Q,s). Note that Q© = Q. Let G: R** x R"*! — R be a
Schwartz function. For any x € R""! and any s € (—1,1), define

Vix,s):= /Q(S) G(z,y)dy. (50)

Below, when appropriate, we let dr denote Lebesgue measure, restricted to a surface
3 g Rn—i—l_

Theorem 9.1 (General Second Variation Formula, [CS07, Theorem 2.6]; also [Heil5),
Theorem 1.10]). Let F(2) := [ni1 Jpner lo(@)G (2, y)1a(y)dady. Then

33 F@co = [ [ Glag) (X(), N @) (X o), Ny

4 / div(V (2, 0)X () (X (), N(x))dz.

Remark 9.2. The functional F'(2) is sometimes called an interaction energy in the optimal
transport literature.

10. APPLICATIONS OF THE SECOND VARIATION FORMULA

10.1. Second Variation of Gaussian Measure. Our first use of Theorem [9.1] will be the
computation of the second variation of the Gaussian measure of a set.

Lemma 10.1. Let G(z,y) = Yns1(2)Vns1(y), V 2,y € R*L Let Q C R be a C™ manifold
with boundary. Let

F@)= [ [ 1a@06(nial)dedy = (ua(@):

Let z = [, ydyn+1(y) € R™™. Then

L P = /E (X (2), N(@)) s (2)dz)?

+%+1(Q)/Z(diV(X(fB)) — (X(2), 2)) (X (), N(2)) Y41 (2)-

Proof. We compute L, F(Q(®) = S £ Q). Using define

V(J},S) = / G(xay)dy = (/ d7n+1(y))’7n+1<x)7 Vi e RTH_I? Vs e (_1’ 1)' (51)
Q) () 1



Applying Theorem [9.1],

;CZ; oo 0_// X(y), N(y))Vnt1(2) Yot (y)dzdy
+/Ediv(V(x,O)X(x))<X(x),N(:v)>dI
@ /Z<X(x),N(a:)>%+1(x)dx)2+ /E div (41 (2) X (2))(X (), N (z))da( / o1 (y)dy)

Q

— / (X(2), N(2)) 2 ()d2) + 71 (€) / (div(X () — (X (2), 2)) (X (), N(@))pos ().

O

10.2. Second Variation of Gaussian Moments. Our next use of Theorem [Q.1] will be
the computation of the second variation of the squared Gaussian moment of a set.

Lemma 10.2. Let G(z,y) = S0 (v — W) (% — Ti)Yos1 (@) (v), ¥ 2,y € R Let
Q C R"™ be a C manifold with boundary 3. Let

/Rn+1 /]Rn+1 G(z,y)la(y)dzdy = H/ T = W) Y1 () d ||,

Let z == [, ydvni1(y) € R and let f(x) := (X(x), N(x)) for all z € ¥. Then

;CZ =0 = H/ T — W) f(x) i1 (x)d|? +/f (), 2 — w)Ypa1(z)dx
/E@; Wz )(div(X(x)) . (X(x),x))(X(x)7 N(2))ymen ().

Proof. For any i € {1,...,n}, let G;(x,y) = (v; — W;) (Y — W) Vi1 (T)Yns1(y), for all z,y €
R™*! and let

0= [ [ 00w owady = (f (v~ b )

Then F(Q2) = Z"H Fi(€2).S0, let us compute 7 2,F(Q(S ) =S % (Q¢)). For any i €
{1,...,n}, using (p0) define

Vi(z,s) = /Q(S) Gi(z,y)dy = (/(S)(yz' — Wi)dYny1(Y)) (T — Wi)Ynya (2),

Ve e R Vse (-1,1).
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Applying Theorem 1] for any i € {1,...,n},
s Fieo = [ [ =m0 T X @ NN X0 N s (s o)y
+/EdiV(Vi(m,O)X(w))(X(a:),N(x))dx
D ([ (@~ T (X (@) N @) (@)
+ [ divl(as = T @) X @) (X ), Nl (5= 002 ()

Q
(53)
Note that, for any j € {1,...,n},

0

B . B - A
%((xi — W)Y (2) XD (2)) = (25 — W) (—2, X V) + %X(]))7n+l($) + L=y X Vi ().
J J
(54)
Substituting into (b3)),
1 d? _
33 Fi im0 = ([ (@1 = ) (X(2), N} s (a)do)”
S b))
" / ( — (zi —w; (X (), 2) + (2; — w;)div(X) + X(i)) (55)
by
(X (@) N @) wor ) [ (5= )i )
The definition of z then concludes the proof.
U

11. PROOF OF MAIN THEOREM

Given the results of Sections [7| and [§, the proof of Theorem is essentially identical to
the argument from the € = 0 case given in Section

Proof of Theorem[1.8, Let Qy,...,, C R™! minimize Problem [1.4 By Lemma [8.1] L;;
simplifies to just A — (x, V) + 1. For every connected component C' of Qy,...,Q,,, let X¢
be the vector field that is equal to the exterior unit normal vector field of C' on 0*C' and
X¢ = 0 on every other connected component of €, ..., 2, that does not intersect C'. (Such
a vector field exists by Lemma ) Let U be the linear span of all such vector fields X, as
C ranges over the connected components of €2y, ..., Q,,. If there are more than m connected
components of €y, ...,€Q,,, then j—22|3_0 ZKKKm f2<s> Yn(x)dz < 0 for all nonzero X € U.

So, there exist nonzero (fi;)1<i<j<m such that |s 07n+1(Q( J=0foralll <i<m-—1
(and also for i = m since U™ ,§; = R™1). we form a nontrivial linear combination X of
each of these vector fields to once again get %\SZO%H(QZ(»S)) =0forall 1 <i<m and
dsg ]S 0 21<Z<J<m fz( ) Yn(x)dz < 0. So, there must be exactly m connected components of
Q1, ..., Q. The regularlty condition, Lemma then concludes the proof. We know that

each of Q1,...,8,, is connected with flat boundary pieces, the sets €2, ..., {2, meet in threes

at 120 degree angles, and they meet in fours like the cone over the three-dimensional regular
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simplex. In the case m = 3, there are only three possible configurations for the sets (up
to rotation). And for general m, there are only finitely many possible configurations of the
sets. So, we can conclude the proof by either (i) checking the surface area of each such case
directly, (ii) using the matrix-valued partial differential inequality and maximal principle
argument of [MNI8b], or (iii) appealing directly to the result of [MNI8b]. O

12. NOISE STABILITY

Proof of Corollary[1.11. For any s > 0,z € R"" | and for any f: R"™ — [0,1], let T,f(x)
as in (2)). It is well known [Heil4l, Section 9] that, for all 0 < p < 1,z € R,

d 1 v
d_pT f= p(—ATpf + (z, VT, f)).

Using the divergence theorem,

d 1 — 1 i
d—p/QTplg(az)'ynH(:v)d:v: ;/Q—ETplg(:v)’ynH(a:)dm: —;/dlv(fynﬂ(a:)VTplQ(x))dx

Q
1
_ __/ (VT,10(x), N(x))de.
P Joo
(56)
Changing variables and differentiating,
VT,1g:(7) = L yla(pr +yv/1 — pP) Ve (y)dy, Vo e R™L
\/1 = p2 Rn+1
Therefore, lim, ,1- p~'4/27(1 — p?) VT ,1qc(x) = —N(x) for all z € 9Q. That is,
2r(1 - p?)
VT,1lg(x) = —7]\[@) +o(v/1—p?), Ve 00. (57)
Also, lim,, ;- p~14/27m(1 — p?) VT, 1gc(z) = 0 for all z ¢ 9. So, using f = 1g,
@) = [ o) Tla@)n @)z
Rn+1
=1 g
/ / )T, L) s )y
Rn+1
&9 =z
- <VT7719(‘T)7 N("E»'Yn-l—l(l‘)dl‘dn
o9
& / 172y )1 (2)dz ) dy
\/ 1 — aQ
\/ 1— V1—=p?
=o(4/1 / Vi1 (x)dx = o(+/1 — p?) + BT /aQ Yo (x)dx
0]
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13. A CLOSING REMARK

When m > 3, Theorem relies on a solution of Problem [I.15, We include here an
intriguing observation concerning Problem

Lemma 13.1. Let Qq,...,€),, mazimize Problem . Suppose Q; = QU xR for all 1 <i <
m. Let v € R™! be a fived vector. Let X be the vector field

X (= xp110.

Then

IR Slly ISP

Proof. As above, we denote fi; := (X, Nj;) and 2() := le TYpi1(z)dz. By and Fubini’s
Theorem, if we first integrate with respect to x,41, we see that (fi;)1<i<j<m is automatically
Gaussian volume-preserving, so that is zero for all 1 <7 < j < m. Consequently, the
last term of Lemma [10.2]is automatically zero, and we get

b3 20 [ =l

->vEl ¥ /x— s &)

JE€{1,....,m}: j#i

+ 0y /fwvz W)y, (z)dz

1<i<j<m

We now show that each of these terms are negatives of each other.

> /fwvz - > / 51 (0, Nig) (v, 29 — ), () da

1<i<j<m 1<i<j<m
= 3 [ N —wpade = 3 020w [ 0N
1<i<j<m Y =i 1<i<j<m i
= Z (v,z(i)—w>/ (v, Nij)yn(z)de = Z (v, 29 < / Nijyn(x >
1<i<j<m 2ij 1<i<j<m
—Var Y (0 —w) < / Niﬂn+l<x>daz>¢2w2<v,z<i>—w><v,z<“>
1<i<j<m 2ij i=1

= —V2m Z(v, 2(1)2
i=1
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The last

line used Y ;" z; = 0 which follows by U7 Q; = R™"!. For the other term we first

integrate with respect to x,; and use Fubini’s Theorem to get

ZF I ¥ /x— N i (@) de]?

NERS
;fi

, 2
/ (Tnt1 — wﬂﬂﬂﬁnﬂ@, Nij)’Ynﬂ(l")d-??)

je{1,...m}: j#i

<.
Il
—

NE
Eil

., e Nanteiz)

s
Il
—

je{l,...,m}: j#i

Z / U, Nij) Vi1 (2 d:c) Z (v, A

Je{1,...,m}: j#i

NE
ﬁ’i

s
Il
—

O
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